e CS (MAIN} EXAM, 2010

SlL. No. 127 C-DTN-K-NUA
MATHEMATICS
Paper—I
Time Allowed : Three Hours Maximum Marks : 300 |
INSTRUCTIONS

Each question is printed both in Hindi and
in English.

Answers must be written in the medium
specitfied in the Admission Certificate issued
to you, which must be stated clearily on the
cover of the answer-book in the space
provided for the purpose. No marks will be
given for the answers wriften in a medium
other than that specified in the Admission
Certificate.

Candidates should attempt Question Nos. 1
and 5 which are compulsory, and any three
of the remaining questions selecting at least
one question from each Section.

The number of marks carried by each
question is indicated at the end of the
question.

Assume suittable data if considered
necessary and indicate the same clearly.

Symbols/ notations carry their usual
meanings, unless otherwise indicated.
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Section—A

1. Attempt any five of the following :

(a)

(b)

(c)

()

If A;, Ay, A3 are the eigenvalues of the
matrix

26 -2 2
A=l 2 21 4
4 2 28
show that
VA2 + 22 + 2% =.19490 12

What is the null space of the
differentiation transformation

%: B, —» P,
where F,, is the space of all polynomials
of degree =n over the real numbers?
What is the null space of the second
derivative as a transformation of B, ?
What is the null space of the kth
derivative? 12

A twice-differentiable function f(x) is
such that f(a) =0 = f(b) and f{(c) >0 for
a < ¢ < b. Prove that there is at least one

point £, a<& < b, for which f”E) <O. 12
Does the integral Jl 1+ x dx exist?

-1 ¥1-x
If so, find its value. 12
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fafafga o 4 =81 ot &% Ia AR

(%)

()

(=)

afE Ay, Ao, Ay IR

26 -2 2
A= 2 21 4
49 2 28

* s am 8§, @) fegmse

J?«.f +22 +2% £ V1949

d
—d—x:Pn —'9'Pn

% I anfe, S & p, aafas st 9T °91a
< n % fl wgadl ! waf@ ], w1 87 B, & wWaw
* w9 # gl s1ares Y 303 gafe == ®Y KA
TS I waiE | R

TF q A IFHEH BeA f{x) wEr ? R
a<c<b&d U fFlag=0=fFB 3T flc)>0
2 fag Hite & =w-d-w9 w fag g,
a<& < b, @ g fm* (g £7€) < 0.

wmfl 1+fcdxﬁatm€1m%?aﬁ

1 - x

UET B, | SHHT Wi TTd hifAay
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(e)

(b}

(c)

www.jeywin.com

Show that the plane x +y -2z =3 cuts

the sphere x2+y2+32—x+y=2 in a

circle of radius 1 and find the equation
of thhe sphere which has this circle as a
great circle.

Show that the function
fl =[x?] +{x -1

is Riemann integrable in the interval
{0, 2], where [a] denotes the greatest
integer less than or equal to a. Can you
give an example of a function that is not
Riemann integrable on [, 2] ? Compute

!;2 f(x) dx, where f{(x) is as above.

4 2 1

et M=
c 1 3

]- Find the wunique

linear transformation 7T:R3 S5 R3® so

that M is the matrix of T with respect
to the basis

B={v; =(1,0,0), vy =(1,10), vy =(,1,1}}
of R® and

B’ ={wn =(,0), wy =(1, 1)}
of R?. Also find T(x, y, 2.

Show that a box (rectangular
parallelopiped) of maximum wvolume V
with prescribed surface area is a cube.

