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PREFACE

‘Life is good for only two things-
Discovering Mathematics and Teaching Mathematics’
—Simeon Poisson

Now, for three things ...... for Learning Mathematics too....

This revised edition of Mathematics textbook for X Standard Matriculation
is prepared in conformity with the new guidelines and syllabi prescribed by the
Directorate of Matriculation Schools, Government of Tamilnadu. This is an
endeavour to make Mathematics — “Queen of Science” — as a favourite subject to
all the learners. Since the subject has special significance with relevance to other
branches of studies like Science and Technology, the book has been prepared in
tune with worldwide standard.

Experts who are not merely masters in the subject, but have great insight on
students’ mentality prepared the manuscript. The draft materials were refined
through mutual discussion and then exposed to a review workshop for incorporating
valuable suggestions. The presentation is very lucid with appropriate illustrations
and practical applications. It is hoped that the exercises given under each concept
accelerate the process of acquiring the required aptitude to master the subject.

The book consists of chapters of both Paper | and Il. Paper | includes Number
Work, Mensuration, Set Language, Consumer Arithmetic, Algebra and Graph. In
Paper Il, Matrices, Theoretical Geometry, Co-ordinate Geometry, Trigonometry,
Practical Geometry and Statistics are given.

Formulae are clearly arrived at and applied systematically to enhance easy
understanding. lllustrations and diagrammatic explanations are aptly given to suit
the concept discussed. There are about 463 examples with detailed steps to make
the concepts more insightful and easier to assimilate.

We hope this book would prove to be an absolute elucidation to the users to
solve problems. Learners should not restrict themselves to the given exercises only.
They shall frame objective questions on their own and practice to get a wider
knowledge and develop self-confidence to face Mathematical contests.

We wish the users to utilize this tool effectively and enjoy doing calculations
intuitively. Suggestions and constructive criticisms from the users will be gratefully
acknowledged.

Mathematics is not a spectators’ sport
It is a “doing” subject.
Swaminathan .R
Chairperson
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1. NUMBER WORK

1.0.INTRODUCTION

There is a saying highlighting the significance of numbersNasibers
and Alphabets are the two eyes of human beind$hey form the base for any
study. The former is infinite and the latter is finite. While the finite set of alphabets
gives rise to ocean of words, just imagine about the infinite numbers. Though the
invention of numbers comes first in the chronological evolution of Mathematics, it
hasn't ever reached culmination, thus proving its marvellous power.

This branch of Mathematics dealing with study of numbers, also called as
‘Arithmetics forms the heart of all other branches of Mathematics and is
burgeoning everyday. When the world felt the need for a better number system,
‘zero’ appeared in India as early &% @&ntury. In early English and American
schools, the term ‘ciphering’ referred to doing sums or other computations in
arithmetic. The field grows with time and the Mathematicians are incessantly
adding feathers to its crown by numerous inventions and we are now provided
with various Concepts and Theorems.

One such interesting concept invented.bpnardo of Pisa, later known
as Fibonacds ‘Fibonacci Serie§ which helps in the study of natural happenings
like branching of plants, leaves and petal arrangements, etc. Likewise, various
arrangements and patterns of numbers are invented for practical applications as
theories.

Not less was the contribution of our Indian Mathematician Srinivasa
Ramanujan. His crowning achievement was the discovery of Ramanujan Number
1729, by serendipity. The speciality of this magic number is that it is the smallest
number, which could be expressed as sum of two cubes in two different ways.

(Le.) 9+10=12+12 =1729. Also,

(i) In the decimal representation of transcendental number ‘e™"tig2émal
place is the beginning of the first occurrence of all ten digits (0 to 9 ) consecutively.

(i) The sum of the digits of 172891 +7+2+9 =19; 19x91=1729



Subsequently, this concept gave rise to Euler’s result :
59" + 158 =133 + 134 =635318657

God invented the integers ; all else is the work of man Kronecker
I know numbers are beautiful. If they aren’t beautiful, nothing is —Erdos

Thus, Mathematics is th@ueen of Scienceand Number Theory is the
Queen of Mathematics.The wonders of numbers are numerous and amazing.
In this chapter, we shall discuss some concepts of Number Work.

1.1. SEQUENCE AND SERIES

1.1.1. Introduction

We often come across numbers that follow a particular pattern.

In Mathematics, patterns play an important role. From them we may make
generalisation and establish procedures to apply in different fields of study.

Let us consider a very simple example. As we walk up or down stairs, we
sometimes count the steps unconsciously. Have we ever thought of how much
high each step is? Suppose the rise is 16 cm and if we are to make a record of the
heights above the floor of the steps taken in order, we would get 16 cm, 32 cm,
48 cm, 64 cm, 80 cm and so on. Refer the figure given below;

80 cm

64 cm
48 cm

32 cm

16 cm

Floor

We get the following numbers: 16, 32, 48, 64, 80

In the above arrangement, numbers are arranged in a definite order
according to some rule. (i.e.,) It starts with 16 and ends with 80 and each number

is obtained from the previous one by adding 16 to it.
Let us consider the following arrangements of numbers.
1,4,9,16,25, ...
11 1
L §27764"



1,3,57,9, ..
In the above arrangements of numbers, there are some rules.

In the first arrangement the numbers are squares of natural numbers and in
the second arrangement the numbers are reciprocals of cubes of natural
numbers whereas in the third arrangement the numbers are odd natural
numbers.

Here, we find the numbers arranged according to some specific rule and
this helps us to find out other numbers that follow. Such an arrangementis called a
Sequenceln this chapter, we shall study about sequences and particular types of
sequences called Arithmetic Sequence and Geometric Sequence.

Thus, we may define a sequence formally as follows.

1.1.2. Sequence

Definition: A sequence is an arrangement of numbers in a definite order
according to some rule.

(i.e.,) An arrangement showing a relation between the numbers as determined
by some rule is called a sequence.

There are numerous ways to relate numbers to each other according to
some definite rule;

(&) By adding a number
2,7,12,17,22, ... (using 5)

(b) By subtracting a number
7,4,1-2,-5, ... (using 3)

(c) By multiplying by a number
2,8,32,128,512, ... (using 4)

(d) By dividing by a number

1
27,9, 3,-1, 3 (using-3)

(e) By multiplying by a number and adding a number
1,6, 16, 36, 76, ... ( multiplying by 2 and adding 4)

1.1.3. Terms of Sequence

The various numbers occurring in a sequence are called its terms. We
denote the terms of a sequenceapyaz, ay - Here, the subscripts denote the
position of the terms.



The number at the first place is called the first term of the sequence and is
denoted bya,. The number at the second place is called the second term of the
sequence and is denoteddyyand so on.

In general, the number at thé place is called the" term of the sequence
and is denoted by aThe n™ term is also called the general term of the
sequence.

1
, ... IS @ sequence whose first temEis

Nlw

N[
WIN

For example,

_ 1 ) 2
(i.e.) a1:§ and 2¢term a,= 3

Rule of a Sequence in Terms of Algebraic Formula :

The rule which generates the various terms of a sequence can be expressed
as an algebraic formula.

. 1 2 3 4
For example, consider the seque rEc 325"

1 2.

12 __3 .
=141 273724

T 3+1 4

4
4+1

Here, a, =

QD
I
als

NI
|_\
o
I
Nlw

Proceeding like this, in gener

n
Thus, the above sequence is described as m for n> 1 which is the

algebraic formula for the rule which generates the above sequence.

1.1.4. Real Sequence

If for every positive integem’ there is a unique real numtzraccording
to some rule, then the ordered set of real nuniess, a,, ...,a_ is said to define
a real sequence.

1.1.5. Finite Sequence and Infinite Sequence:

Finite SequenceA sequence which has a finite number of terms is called
a finite sequencé&xample 3, 4.5,6,7.5,9,10.5,12, 13.5.

This sequence has a finite number of terms. (i.e.,) it has a last term.
O This sequence is called a finite sequence.

4



Infinite Sequence:A sequence which has infinite number of terms is
called an infinite sequendexample 8, 4,0~4,-8,-12, ...

This sequence has infinite number of terms. (i.e.,) it has no last term.
O This sequence is called an infinite sequence.

1.1.6. Series:

For each sequence there is an associated series, which is obtained by
replacing the commas in the ordered set of terms by plus symbols.

(i.e.,) When the terms of a sequence are connected by plus signs, they are
said to form &Series

(i.e.,) If a, a, a,... is a sequence, thea1+a2+a3+... is the series
corresponding to the given sequence.
Example 1.1 :Give the first 3 terms of the sequersce-2"— 1,n U N
Solution : Puttingn=1, 2, 3 ina =2"-1
We get, a,= 2'-1=1
a,= 2-1=3
a,= 2-1=7
O The first three terms of the sequence are 1, 3, 7.

11
Example 1.2 11, ... Is a sequence. Find thieterm of the sequence.

2'3
Solution : Here, alzlz}; a,= l; a,= }
1 2 3
By observation, the™ term of the sequence is given ly= %
Example 1.3 :Write the series corresponding to the sequence whibse
termis a= (n+l) (n+2).
Solution : By the given dataa, = (n+ 1) (n + 2)
Puttingn=1, 2, 3, ... we get,
a = (1+1) (1+2) =6
a,=(2+1) (2+2) =12
a,=(3+1) (3+2) = 20
In the same manner, remaining terms of the sequence can be generated. Thus the
given sequence is 6, 12, 20, ... and the corresponding series is 6 + 12 + 20+ ...



EXERCISE 1.1

1. Write the first three terms of the sequences whose general terms are given
below;

1-n-n? (-1)°
0 4n+1 (i) W (iii) 21 (iv)

2. Find then™ term of the foIIowing sequences;

0 2,5,10,. (v)1,3,7,15,..

(||)2 510" - (i) 369"
3. Ifa=-1, anz%; n>1, finda,anda,
%12 if n is odd

E_ if n is even

5. Write the series corresponding to the sequences;

4. Find the 8 and 4 terms of the sequence, ag_

@) 3,8,15,19,... (ii) General term of the sequer;acne:i§_1)“+1 3n-1

(iii) General term of the sequenceis- 4+ 3
(iv) General term of the sequenca js 2% —

1.2. ARITHMETIC PROGRESSION (A.P)
1.2.1. Arithmetic Sequences:
Consider the following sequences;
(i) 2,6,10, 14,18, ...
(i) -9,-5,-1,+3,+7, ...
531 1
(i) 51 g
In(i) 6-2 =10-6=14-10=18-14=4
In(@i) (5)-(9)=1)-(H)=3-(-1)=7-3=4.
In (ii §_§ 13 010 1
Nl 37253273 HZE =1
We observe that in these sequences, each term after the first term differs

from the preceding term by a constant amount. These types of sequences are
called Arithmetic sequences.



Progression: Sequences following certain patterns are known as
progressions. In this case, the pattern follows certain Mathematical rule. All
progressions are sequences, but the converse is not true.

Example : Consider the sequence of prime numbers 2,3,5,7,11,13,... . For
this sequence nobody can find out the definite pattern following which each number
can be obtained from the previous number of the sequence.

02,3,5,7,11, 13, ... is a sequence but not a progression.

Now, consider the sequence 2, 4, 6, 8, ... . In this sequence, each number
can be obtained from the previous number by adding it with 2.

O This sequence 2, 4, 6, 8, ... is callddragression

Example: The following sequences are progressions:

i 1,5,9,13, ..
@iy 10,8,6,4, ..
311
@iy 1, Z’E’Z’m

The above Arithmetic sequences have certain patterns.
O Arithmetic sequence is also known as Arithmetic Progression.

Arithmetic Progression (A.P):

A sequence is said to be an Arithmetic Progression (abbreviated as A.P) if
the difference of each term, except the first one, from its preceding term is always
same.

(i.e.,) A sequence,, a,, &,, ... is said to be an Arithmetic Progression
if a,—a = constant for alhlIN .

The constant difference, generally denoted diyis called the common
difference.

Examples :5, 8, 11, 14, ... is an A.P whose first term is 5 and the common
difference is 3.

16, 12, 8, 4, 04, ... is an A.P whose first term is 16 and the common
difference is- 4.

General Form of an A.P:

The first term of an A.P is generally denoted ly and the common
difference is denoted by"



I'term =a
2"term =a+d
3%erm =(@a+d)+d=a+2d
O General form of an A.P with first terma’‘and common difference
‘disa,a+d,a+2d,a+3d, ..
Remark: If we add the common difference to any term of A.P, we get the
next following term and if we subtract it from any term, we get the preceding term.
General Term of an A.P:

Inthe A.Pa,a+d,a+2d, a+3d, ...
st term = t, = a —a+(1-1)d

1
29 term = t, = a+d = a+(2-1)d
3¢ term = t, = a+2d = a+(3-1)d
4" term = t, = a+3d = a+(@4-1)d

Proceeding like this, we get thé term ast =a + (n—1) d
0 The general term orrterm of an A.P.ist =a + (n-1) d.
Last Term & Number of Terms of a Finite A.P:
Then™ termt_is also known as the last term. It is denoted by

a
Nowl=a+(n-1)d O n:T +1

This formula helps us to find the number of terms of a finite A.P.
Properties of an A.P:

(i) If a constant quantity is added to or subtracted from each term of a
given A.P, we get another A.P.

17, 20, 23, ... is an A.P witth= 3. Add 5 to each term of the above
sequence. We get the sequence 22, 25, 28, ... which is also an Ad>=8th

Subtract 4 from each term of the given A.P. The resulting sequence
13, 16, 19, ... is also an A.P withe 3.

(i) If each term of a given A.P is multiplied or divided by a non-zero
constant, another A.P is formed.

5, 10, 15, 20, ... is an A.P with= 5.

Multiply each term by 2. We get, 10, 20, 30, 40, ... which is also an A.P
with d =10.

Divide each term by 5. We get, 1, 2 ,3, 4,...which is also an A.RIwith
8



1 1
Example 1.4 :Show that the sequence describechrl];yé n+ 6 is an A.P.
1

1
Solution : By the given dataa, = §n +

6
: 1 1 1
Puttingn=1, 2, 3, ... we geta, =§ + s = E: E:tl (say)
3
3

ol

2 5
aZ: §+g = 6 :t2 (Say); a3:
5

7 5
Here L= 6" 2763 Y% 676 6 3
_ 1
0 t-4= t-t,= o
0 The given sequence is an A.P with common differe%ce

Example 1.5 The first term of an A.P is 6 and the common difference is 5. Find
the A.P and its general term.
Solution : By the given dataa=6, d=5.

The general form of an A.P & a+d, a+2d,...

The required A.Pis 6,6 +5, 6 + 2(5), ...

(ie.) 6,11,16, ...
The general tery = a+(n-1)d
=6+(N-1)5 = 6+6-5
Ut=1+3

Example 1.6 : Find the common difference and™i@rm of the A.P
100, 96, 92, ...

Solution : From the given A.Pa=100; d=t,-t =96-100 =—4
We know that t =a+ (n-1)d
t,=a+9=100+9{4)=100-36 =64
Examplel.7 : Which term of the sequence 13, 15, 17, ... is 71?
Solution : Here a= 13, d=15-13 =2 andl = 71.



0-aQ
We know that n= BTE+ 1

071-130
n :BTE'Flzf +1=30
O 71 is the 30term.

Example 1.8 Find the middle term of an A.P 3,5, 7, ..., 71.
Solution : Herea=3,d= 2andl =71

Od-aQd
We know that n = BTE+ 1

_O71-30

n—HTE+1=6—28+1=35

O Total number of terms in the given A.P is 35.

. . [B5+ 107
O Middle term in the A.P lﬂTH term

(i.e.,) Middle term = 18term
=t ,=a+1Md=3+17(2F3+34= 37
0 The middle term = 37
Example 1.9 The 3" term of an A.P is 27 and th& &rm is 12. Determine
the A.P.
Solution : Given that t. =27 and, =12
(ie.,) t.=a+4d=27
and t=a+7d=12 ... 2)
-1 O d =-5
Substituting d =—5in (1), we get,
a+4E5) =27
a =27 +20 = 47
The required A.P is 47, 47 +5(), 47 + 2 £5), ...
(.e.) 47,42,37, ..

10



Example 1.10 For what value of n, thé" term of the series 3 + 10 + 17 +... and
63 + 65 + 67 + ... are equal?

Solution : In the | series, we havea=3,d=10-3=7
t=a+(n-1)d=3+0-1)7 =h-4
In the Il series, we hawe= 63,d = 65— 63 = 2
t=a+(n-1)d=63+0-1)2=0+61
By the given data" terms of the given series are equal
O n—-4=x+610 5n=650 n =13

1 2
Example 1.11 Which term of the A.P 19, 1:58 175, ... is the first negative
term?

. . : . .95 91 87
Solution : The given Arithmetic Progresswmg 5 g

By the property of A.P, consider the following A.P 95, 91, 87, ...
Herea=95andd=-4

Let then™ term of the given A.P be the first negative term. Then,
t <0
n

0 a+((Mn-1)d<0
O 95+h-1)~4)<0
O 99-4n < 0
O 99<4h
o n >9—9
4
O n> 2475

Since 25 is the natural number just greater than 24725
Thus, 28 term of the given A.P is the first negative term.
Example 1.12 The sum of three numbers is 54 and their product is 5670. Find

the number.
Solution : Let the three numbers in A.P b&—d, a, a + d

Given the sum of three numbers =54
(i.,e..a—d)+a +(a+d) =54
3a =54
a =18

11



Also, given their product =5670
(i.e.,) (@—d) (a) (a+d) =5670
a(a?-d? =5670
18 (18- d?) =5670
18 (324-d® =5670
d=+3
When a=18,d = 3 the required 3 numbers are 15, 18, 21
When a = 18,d = -3 the required 3 numbers are 21, 18, 15

Examplel.13:Find four numbers in A.P whose sum is 20 and the sum of whose
squares is 120.