Show that the plane 3x +4y + 7z + g =0

touches the paraboloid 3x? + 4y? =10z
and find the point of contact.
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() Rt & wwaa x+y-2z=3 Tds
x2+y? +2? —x+y=2FR B 1 F g #
wiedl 8 3R I Mesk w1 gl §ia ik
Sal 38 99 = g8 I 'AT 81 . 12

(=) TREre & v
Fi) =[x?1+[x-1]
Iqus [0, 2] 7 duH-uaeeadE 8, 98 o), o 8
FH 1 560F Ga13 "ean s Tifde sstar g = e
UFH UH Hoid I IITEWT € Fa & s R [0, 2] W

daH-useaHE T8 87 J'Dz fi(x) dx =1 ufEem

Hifsre, sTET f(x) I9ds =41 21 12
2. (%) mqr—ﬁﬁmM=(; : :_IJ 21 sRdE Was
Taraw 7:R® —» R? 3@ fitw, g s M
R2 %

B’ ={wy, =(1, 0), wy =(1, 1)}
3 R2 &
B={v; =(1,0,0), v, =(1,1,0), v3 =1, 1, 1)}
IMYR & A1 T o1 TR 21 T, y, =) H ft 319
QI 20

(@) Rase F e e gaawe a9 Titeran s

V &1 TH HgE (STFamersh OHiaiaIhe®) TEH
o9 7T 2| 20

(1) fease & wuaw 3x+4y+7z+§%0

EAdS 3x2 + 4y? =10z = T war ¥ AR
gt -fog ma FRm 20
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3. f{(a)
(b)
(c)
4. f{(a)
(b)
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Let A and B be n x n matrices over reals.
Show that I — BA is invertible if I - AB is
invertible. Deduce that ADB and BA have
the same eigenvalues.

Let D be the region determined by the
inequalities x>0, y>0, zZzZ<8 and

z>x? + y?. Compute

I;J;'[ 2x dx dy dz

Show that every sphere through the
circle

x2 +y2 —2ax +r2 =0, z=0
cuts orthogonally every sphere through
the circle
2 2

x2 + 22 =r2 , y=0
{i}y In the n-space R", determine
whether or not the set

{e, —ez,ep ~e3,-, e, ) —e,, e, —e;}
is linearly independent.

(i) Let T be a linear transformation
from a vector space V over reals into

V such that T — T2 = . Show that
T is invertible.

If filx, i) is a homogeneous function of
degree n in x and y, and has continuous
first- and second-order partial
derivatives, then show that

of af

U, xax+yay=nf
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(F)

g fos A 3 B ar<afees €&t W nxn
e 21 fRamme % 1 - BA sgopuadiig g, 3fe
I - AB =gcraoiiy B foma $ifsg f6 AB 3
BA ¥ au arfyeefoes 7 21

(@) amn & D e x>0, y>0, =z<8

(M)

(=)

()

I z>x2 +y? gz fFwifm w=@w 2
_UI 2 x dx dy dz *1 afiEad Hifsgl
D

eamse &6 gu

x2 +y? ~2ax+r? =0, 2=0

| Fra1 g3 g e I

x2 +zg=r2,y=0

¥ T g B T & AR Hrear 2l

(i) n-forg Tafe R™ # ag e & ag=a

fe; —€s,€e5 —€3,, €, _ —€,,€, — €}
THETad: a8 A1 TE

(ii) = 6 T arafas aenet = o ufkn wafe
V 8 V # uws tm tas waamr g &
T — T2 = 1. Rau & T sgoeaefa 21

af? fix y), x R y A n 9@ 1 TFH GHE
e 2 3R TS HAdad wuwy qu fadm =R %
T Iawas &, O RaEa &

i xLiy

*ox Y, Y
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= nfn —1)f
20

Find the vertices of the skew
quadrilateral formed by the four
generators of the hyperboloid

2
- +y? -22 =49
Sty

passing through (10, 5, 1) and (14, 2, - 2). 20

Section—B

S. Attempt any five of the following :

(a)

(b}

Consider the differential equation
y =ox, x>0
where o is a constant. Show that—

iy if ¢{x) is any solution and
Yix) =dx)e” **, then wix} is a
constant;

(ii} if o <O, then every solution tends to
ZErQ as X —» oo, 12

Show that the differential equation
By® — x) +2yly® -3x)y” =0

admits an integrating factor which is a
function of (x +y<). Hence solve the

equation. 12
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2 2 2
i) x2 9 4oxy 0L 42 97S