Solution : Let the four numbers b&—-3d, a—d, a + d, a+3d

O 0O o d

Their sum =20
O@-3d)+ (a—d)+ (a+d)+ (a+3d)=20
O 4a =20
O (i,e.,)a =5

Also given, the sum of squares =120
0 (@a-3dP+ (a—dyP+ (a+d@F+ (a+3d)?=120
0 (5-3d°+ (5-d2+ (5+d?+ (5+3)?=120 [-a=5]
0 20d? =20
0 d=%1
When a=5,d=1
The required four numbers are 5 -3 (1), 5-1, 5+1, 5+3 (1)
(.e.,)2,4,6,8
When a=5,d=-1
The required four numbers are 5-3 (-1), 5—(-1), 5+(-1), 5+3(-1)
(i.,e.,) 8,6,4,2
Examplel.14:1f (p+ 1 )" term of an A.P is twiceq(+ 1)" term, prove that
the (P+1)" term is twice thegd+g+1)" term.
Solution : Let the first term of the A.P Ba’ and the common difference b@

We have t .= 2t
p+1 q+1

12



O a+(p+tl-)d=2[a+(q+1-1)d]
O a+pd=2[a+qd]
O a+pd =2a+2qd
O a=(p-29)d ... (D)
Now, t3p+l=a+(3p+ 1-1)d
=(p-29)d+ 3pd =4pd-2qd
0t,,= 2[2pd—qd] = e 2
and L= @t (ptg+11)d
=(p-2q)d+(p+q)dfrom (1)
tyuges = (20 —0)
s = 2pd—qd (3)
From (2) and (3) Loper = 2,
Examplel.15:If &, b?, ¢ are in A.P, show th rt 1 are also in
T ’ am’c+a’a+b
A.P.
Proof : Given a2, b?, ¢ are in A.P.
b?—a = &2— b
O (b+a)(b—a) =(c+b)(c—Db)
O (b+a)(b+c—c—-a) =(c+b)(c+t+a—-a-b)
O (b+a)(b+c—c—-a) =(c+b)(c+t+a—-a-b)
O (b+a)b+tc)—(cta)] =(c+b)[(c+a)-(atb)]

O @+b)(b+c)(a+b)c+a) =(b+c)(c+a)—(b+c)(a+Db)
Dividing both sides byb(+c) (c+ a) (a+ b), we get,

1 1 1 1
c+ta b+c a+b c+a

[ --b+cz0 andc+a # 0 anda+b #0]

1 1 1 .
O , , are also in A.P.
b+c'c+a’ a+b
1 11 q+r
Example 1.16: If B a; are in A.P andp+ q+r # 0, show thatT,
r+p p+
T are also in A.P.

| =

11
Proof : Given B a are in A.P. Multiply each term bp+ g+ r (£ 0)

r
13



p+q+r p+g+r p+q+r

p q T are also in A.P. (by the property of A.P.)
qfr  P*r p+q
O 1+ 0 1+ q ' ¥ +1

) g+r p+r p+q
Subtracting ‘1’ from every term of the above, we g@? q

r
which is also an A.P. (by the property of A.P)

Example 1.17 If a*=b’ =c? and b? = ac, show that are in A.P.

1
X

< |k
N |~

Proof : Given thata* = b’ = c¢* =m (say)
(i.e.,)

1 1 1
a=m b=m" c=nr
but b? = ac (given)

wen. ) )

1 .
, — arein A.P.
z

Example 1.18:If a,; a, &, ... ,a, be an A.P of non-zero terms, prove that
1 1 1 n-1

— + T +. + =

aa, a8 a8, aa,

Solution : Let ‘d’ be the common difference of the given A.P.

Dd=a,-a=a-a==8- 4,
1,1 1 30d d . d0
aa, "aa T Ta,a T d (M, &%a | 8.80

14



a,-a _ a+(n-1)d-3 _n-1
da g, dag aa
EXERCISE 1.2

Which of the following sequences are in A.P?

0) ggg (ii)%,l—z,i—z,--- (i) 12,2, 3, & ;-
(ivy a,& & a-- (vymm+3 m6, m9;

(i) Which term of the sequence 17, 20, 23, ... is 56?

(i) Is 68 a term of the sequence 7, 10, 13, ... ?

(iii) For what value ofn, then™ terms of the A.Ps 9,7,5,...and 15,12,9, ...are same?
(i) Forthe A.P 45, 41, 37, ..., find aindt_, .

1 1 3
(ii) Which term of the sequence 24,33225 ,212 , ... is the first negative term?

(iii) Find the 8 term of an A.P whose Tferm is 49 and IGerm is 65.

(iv) Find the 40 term of an A.P wherg= 56andt, ;= 91

(v) Find the 6 term from the end of the A.P 17, 14, 11;10.

(i) Find the middle term of an A.P with 23 terms, given its firsttermis 11 and
common difference is 3.

(i) Findthe middle term ofan AF3,—1,1, ..., 33.

() The fourth term of an A.P is equal to 3 times the first term, and the seventh

term exceeds twice th&8rm by 1. Find the first term and the common
difference.

(i) Find the A.P whoseBterm is 16 and theTterm exceeds its"Serm by 12.
(iii) Which term of an A.P 3, 15, 27, 39, ... is 132 more than it¢Bh?

(i) Divide 69 into three parts which are in A.P such that the product of the first
two is 483.

15



1
(i) Divide 125 into five parts which are in A.P such that the first and the last

parts are intheratio 2 : 3
7. (i) The 8term of an A.P is zero. Prove that it$"8%m is triple its 18term.
(i) If 10 times the 10 term of an A.P is equal to 20 times it§"26rm, show that
the 30 term of the A.P is zero.
8. (i) Ifthe angles of a triangle are in A.P and the tangent of the smallest angle is 1,
then find the other angles of the triangle.
(i) Letthe angles A, B, C of atriangle ABC be in A.P and let B:C =4 : 3. Find the
angle A.
9. (i) Find the 3 numbersin A.P whose sum is 24 and the sum of their cubes is 1968.
(i) The sum of the 3 numbers is 12 and the sum of their squares is 56. Find the
numbers.
(iii) Find the 4 numbers in A.P whose sum is 20 and the sum of whose squares is
120.
10. The digits of a positive integer having three digits are in A.P and their sum is
15. The number obtained by reversing the digits is 594 less than the original
number. Find the number.
11. Prove that in an A.P the sum of the terms equidistant from the beginning and
the end is always same and equal to the sum of the first and last terms.

1 1
12. Ifthep™ term of an A.P isa andg" term is_p, show that it§ pq)th termiis 1.

13. Given thatg+1)" term of an A.P is twice theg€1)" term, prove that the (31)"
termis twice theg+q+1)" term.
b+c-a c+ta-b at+tb-c

14. If , )
a b

ol
olR

1
are in A.P, show thaat , are also in A.P.

1.3. ARITHMETIC SERIES

1.3.1. Sumto n- Terms of an Arithmetic Progression:

The method used to find the sum of an A.P is known as Gaussian method
of addition, named after the great German Mathematician, Karl Friedrich Gauss
(1777 - 1855A.D). When Gauss was studying in elementary school, his teacher
asked the students to find the sum 1 + 2 + 3 + ... + 100. While his classmates were
trying to find the sum by actual addition, Gauss gave the answer immediately. His
teacher was astonished by his intelligence. He wrote the humbers in the reverse
order and added with the numbers in the natural order. (i.e.,)
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1 +2 + 3+ ..+ 99 +100
100 + 99 + 98 + ... + 2 + 1

101 +101+101 + ... +101 +101

He got 101 + 101+ ... +101 (i.e.,) 101 is got 100 times. So the sum is 100 x 101. He
had used each number twice and so he divided the sum by 2. Thus he got,

100x101 _ 5050. Are you not astonished !
The same procedure is followed to find the sum of therfirgrms of an
A.P a, atd, a+2d, ...
Let us denote the sum upteterms byS
ThenS = a + (a+d) + (a+2d) + .+ [a+ (=) d] + [a+ (n-1) d]....... Q)
Write the above series in the reverse order. We get,
S=@+Mm-)d+[a+(n-2)d+..+(at2d)+ (a+d) + a........ 2)
Adding (1) and (2) we get,
28 =[a+{a+ (n-1)d}] + [(a+d) +{a+ (-2)d }] +...
+ [+ (n=2)d }+ (at+2d)] + [{a+(n-1)d}+a]
2S =[2a+(n-1)d] + [2a+(n-1) d ]+ ..+[2a +(n-1)d | + [2a+(n-1)d]
2S =[2a+(-1)d] +[2a+ (n-1)d] + ... ton terms.
2S =nf2a+ (n-1)d]
S = g Ra+(n-1)df orSnzg [a+]]
The Visual Aid: The diagram ABCD in the figure depicts the Arithmetic
Progression 2, 5, 8, 11, 14.

/A S A
. O N 1/ A 14 4 A A A A A
; : AL AL A ESI A AT
; il i
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In order to determine the sum of its terms, complete the rectangle AEFD.
Now, we get two equal figures ABCD and BEFC.

The area of each figure decribes the sum of our A.P. Hence the double sum
of the progression is equal to the area of the rectangle AEFD.