Ix2 dx dy dy=
=n{n —1}f
20
(M) (10,51 =W (14,2, -2) @ T[EA T
Afeaemst
ic-;—+y2—-zz=49
& ISR SAh g =4 gu Rvmaet amis & oofid
e B 20
WUsS—d
5. froafeiigas 7 9 & o & 3o difsa .
(F) 3T gARD
y =oax, x>0
SEl o T 3= 7, W foar i) feare 55—
(i) TR P(x) TS TF T & IR y(x) = P(x)e” ™,
A y(x) TH I Y;
(ii} A& o <0, T Th T A 6 3R Tg sIA
TR T x — oo _ 12
(@) feamny fE Aawa afteor
By? - ) +2uyly® - 3x)y" =0
T U THIheiA 70T 811 & 311 756 (x + y2) 1 o+
HE 2| 3Td: AHIR & Tl HiNT | 12
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(c} Find x /71 for the curve

— e . - e
rit}=acosti +asint j + btk i2

{dj 1If v,, vy, v3 are the velocities at three
points A, B, C of the path of a
projectile, where the inclinations to the
horizon are o, o -, a — 28 and if ¢, t,
are the times of describing the arcs AB,
BC respectively, prove that

1 1 2cosp

vzt = vt and +
Y1 V3 Uz

12

fe} Find the directional derivative of
fix, vy =xy°® + xy

at the point (2, 1) in the direction of a
unit vector which makes an angle of /3
with the x-axis. 12

) Show that the vector field defined by the
vector function
—_

|4 =xyz[yz? +xz}? +xyE)
is conservative. 12
6. (a) Verify that
5 (Mx + Ny)d(log, (xu) + 5 (Mx — Ny) dflog. (£))
= M dx + N dy

Hence show that—

{1} if the differential egquation
Mdx+ Ndy=0 is homogeneous,
then (Mx+ Ny} is an integrating
factor unless Mx + Ny = 0,
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— - . - g
r{iy =acosti +asint j + btk

¥ o k /¢ e i

12

=y "R v, vy, vy TH AT F qu & i g
A, B, Cc 9t a0 &, et fafes @ armwfeai o
a—-p, a-2% AR ¢, t, FAW: 99U AB,
BC % fAmin Q3 & grg g, o g i

vatl = Ult2 aﬁt

1
-+

1 2cosP

41

12
Uy Vo

(=) T "k it FY, St x-318" & 99 nn /3 &l
T FATen B, R & fog (2, p W

flo g =x*y> + xy
* fogp-aTamaw =t 3a i) 12
(=) femwsu & oty wa=

—

V=xyz@z?+m}+xyz)

g gfonfia aRw &8 el g 21 12

6. (F) T Fifse

2 (Mx + Ny)d(log b)) + 5 (Mx — Ny dllog. ()

2rd: fegrgy h—

= Mdx + Ndy

(i) afe Imwa T Mdx+ Ndy=0
HugTd 8, @ (Mx + Ny) U HHIERCH 106 3
oo @6 Mx + Ny =0 =& € ;

C-DTN-K-NUA/46

www.jeywin.com

11

[ P.T.O.

Dream Dare Win




Dream Dare Win

(b)

(c)

(a)

{b)
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{ir) if the differential equation
Mdx + N dy =0 is not exact but is
of the form

Hitcyyydx+ folxyxdy=0

then (Mx — Ny}~! is an integrating
factor unless Mx — Ny = 0.

A particle slides down the arc of a
smooth cycloid whose axis is wvertical
and vertex lowest. Prove that the time
occupied in falling down the first half of
the vertical height is equal to the time of
falling down the second half.

Prove that
div (f V) = f(div V) + @grad f)- V

where f is a scalar function.

Show that the set of solutions of
the homogeneous linear differential
equation

Yy + pxjy=0
on an interval I =|q b} forms a vector
subspace W of the real vector space of
continuous functions on I. What is the
dimension of W ?