Let us denote the sum of the given A.PSy

Double sum = 8= Area of the rectangle AEFD
= AE xAD = (AB+BE) x AD
= ( fifth term + first term ) (number of terms in A.P)
2S=(14+2) (5

5 n
S =5 (2 +14) which can be compared3o= > (a+l)

Examplel.19: Find the sum of the series 1+ 3 +5 + ... + 399.
Solution: Herea=1, d=2, | =399

[(B399- 10

O n = +1 =200
2 F

S,,= 2991 +399] = 100 x 400 = 40000
2

Examplel.20 :Sum of the series?+ 2+ 3~ #+ 5— 6 +... to h terms

Solution : 1%- 2+ F— £+ 5— & +...t0 nterms.
= (1-4)+(9-16) + (2536) + ... ton terms is an A.P with
=_3,d=-4

O The required sum =§ 2(E-3)+Nn-1)-4)]= 2[—6— 4(n-1)

n
=5 [2-4n] = -n(2n+1)
Examplel.21: Find the sum of all three digit numbers which dixésible by 9.

Solution: Given that the three digit numbers which are divisible by 9 are
108, 117, 126, ..., 999. Heas= 108,d=9, | =999

0-a0 [999- 1087
. n=ad—a+1 “H e gt T
0 Se= & [108+999] = 55350
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Example 1.22: In an A.P the sum of the first 11 terms is 44 and that of the
next 11 terms is 55. Find the A.P.

Solution: Given S, = 44

11
U E[2a+1(lj]= 44
0 2+10d =8 (1)

Also given, the sum of the next 11 terms is 55
O The sum of first 22 terms = 55 + 44

S,, =99
22
0 = [2a+21d] =99
0 2a+21d =9 e (2)
(2)-(1) O 1H=1
0 4= =
11

1
Substitutingd = ' in (1), we get,
2a+10d =8

0 za+HoxtH=g 0 22=8-0 0 A=
a 117 BT R T

0 The required AP s, > + £ 32, ,HLE
e required AP IS . 17 * 70 11 BB -

Loy 3040 41
(i.e.,) 1111 11

Example 1.23How many terms of the series 54, 51, 48, ... be taken so that their
sum is 513? Explain the double answer.

Solution : The given sequence is an A.P with first teans 54 and common
differenced = -3.

Let the sum ofn terms be 513. Thed = 513

[2a+ (n-1)d] =513

NI NID

[108 + A-1) (-3)] =513
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0 n°-37+342 =0
O (n-18) (n-19) =0
0 n =18 (or) 19
Here the common difference is negative. S&téfm is
t,,= 54+ (19-1) (-3)
=54-54 =0
Thus, the sum of first 18 terms as well as that of first 19 terms is 513.

Examplel.24:Find the sum of first 20 terms of A.P in whicH t&rm is 7 and
7"term is two more than thrice of it& 8erm.

Solution : Given t, =7
O a+2d =7 L (2)
Also given, t, =3,+2
O a+6d =3(7)+2=23 ... (2)

Subtracting (1) from (2), we get, d4 1600 d=4
Puttingd = 4in(1), weget, a+8=70 a=-1
20
O §,= > [2 x (-1) + (20-1) 4] = 10 €2 + 76) = 740

Example 1.25 :A man arranges to pay off a debt of Rs.900 in 18 monthly
instalments of Rs.50 each and interest at the rate of 5% per annum irf"the 19
instalment. Calculate the simple interest that he pays in then&@&lment.

Solution: Given that, during thes'instalment he has to pay interest on Rs. 900
which is equal to,

~900x 1x 5

I, = Tox100 e D)

Principal amount for the second instalment will be Rs.850. (i.e.,}3D0

_, _ 850x1x 5

O Interest =1, = Tox100 e (2)

Similarly, the last instalment will be just Rs.50

B _ 50x1x5

O Interest= 1, = 1ox100 e (3)

Thus, the amount of interest to be paid on theid&talment will be the

sum of L L | L

EUREE 18
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_[P00x 1x 500 [B50x 1x 57 [b0x 1x 50

O 141+ 41, =
Tt 0100 B Hiax100 & *Hizx 100

5
= %[900 + 850 + ... + 50]

- > 18 900 + 50)] = 35.63
~ 1200 2( )= 35.

[0 Total interest to be paid = Rs.35.63

Examplel.26: The sum tan terms of a certain series is givemt-23n. Show that
the series is an A.P.

Solution: Given S, =2n*-3n
But we know that, S, T trtFtt .+ttt D
I T L Sk S L SR (2
From (1) and (2), itis cleartha§ _ +t = S
(i.e.)) t =S-S_,

= (2n*>-3n) —[2(n—-1)*-3(n-1)]
= 2n°-3n - [2n*= 4n + 2- 3n+3]
t =4n-5
Puttingn=1, 2, 3 ..we get,
t, =4(1)-5=-1
t, =4(2-5=3
t, =4(3)-5=7
Thus, the seriesl, 3, 7, ... form an A.P with common differerdce 4
Examplel.27 :Solve : 1 + 6 + 11 + 16 + ... = 148
Solution : The given series is an A.P. with=1 andd=6-1 = 5.
Letx be then” term. OGivenS = 148

0 g[2a+(n—1)d] -1480 n[2x1)+n-1)5] = 296
0 N(2+5-5) = 296 0 52— 3n-296 = 0
3+./9+5020 3++5929 3+77 74
U n= = =——— [0On= 8 or -~
10 10 10 10
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4
Rejectingn = 10 [asn cannot be negative], we get,

n= 8 O x =n"term
x=a+(n-1)d O x=1+(8-1)5=236

Examplel.28:If Sl, SZ, Sa be the sum of terms of three arithmetic series, the
first term of each being 1 and the respective common differences are 1, 2, 3, prove
that S+ § =25,
Proof : Let thefirst sequence be 1, 2, 3, 4, nterms,

second sequence be 1, 3,5, 7n.terms and

third sequence be 1, 4, 7, 10,n.terms

$= 5 [a+(-1d

S_D 2 11

= 5 2+ (0-1)1]

s=

1_2[n+1] ................. D

S= S R+M-1)2]= 2 2+N-2

=5 R+ 0-D2= 5 | ]

= 2
n n

53:5[2+(n—1)3]=§[2+31—3]
n

8325[3n—1] ............ (3)

To prove S+ S, =25, ,
n n
LHS. St+§ = > [n+1] +§ [Bn—-1] from (1) & (3)

n2 + n+3n2— n

0 > =¥=25=RHS 0S+S§=2S
Examplel.29The interior angles of a polygon are in Arithmetic Progression.The
smallest angle is 120° and the common difference is 5°. Find the number of sides of
the polygon.
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Solution : Here a=120° and d=5°

LeS, be the sum of the interior angles of a polygomdfides.

0s-= g [2 (120°) + (1) 5° = 1 - 2) x 180°

[-.- Sum of the interior angles of a polygon = (humber of sid&s180°]

n
O 5 [240+ 1 -5] = (h—-2)180

O 5n?+2351 =360 (-2)
-50 n°-25n+144 =0
O n =9 orn=16

whenn =16, n"angle (i.e..x = a+15d= 120 + 15(5°) = 195°
But the interior angle can not be more than 180°

On =16 is rejected. Henae= 9 only. (i.e.,) number of sides of the polygon is 9

10.

EXERCISE 1.3

Find the sum of the following :

(i) 3+1-1-3-5-...to 15 terms
(i) 100 +97 +94 +...t0 20 terms

1 1
(iii)6+5:1 +4§ +.. to2lterms

(iv) 0.50+0.52 +0.54 +... to 40 terms

1
(V) 1+§ + 0+...to 20 terms

Find the sum to 20 terms of an A.P who8¢erm is 31 - 1.

The sum to terms of a certain series is given a$#23n. Showthat the series

is an A.P.

Find the A.P in which the sum of any number of terms is always equal to three
times the square of number of terms.

Find the sum of all numbers between 100 and 1000 which are divisible by 11.
Find the sum of all positive integers less than 298 which are multiples of 9.
Find the sum of all 3 digit numbers which leaves the remainder 1 when divided
by 4.

How many terms of the series 1 + 6 + 11 +... must be taken so that their sum is
970?

If1+2+3+... h=666, findn'.

The first term of the A.P is 17. The number of terms is 21 and their s&3 is

Find the common difference and the middle term.
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11. A man saved Rs.16500 in ten years. In each year after the first, he saved Rs. 100
more than he did in the preceding year. How much did he save in the first year?

12. 10 potatoes are planted in straight line on the ground. The distance between any
two consecutive potatoes is 10 meters. How far must a person travel to bring them
one by one to a basket placed 10 metres behind the first potato?

13. Inan A.P the sum of first 10 terms is 175 and the sum of next 10 terms is 475. Find
the A.P.

14. If the ratio of sum afhterms of an A.P to the summterms is?: n?, show that
the common difference is twice the first term and also prove that the ratiowf the
term to the fitermis (2n-1) : (h-1).

15. IfS, S, S be the sum ta, 2n and 3 terms respectively of an A.P, show that

S,= 36-9).
1.4. GEOMETRIC PROGRESSION (G.P)
1.4.1. Geometric Sequence:
Consider the following sequences;
5
(i) 5, 10, 20, 40, ... (i) 10, 55 e (i) = g

These sequences are not in A.P. But they have definite pattern.

I\JI@

th t3 t4
From (i) we find, T =7 =7 =..=2
® h L 3
b 3 1y 1
From (i) we find T =, =7 = .. =%
(i) we find , 4 Tt ot 5
o L B 4L
From (i) we find, 4 = t, T tg T 3

It means each term of the sequence except the first term is obtained by
multiplying the preceding term by a constant factor. Such a sequence is called a
Geometric Sequence.

Geometric Sequence is also known as Geometric Progression.

Definition: A sequence of non-zero number is said to be a Geometric
Progression (abbreviated as G.P) if the ratio of each term, except the first one, to
its preceding term is always same (constant).

This constant ratio is called the common ratio of the G.P. The common ratio
of the G.P is denoted by The first term of the G.P is generally denoted dy

Note : In G.P, neithea =0 norr = 0.
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lllustration : (i) The sequence 1, 2, 4, 8, 16, ... is a G.P with common ratio 2
2 4 8

smce1=§=:1 = .= 2

1
(i) The sequence 27,9, 3,1, ... is a G.P with common ?tio
9 3 1 1

since 2_7 = 5 = g 3
General Form of G.P

Rlwl

A Geometric Progression is a sequence of numbers in which the first term
(a) is non-zero and each term except the first term is obtained by multiplying the
term immediately preceding it with a fixed non-zero number (

The general form of a G.Pasar, ar?, ... with aZ 0 andr #0
General Term of G.P:
Let the G.P be, ar, af, ...
I'termt, = a =ar™?t
2¥termt, = ar = ar’’!
3dtermt, = ar* = ar’™

4"term t, = ar® = ar*?
Proceeding like this, we get ti& term (or) general term of a G.Ptas ar n-1

Example1.30:Find which of the following are G.P.

111 b) 45, 15,5
@3 5 3~  (b)45155,.
Solution : (a) In the ab eg = 2 1,2 2
olution : (a) In the above serieg = Yy —3%1°3
i3 3
Also, r = t = 2
. . . 1 11 _
Since their ratios are not equaE, 37 is nota G.P.
b) In the given series = 2 b1
(b) aw 8Ty T 457 3
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t3 5

1

Alsoy ZE =15 T 3

Here the ratios are sameld 45, 15,5, ... is a G.P.
1 1

Examplel.31:Find the & term of the G. P16 ?3 TZ

Soution . Here a =3 ¢ 22
olution : erea—16, r—3

03 0mpn 2

The 8"term = t. = ar® = E}EE%H

Examplel.321f the first term of a G.P is5 and the common ratio +2, find the
G.P.
Solution : Given a=-5, r=-2

General form of G.P is, ar, ar . . .
0 Required G.P is-5, -5(-2), =5(=2),...
(i.e.,)-5,10,-20, 40, ...

128
Examplel.33:Find the G.P whose"term is 8 and the'8term is —— 625"
Solution : Gi t—8t—£3
olution : Given 2= 8 5= oo
_ o _ ., 128
(i.e.,) t,=ar=8, t=ar'= 625
o oal 128 1
ty ar3 625 8
4
16 120 2
4 = — = = +—
O r 625 %H ar e
If r= 2 a="?
= g.a="
We have ar® = 8
g 1250]
— — X —_
DangH—S Da-% 8E—125



The required G.P is 125, 50, 20, ...

If r= 2 a="?
=-g,a="

We have ar® = 8

020
0 a ETEH =8
0 1250
0 a=8 H?Ez -125
The required G.P is125, 50,20, ...

Examplel.34 :Which term of the Progression 1, 2, 4, 8, ... is 5127
Solution : In the above G.Pa=1, r=2

O t =512 (ie,) ar"'=512
12yt =2 On =10
Examplel.35:Show that in a G.P the product of any two terms equidistant from
the beginning and the end is equal to the product of the first and the last term.
Solution: Let the finite G.P bea, ar, af, ar?, ...,ar"*
Consider the" term from the beginning =ar P!
-1

Consider the@" term from the end ar™* %H

(O Last term becomes the first term)
(p" term from the beginning(p™ term from the end )

minge
=artart HH =a@m"

= (First term) (Last term)

Examplel.36:The sum of the first two terms of a G.P-&and the sum of
the first four terms is-80. Find the G.P.

Solution ; Given the first two terms of a G.P =8
(i.e.,) at+ar=-8
O a[l+r]=-8 . Q
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Also given, the sum of the first four terms—=80.

(i.e.) a+ar+ar+ar® =-80

0 a[1+r] + ar’[1+r] = -80

0 -8+ (-8)r2 =-80 [from (i)]
O r==3

Substitutingr = 3 in (1), we geta=-2
When a=-2, r =3
The G.P is-2,-6,-18, ...
When r = - 3, we have a=4
In this case, the G.P is 412, 36,-108, ...

Example 1.37:Find three numbers in G.P such that their sum and product are
respectively 14 and 64.

a
Solution : Let the three numbers in G.P I?e, a,ar
) a
Given, T +atar=14 ... (1) and

a
?xaxar=64 0 a=4
Substitutinga=4in (1), we get,
4r2-10r+4=0 0 r=§,2

1
When a=4andr = PR the required 3 numbers are 8, 4, 2.

When a=4 andr = 2, the required 3 numbers are 2, 4, 8.

Example1.38:The first term of a G.P is 64 and the common ratrokSndr’ if
the average of the first and fourth terms is 140.

Solution: Let the G.P be, ar, ar?, ar’,... Herea = 64

at ar3

Given =140




2
D 1+3_£0
- 32
140-32 108
O r= 32 =132
r3-2—7Dr—§-1l
- 8 T2 T2

1
The required common ratio’‘ = 15

Example1.39:1f p, g, (th term of a G.P arex, Y, Z, show that
Xy PzPa=1,

Solution : Let ‘a’ be the first term andR’ be the common ratio.
X =akR?! (1)
y =aR?t (2)
z=aR?t ... 3)

Raising (1) to poweg-r , (2) to power—p (3) to powerp — g and
multiplying (1), (2) and (3), we get,
xd T yr=pP zpP
=[a 9" RPD @) [a 7P READ) (=P [a P-4 R(-D) (P-0);
= g0 rtr—p+p-q  RP-1)(@-1)+(Q-1){-p)+(r-1)(p—a)

=aOR0=1
OxadTyP zP 9 =1, Hence proved.
) 1 11
Example 1.40:f a, b, c are in G.P angy*X = pY = ¢Z, show that; , ; '
are in A.P.
Solution : Given a, b, care in G.P.
Ob’=ac (1)
Let a*=bY=c*= k
O
0 a=kX, b=kY,c=kz ... (2)
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Substituting (2) in (1), we get,

01f giooio
O x0GzO

a(yD =%XD%ZD

H B B8 88 B

Yy  x z
1 1 1 _
- , 7, —arein A.P. Hence proved.
X 'Y z

Example 1.41Three numbers are in Arithmetic Progression and their sum is 15.
If 1, 3, 9 are added to them respectively, they form a G.P. Find the numbers.

Solution : Let the three numbers in A.P lze-d, a a+ d.
Given @-d)+ @ +(a+td)=15 0O a=5
According to the problem 4-d) + 1, @ +3, (a+ d)+9 form a G.P.
(i.e.,) 6-d, 8,14d [wherea=5]
8  14+d
6-d 8
[14 +d] [6-d] = 64
-d?-8d + 84 =64
0 d*>+8d-20 =0 Od=-10, 2
Whena =5, d =-10, the required numbers are 15;%,
Whena =5, d = 2, the required numbers are 3, 5, 7

Note : Verify that when 1, 3, 9 are added to the numbers respectively they form
a G.P.

Example 1.42:Find three numbers, b, cbetween 2 and 18 such that their sum
is 25. The numbers 2, bare in A.P and the numbdrsc,18 are in G.P.

[ O N N

Solution : The three given numbers aaeb, c
Given a+b+c=25 D
Also given, 2,a, barein APO2a=b+2 ... (2)
L b2
2
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Also, b, c,18areinG.PO ¢2 = 18b  weeeveerenn. (3)

b+2[] ) )
()0 [, P+b+c=250b+2+D+2=50

0o 3b+2c=48 (4)
(4)x60 18b+12c =2880 c*+1x-288=0
0 c=-24, 12 [ Butc’' cannot be negative since it lies between 2 & 18]

Substitutingc = 12 in (4), we get, B+24=480 b=8
We havea+b+c=250 a+8+12=250 a=5
Oa =5, b=8, ¢c=12 0O The required three numbers are 5, 8, 12.

EXERCISE 1.4

1. Find the common ratio of the following G.Ps;

. 1 1 )

0 +5.-1, N (i) 0.1, 0.04, 0.016, ...

i) 17,-17,17-17 §2—5£5

(i) 17,-17,17-17, ... (|v2,4, g '
2. Find which of the following are in G.P.?