A particle moves with a central
acceleration pu(r> — 9r), being projected

from an apse at a distance 3 with

velocity 3./(2u). Show that its path is

4

the curve x% + y* = 9.
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(@)

()

(@)
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(ii) af mwFa @fiEw M dx+ Ndy =0
e Jf d ® 9oy

HlxWydx + foxy) xdy=0

F wq d 2, @ (Mx - Ny ! @ qaaq
1O R 59 d% Mx — Ny = 0 =& 8

ek U1 @ e = & 9 b 3 A= g
2 et 3181 Feaiur @ 3 ¥ o=@ 9 &t a1k
2| g Hie v st =12 F yam 3 m 9=
= A § o oo, g oy 9% e A |
1 99" % 9= 2t

e i T

div (f V) = f(div V) + {grad f) -V
et £ ws aafEw wer 2

Ragu 5 s IFaua I =[q b) € g9dgma e
STTHhA GHIHTU
y + pxjy=0

&+ Bl & a=d, [ Saa werl ¥ aredfas R
aai® & s dien sueafe w R saare | Wb fam
=T 87

T V3 | us wWEEe |/ a9 3./(2n) F ww
F9fa ffd S 9T Wk U FEEE =T

uir> —9r) &% 9y ISaal g1 Rawe f6 o= au
aw xt +yt =9
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(c}

(b)

(c)
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Use the divergence theorem to evaluate
2 —
” V.-ndA
s

— ~—

where V = x2zi{

- 27> .
+tyj —x=z“k and S is
the boundary of the region bounded by
the paraboloid z= x? + y2 and the

plane =z =4y, 20

Use the method of undetermined
coefficients to find the particular
solution of

y” +y=sin x + (1 + x%)e*
and hence find its general solution. 20

A solid hemisphere is supported by a
string fixed to a point on its rimn and to a
point on a smooth vertical wall with
which the curved surface of the-
hemisphere is in contact. If 8 and ¢ are
the inclinations of the string and the
plane base of the hemisphere to the
vertical, prove by using the principle of
virtual work that

tan¢c=%+tan9 20

Verify Green’s theorem for
e” *sinydx +e ™ cosy dy
the path of integration being the
boundary of the square whose vertices
are (0, 0), (n/2,0), (n/2, ®/2) and (O, n/2). 20
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m

(=)

H?-F{dAmmﬁmﬁ%%qwm
S

1 9T R, S/ V = x2z27 +yJ — xz2k
3t S WaeEst z = x2 + y? YW WEAA z = 4y
A gfEg yew & aidhm 21

y"+y=sinx+(1+x2)ex &1 a9y 8a Ia
A ¥ fu arfyif@m s &Y &1 sgam fifsg
3R TRy s =FT9=F B 919 hifem)

(@) = 39 e, a9 f el W g | S+

(1)

@ 0 8 ik w Feft swiw IR W T
fag @ v\ 9 Mend =1 96 98 |99k 7 7, 9471
BT R IR @ 3R ¢ S I Merd * wHaSA
IR F FwEie ¥ Il B, @ @ s &+
forsra @ IuEIm Fa ge fag hifsg 6

tan¢=§8—+tan9

=i, s ¥ (0,0), (n/2,0), (n/2, % /2)
3T (0, n /2) &, A afEhn = GATEAT FT 9™
T T e~ “sinydx +e ¥ cosydy F T
-4 =1 gaauA HiRmy
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a3 -a93—I

st

e we fa=t o7k 37asft @191 & vt 214

Nt & I I gremm H for@ wrd wilkw, fSawr 3gw
379% 9AYT-97 T [Fa7 797 8, 3R 35 qrewy +r @y
IgE IW-YOF F FE-YB W 3fead R = ww
f&ar smar wrfée maw-93 @ IPfEe oream &
srfaftes s fardt oregn 7 o 7@ 3T gt F¥ 37F
F&T faci g

9¥ Gt 1 3R 5 stfard 1 w1 yvt 4 @ vetw
Guvg 4 FH-U-F g T gAAL Tl a7 gt &
I qHSay

Yedd UvT @& 1670 Aga 37 999 & 37 # Ra wa &
yfe sravad §, at IuYth iwsl @1 9T Fifom aen
It FRide #ikm
die/daa gafera 319t 7 g6 &, =7 45y &1

Note : English version of the Instructions is
printed on the front cover of this
question paper.
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