(i) 2,-24/3,86, ... (i) 4, 8,12, ...

I _

(iii) N -1, 22,2, . (iv) 256, 128, 64, ...

(v) 5, b5, 555, ... (vi) 12 2 2 ..

3. (i) Findthe 9term of the G.P 6;12, 24, ...
(i) InaG.R,=72,t,=18, findt,.

3 3
(iii) Find the % term of the G.P whosé&'3erm ivg and 7 term i51—28'

2 2
(iv) The ¥ term of the G.P isg and the Bterm iss—l. Find the G.P.

4, If 729,x,9 arein G.P, finck

5. The sum of the first 2 terms of a G.P-1sandthe sum of the first four terms is
-5. Find the G.P.

6. Ifa, b, c,dareinG.P, prove that®+ cdividesax®+ b3+ cx+d
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7. Find the 3 numbers of G.P such that their respective sum and product are

() 6,-64 (i) 4;,1 (i) —105,-8000

1
8. Find 3 numbers in G.P such that their sun-‘n?l% and the product of their

1
reciprocalsis—.
64

9. Find 3 numbers in G.$uch that theisum is- 2 and sum of their squares is 12.

10. The sum of 3 terms of a G.P. is 7 and the sum of their squares is 21. Find the three
numbers.

11. Find 4 numbers in G.P whose sum is 85 and product is 4096.

12.  Find 5 numbers in G.P such that their product is 32 and the product of the last two
numbers is 108.

13.  Find 3 numbers in G.P whose sum is 52 and the sum of their product in pairs is 624.

14. Three numbers whose sum is 15 are in A.P. If 1, 4 and 19 are added to them
respectively, the results are in G.P. Find the numbers.

15. The second term of a G.Phsand the common ratio is. Write down the value
of ‘b’ if the product of the first three terms is 64.

1.5. GEOMETRIC SERIES
1.5.1. Sum of the firstn’ terms of a G.P:

There is an interesting story connected with the sum of a Geometric
Progression. It is said that the King of Persia was so pleased with the inventor of
the game of chess (believed to be of Indian origin) that he offered to give him any
reward. The inventor wanted one grain of wheat to be placed on the first square of
the chessboard, two grains on the second square, four on the third, eight on the
fourth and so on. The demand of the inventor appeared to be very modest and the
King thought that it was not an enough reward. Is the reward petty?

We see that the grains to be placed in the various squares are the terms
of the sequence 1, 22,28, ..., 2%

Sumofthe grains §,=1+2+2+...+2 ... 1)
Consider in reverse order

S, = B3+ 2%+ +2+2+1

2S, =2+ 2%+ .+ 2+2+2 L. (2)
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Subtract (1) from (2), we get,
S=2-1
Can you imagine the quantum of grains? It is said that the amount of

wheat the inventor had asked would have covered our large country with a layer
of wheat to almost 4 cm deep.

LetS denote the sum efterms of the G.P with first terfa’ and common
ratio‘r’ . Then,

S =a+ar+ar’+..+a" +armt L (1)
Multiplying both sides by’ we get,
S =ar+ar’+ar’+ ... +art +ar" ... (2)
Subtract (2) from (1), we get,
S-rS=aar
(I-nSs =a(-r
< - a(l— r”)

h 1-r
The above formula can be considered in the following ways;

)

if r<1
- i
DE r
Sn: Da(r”—l)
571 if r>1
r —

But the above formulae do not hold for 1
If r=1, the G.P reduces & a, g ... upton terms.
0§ =a+a+a+a+..uptonterms.
S =na

n

1.5.2. Sum to Infinite Terms of G.P:

1 1 1 1
If -1<r<1,say= E,thenr2=z,r3= 3 L= on isvery small and

r" approaches t@ whenn is very large.
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- O
We know that sum afi terms of this G.P i§ = a %1% E

a ar”
S = or 1oy e Q)
Since f | <1,r"decreases as’ increases

ar”
O - approaches to 0

a .
0 (1) become§m=F if |r|<1

Note :If |r |>1, then the sum of an infinite G.P approaches to infinity.

Example 1.43:Find the sum of the series 1+ 3 + 9 + ... to 10 terms.
Solution: Herea=1 r=3

a(r" -1 1(39-1
We have Snz% :u

Example 1.44:Find sum of the series 243 + 324 + 432 + ..n terms.

= 29524

Solution : H =243 _3_ 4
olution : Here a = r=o1; "3
a(r" -1
Herer > 1 Sy T, -1
d
243%5—@
_ . B =729E4‘—3‘D
-1 3"
H



Example 1.45Find the sum to infinity of the G.P 169, 8.1, ...

. - 2 9
Solution : Here a=10, r= 10 and |r |= ‘10 10 <1
O Sum to infinity is defined.
10 10
_ i 090 -, 9 100

Soo _ =1- BTH_].‘F _19

Example 1.46:A ball is dropped from a height of 6m and on each bounce it

2
rebounces toé of its previous height. (i) What is the total length of the down-

ward paths? (ii) What is the total length of the upward paths? (iii) How far does
the ball travel till it stops bouncing?

Solution :

6 cm

4 cm
4 cm

8/3 cm
8/3 cm

8
(i) Distance covered in the downward path = 6 +§ + 9 + ..

[itis an infinite geometric series with= 6, r=§]
6

:% 20-18m

3H

8
(ii) Distance covered in the upward pathd + 3 + 9

+ ..

2
[itis an infinite geometric series wid+ 4,r = 5]
4

=§ 20 =12m

35

(iii) Total distance covered = 18 + 12=30m
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Example 1.47Find the sum tm terms of the series 7+ 77 + 777 + .nterms.

Solution : Given Sn =7+77+777+ ... taterms
=7((1+11+ 111 +.tonterms)

7
9 (9 + 99 + 999 +.tonterms)

g [(10- 1) + (100~ 1) + .. to n terms)]

7
9 [(10 + 100 + _.to n terms)— (1+1+... ton terms)]

g (10t + 102 + .- tonterms)-n]

g-1 O
ggo(l9 ])_né B ;_2 (1On_1)_7n

Example 1.48:Find the least value of for which the sum 1 + 3 82+, ton
terms is greater than 7000.

Solution : Given that sumtaterms = 1+ 3 +%3+ ... tonterms

(i.e.) S = 1+3+38+..+3"
1(3-1) 3" -1
© 3.1 2

n

Also given, sumtmterms > 7000 [J > 7000

0 30 >14001

To find n take log on both sides, we get,
nlog 3 > log(14001)

log(1400)  4.1461
log3 T 04771

O n > 8.69
Hence, the least value ofis 9.

n > 8.69
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Another method :
We have 3=09; 3F=1281:3=729:3=6561; 3=19683
The least value ohis 9.

Example 1.49:The sum an infinite series in G.P is 57 and the sum of their
cubes is 9747. Find the series.

Solution : Let the infinite series in G.P lze+ ar + ar? + ...«

a
Gi S =—=57v7 . 1
iven > -t (1)

Also given, the sum of their cubes is 9747
(.e,) a+ ar*+a¥®+.. o =9747
3

a
Sum to infinite terms of the above series is equail-to—3 = 9747 ... (2)
-r
a3
Cubing the first equation, we ge(&_ r)S =57 ... (3)
3 3
a 1-r° 57

DA @) T

(1—r)(1+r+r2) 16
(1-r)(1-r)(2-r) -

O 18r°-39r+18 =0

O r-§ orZ
2 (on) 3

Sum of an infinite series in G.P exists only i€ 1

2
O The value of = §

(1) O 1-2 =57 0 a=19.
3

: L 38 76
Hence the required series is 195+ + 9 +..100.
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Example 1.50:ExpressO.1?3 as a fraction.
Solution : 0.123 = 0.1232323 ...
0.1 + 0.023 + 0.00023 + ...

1 23 23

+—— +
10 1000 100000

1 23 23
= —+ 3+ 5 +..
10  10°  10°

+ ...

1,28 _ 1
10 990 990

Example 1.51:Expre330-3_25 as a fraction.
Solution : 0.325 =0.325325325 ...

_ 325 . 325 N
~ 1000 1000000

325 325
=T 2 t+ 7 +..
100 10°

[(B250

HeH g

.

Example 1.521n an infinite G.P each term is equal to three times the sum of
all the terms that follow it and the sum of the first two terms is 15. Find the sum
of the series to infinity.

Solution : Let ‘a’ be the first term an&t’ be the common ratio of the given
series.

2

Then the series ba + ar + ar“+ ... to «
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According to the problemn™ term = 3 pr"+ ar" *1 +....«]

Car™ O
art=3 %75

O 1-r=3
. 1
=32
Also given, a+ar =15
O a(l+r)=15
1
a a@j =150 a=12
12
- - 1-16
Soo _1_r l_z

Example 1.531f S, S,, S; be the sums af, 2n, 3n terms respectively of a
G.P, prove thag, (S;- $) = (S, - §)°.

Proof: Here § = @, S, = @and% e

Toprove S (- $) = (S, - 51)2

LHS. = 5(S%-9)
S e = Gl
o RTRIE et gt g
=2 B
o) B (o
0S($-S) = ()2 () o° T (1)



RH.S.=(s,- §)°

P -1)5 (1)

Now,S,-S =0 y-1 O-0 r-1 O
8 " B8 B

a n

_ 2 gan_ng_ 21
= 1d "8

(1)

2
a2rn (rn —l)

0 (82—51)2 =W ............... (2)

From (1) and (2), L.H.S. =R.H.S.

Example 1.54 Find the value oﬁ/25,3/ 253 25... .

1 1 1

Solution : 325325325, = 2Bx 2Ox 2P x o

o, 1, 1 a
_ 25%+§+?7+___OOB

11 1
Letusfind-+=-+—+ ...

3° 9 27
1
3 1
DSOOZQ_].D:E
3H

1 O >
25%+§+?7+___0052 252 = \/275 = 5.

EXERCISE 1.5

1. Find the sum of the following G.Ps;
@) 3+9 + 27+ ...to6terms. (i) 1+ 0.2+0.04 +...to 8 terms.

11
(i) V2 +2 +2/2 +...to8terms (iv)lE+Z+ ...to 7 terms.
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10.

11

Find the sum to infinity of the following :

@M 4,2,1,.. (i) — 3 1 1 1
16'8'12' 18"
(i) —2,10,-50, 250, ... (iv) 0.9, 0.18, 0.36, ...
Find the sum t’ terms of the series.
010 1 .

3 H—9E+ 27+H_81@+ (i) 9+99+999 + ...
(iii) 6 + 66 + 666 + ... (iv) 0.9+ 0.99 + 0.999 + ...
(v) 0.4 + 0.94 + 0.994 + ... (vi) 11 + 103 + 1005 + ...
Find the sum to infinity of the G.P.
(i) 4, 4 ﬂ (i) 7,-1, l (iii) —52 _—5

3'9’ 7 4° 16" 64

A ballis dropped from a height of 100 m. At each bounce it raises half the height it
raised with the previous bounce. Find the distance covered by the ball till it comes
to rest.

The sum taterms of a G.P is 255, the last term is 128 and the common ratio is
2. Find'n’.

A G.P consists ofreterms. If the sum of the terms occupying the odd places is
S,and that of the terms in even placeS,isprove that the common ratio of the

progression isg .

If S, = 1+ 4+ 42 + ... tonterms, find the least value af ‘such that
S, >1500.

The sum of an infinite G.P is 24 and its first term is 8. Find the G.P.
4
The sum of infinite terms in a G.P is 2 and the sum of their squagesﬁmd

the series.

If ‘'S be the sum,P’ the product andR’ the sum of the reciprocals ofterms

0S
inaG.P, thatP? =
ina prove tha Bﬁ H
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12.
13.

14.

15.

16.

17.

18.

Express the following into a fraction 0)573 (ii) 0.268.

The midpoints of 16 by 12 rectangle have been connected to form a rhombus.
Then, midpoints of the rhombus are connected to form a rectangle, and so on.
(i) List the perimeters of the first 10 rectangles formed (including the largest
rectangle)

(i) What is the sum of the perimeters of the first 10 rectangles formed?

A hot air ball rises 80 meters in the first minute of flight. If in each succeeding
minute the ballon rises only 90% as far as in the previous minute, what will be its
maximum altitude?

Prove that the numbers 49, 4489, 444889, ... obtained by inserting 48 into the
middle of the preceding number are squares of integers.

If P = \3/3,(,3/32,(3‘/33,( oo+ thenfind/p.

f a a o b b cC ¢

Ifx=a+—+ 5 +..00;,Yy=b— —+ 5 —...0,;Z=C+ 5+ 1+..00,
roor? ©: Y roor2 p2 ot ®
xy _ ab

show that— = —.
z c

IfS,S, S, ...,Sp denote the sums of infinite G.Ps whose first terms are

111 1
1, 2, 3, ... prespectively and whose common ratiosgreé , Z , (p +l)

p(p+3)_

respectively, show tha + S, + S3 +...+ Sp = >

1.6 SPECIAL SERIES -y n, > n2, > n3
1.6.1. Thez - Notation:

For example 1+2+3+4+5+6+7+8+9+1Oiswritten§!sn

The symbolz (called Sigma) indicates a summation to be carried out.

n=10

n=

The first value ohis 1 (i.e.,n=1). Then the consecutive integral values

of n has to be taken. The last valuendé 10 (i.e.,n= 10).
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Remark: Zn is the simplified way of writingzlk

1.6.2. Sum of the Firstn’ Natural Numbers:

Zn=1+2+3+...+n.
Here 1+ 2 + 3 + ... 1 is an arithmetic series with=1,d=1

0Yn=s =g[2a+(n—1)d]
= Jtzve-pay = 0P
S 2 2
D2n= n(n2+1)

1.6.3. Sum of the Squares of the Firsh’ Natural Numbers:
D=1+ 2+ F+ L+
Let us consider the identity, X —(x—1f = 3 -X+1
Puttingx=1, 2,3, ..n,we get, I — = 3(1f-3(1)+1
2_ B= 3(2F-3(2)+1
BPB_B = 33F-303)+1
B_F = 3(4p-3(4)+1

nP-n-1f= 3n* - & +1

Adding columnwise, we get® = 3(P+ 2+ F+ ... +nd) -3(1+ 2+ ... )
+(1+1+1+1+.nterms)

n(n+1
= 3(12+22+32+...+n2)—3%+n
n(n+1
0 3(FB+2+3F+..+nm) = n3+3¥—
_2n°+3n°+3n-2n
- 2
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2n®+3n*+n
2
n(2r +3n +1)
2

0 Zn2=12+22+32+...+n2= w

1.6.4. Sum of the Cubes of the Firsh’ Natural Numbers:
Y =P+2+3F+ .+
Let us consider the following pattern
1P=1=¢
P+2=9=01+23
2+2+F=36=(1+2+3
B+2+3F+4£ =100 =(1+2+3+4)
Proceeding like this®#2%+3%+ ... +n® = (1 + 2+ 3 + 4 ... )

5 _ M+
>n” = H 2 H
Example 1.55:Find the sum of first 75 natural numbers.
75
Solution: §n=1+2+3+4+...+75.
75(75+ 1) 75% 76
= = = 2850
2 2
Example 1.56: Find the sum of 5 + 10 +15 + ... + 250.
Solution: 5+10+15+...+250 = 5[1+2+3+..+50]
[50(50+ )0
=9 G— —0=6375
O 0

Example 1.57: Find the sum of 15+ 16 + ... + 80.
Solution: 15+16+..+80 = (1+2+..+80j1+2+ ..+ 14)

[(80x 810 [14x135]

=H 2 HH2 B3
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Example 1.58:Find 5+ 7 +9 + ... + 99, using the formuEn

Solution: 5+7+9+..+99
= (1+2+3+..+993(2+4+..+98) (1+3)

[99% 1000 49 500
=g 5 E_ZH 5 E_4 = 2496
Example 1.59: Evaluate : 1 + 4 + 9 + ... + 1600.

Solution: 1+4+9+...+1600 =22 +3F+..+406
0 yne = 40(40+ (2« 40r )
6
[40x 41x 810
= ETE = 22140

22140

(i.e.) 1?2+ 22+ 32+ ... + 46

Example 1.60: Find 28+ 22+ ... + 35
Solution: 212+ 22+ ...+ 35 = (1+ 22+ ... + 35) — (1%+2%+ ... +200)
35(35+ J)( 2 35 1 20(20+ J( 2« 20- )
6 6
35%x 36x 71 ~ 20%x 21x 41

= 5 6 = 12040

Example 1.61: Find 2+ 3+ 52+ ..+ 4F

Solution: 12432452+ ... +4% = (12+ 22+ ... + 4F) — (22+4%+ ... +406)
(12+ 224 ... + 48) — (2x1P+(2%2¢+ ... +(2x20%
(P+2+ ... +4%) -22(12+ 2+ ... + 26)

[Alx 42x 831 [ROx 21x 417

= WE_ZL WE =23821-11480 =12341

Example 1.62: Find £+2%+ ... + 15

(15 1607

Solution: Given that #+2%+ ... + 15 = g5 A° (120y = 14400
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Example 1.63 :Evaluate: 1#+12%+ ... +k® wherek = 50
Solution: Giventhat 13+ 128+ ... +k® = 113+ 128+ ... + 50
= (B+ 2+ ... +50) - (3+ 2+ ...+ 10)

_50x 51 @ox1f
"H2 H H2 H

=1625625- 3025 = 1622600

EXERCISE 1.6

1. Evaluate the following :

@ 1+2+..+90 ([i) 3+6+..+210

(iii) 26 +27 + ...+ 65 (v) 1+3+5+..+71

(V) 15+17+...+45 (Vi) 1+ 4+ 9+.+225

(vii) 102+ 122+ ...+ 36 (vii) 12+ 2+ ... +1%

(ix) 122+ 13+...+ 30 ® 1+ 8+ 27+ ...+125000

2. Some cubes of sides5cm, 6 cm, 7 cm, ..., 20 cm are arranged in a box such that
there is no space left in the box. Find the volume of the box.

The sum of the cubes of firshatural numbers is 44100. Find
If1+2+3+..+4 = 325, find 3+ 2+ 3+ ... +kK°
If 13+ 22+ 3+ ... +k¥= 38025, find 1 +2+3+..¢

o ok~ W

How many terms of the series+t122+ 3+ ... should be taken to get 25502500 ?
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2. MENSURATION

2.1 A RIGHT CIRCULAR CYLINDER

A right circular cylinder is a solid generated by the revolution of a rectangle
about one of its sides.

Consider a rectangle OO' AB which

revolves about its side OO' and completes one fuu/—\
round to arrive atits initial position. The revolu_tloﬁ CD
generates a right circular cylinder as shown in the
figure.

D

Aright circular cylinder has two plane ends.
Each plane end is circular in shape and the tw
plane ends are parallel. Each of these two ends|is h
called the base of the cylinder. The line segment
joining the centres of the two circular ends is calleg
the axis of the cylinder. The axis is always
perpendicular to the bases of a right circulat
cylinder. The length of the axis of the cylinder g/\
called its height and the radius of the circular bases
is known as its radius. The curved surface joining

the two bases of a right circular cylinder is called
its lateral surface.

In the above figure, OO’ is the axis of the cylinder, O'A = OB is its radius
and OQ' is the height.

For a right circular cylinder of radiusand heighh. We have,
(1) Base area of the cylinderre? sqg.units.
(2) Volume = Base area x heightw? x h = 1r*h cubic units.

(3) Curved surface area = Circumference of the base x height
(Lateral surface area)
Curved surface area =rr h sg. units.
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(4) Total surface area = Curved surface area + 2 base areas
=2irth + 22 = 2 (h+r)

Total surface area =1 (h +r) sg.units.

2.2 HOLLOW CYLINDER N

A solid bounded by two coaxial N T
cylinders of the same height and different
radii is called a hollow cylinder. If R is
external and is internal radii of a hollow
cylinder of heighh then h

(1) Areaofeachend
=11 (R? —r?) sq.units

(2) Curved surface area //_ - \v
(Lateral suface area) \_“/
= External surface area
+ Internal surface area
= 2mRh + 2rrh = 2rth (R +r) sg.units.

(3) Total surface area = Curved surface area + 2 Area of base rings

=2 (R +r) + 2n(R +r) (R-r)
=2n(R+r)(R-r+h)

Total surface area =R +r) (R —r + h) sq.units.

(4) Volume of the material = Exterior volume — Interior volume
=TR*h —11%h
=T1h (R?—r?)
=1h (R +r) (R -r)
Volume of the material 7ih (R +r) (R —r) cu.units.

Example 2.1 A cylinder has radius 7 cm and height 10 cm find (i) Volume,
(ii) Curved surface area (ii) Total surface area of the cylinder.

Solution : Radiusf) =7 cm
Height ) =10 cm
Volume of the cylinder =w?h cu.units

22
:7 x 7 x7x10 =1540 cu.cm.
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Volume of the cylinder = 1540 cu.cm
Curved surface area =rtth sq.units

22
=2><7 x 7 x 10 = 440 sg.cm.
Curved surface area =440 sqg.cm.
Total surface area =re (h +r) sqg.units.

22
=2x " x7(10+7)

22
=2><7 x 7 x 17 =748 sg.cm.
Total surface area = 748 sqg.cm.
Example 2.2 The circumference of the base of a cylinder is 25.45 cm and
its height is 15 cm. Find the curved surface area.
Solution: Circumference of the base =25.45cm, height=15cm
Curved surface area = circumference of the base x height

=25.45 x 15 = 381.75 sg.cm.
Curved surface area = 381.75 sg.cm.

Example 2.3 :12 cylindrical pillars of a building have to be cleaned. If the
diameter of each pillar is 42 cm and the height of each pillar is 5 m, what will be the
cost of cleaning these at the rate of Rs. 5. per sqg.m.

Solution: Diameter of pillar =42 cm

_ 42 21
Radius () = > = 21cm =100
Heighth) =5m

Curved area of pillar =12rh sq.units

:2><g X 21 x5 =6.6 sq.m.
7 100
Total area of 12 pillars = 12 x 6.6 = 79.2 sq.m.
Cost of cleaning for 1 sg.m =Rs. 5
Cost of cleaning for 79.2 sq.m =79.2 x 5 = 396

Cost of cleaning of 12 pillars = Rs. 396.
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Example 2.4 Find the radius of the cylinder if the area of its curved surface
is 352 cmM and its height 16 cm.

Solution : Height =16 cm
Curved surface area = 352&m
2rh =352

22
2x7 xrx16 =352

: 1 7 1
r _SSZXEX?ZXE
7
:§=3.50m

Radius of cylinder = 3.5 cm.

Example 2.5 :The volume of a cylinder is 448cu.cm and height 7 cm.
Find its curved surface area.

Solution : Height =7 cm.
Volume of the cylinder = 44&cu.cm
?h = 4481
48 _
7

J64 =8cm
Curved surface area =th sq.units.
=2 XTIX8x7

=112msqg.cm.

r? =

64

r

=112 ><272 =352 sqg.cm.
Curved surface area =352 sqg.cm.
Example 2.6 :A solid cylinder has a total surface area of 232.dis
curved surface areai% of the total surface area. Find the volume of the cylinder.

Solution : Total surface area =231 ém

Curved surface area of T.S.A

wIlN
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2
2irh = 3 x 231 = 154 crh

Total surface area =231 ém
2rr (h+r) =231
2rrh + 2rr2 = 231
154 + 2r? =231

21r? =231 - 154

2
2x— xr?2 =77

r2 =77x, x - = ®
2 22 4
7
72
r =3.5cm.
Curved surface area =154%tm
2irth =154
2 7 B
2 X 7 X E xh =154
h = e 7 cm.
Volume of the cylinder =tr?h cu.units.
2 17 7 539
= = X Ex Ex 7 :7 =269.5 cu.cm

Volume =269.5 cu.cm.

Example 2.7 : The radii of two cylinders are in the ratio of 2 : 3, find the
ratio of their volumes if their heights are in the ratio of 5 : 3.

Solution': ro:r, =2:3
h :h, =5:3
ViV, =m?2h  mrjh,
=2x2x5:3%x3x%x3
=20:27

Ratio of their volumes =20 : 27
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Example 2.8 :The diameter of a roller is 140 cm and 84 cm long. It takes
350 complete revolution to level a play ground, determine the cost of levelling at
the rate of Rs. 5 per square metre.

Solution : Diameter =140 cm

) 140
Radius =7 =70 cm.

Height =84 cm
Curved surface area =th sq.units.

22
=2x = x 70 x 84 = 36960 sqg.cm.

Area covered in 1 revolution = 36960 sg.cm.
Area covered in 350 revolution = 36960 x 350

= 12936000 cth
12936000
= 100x 100 = 1293.6

Cost of levelling 1293.6 tn = 1293.6 x 5 = Rs. 6468.

Example 2.9 A rectangular sheet of metal 44 cm long and 20 cm broad is
rolled along its length into a cylinder. Find the curved surface area of the cylinder.
Solution : Length of the sheet = circumference of the base
44 =2

44 —2x2—2><
= 7 r

44X1Xl —
2 %00 7T

7 =r
Radius = 7 cm.
Breadth of the metal sheet = height of the cylinder
h =20cm.
Curved surface area =rth sg.units.

22
:2x7 x 7 x 20 =880 sqg.cm.

Curved surface area = 880 sq.¢@R)
Curved Surface Area = Length x breadth of the rectangular sheet
=44 x 20 = 880 sg.cm.
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Example 2.10 The radius and height of a cylinder are in the ratio 2 : 7. If
the curved surface area of the cylinder is 352 sq.cm, find its radius.

Solution : Let the radius bex2and height bex/
Curved surface area =352¢tm
2irh = 352

22
2x7 x X x X =352

88x¢? =352
X2 —@-4

_88_
X =2

Radius =2x2=4cm

Example 2.11 Through a cylindrical tunnel of diameter 21 metres water
flows uniformly at the rate of 18 km per hour. How much water will flow through
it in 20 minutes.

Solution: Diameter of the cylindrical tunnel =21 m

_ 21
Radius () = o m

Speed of water =18 km/hr
= 18000 m/hr

Volume of flowing water in 60 minute wrzh cu.units.

-gxgl xgl x 18000
722
: . _ 22 21 21 20
Volume of flowing water in 20 mmutes=7— X > X ) x 18000 x&)

= 2079000 cu.m.
Volume of flowing water in 20 minutes = 2079000 cu.m.

Example 2.12 A cylindrical water tank of diameter 1.4 m and height 2.1 m
is being fed by a pipe of diameter 3.5 cm through which water flows at the rate of
2 m/sec. Calculate in minutes the time it takes to fill the tank.
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Solution :

Cylindrical tank Cylindrical pipe
Diameter =1.4m Diameter =3.5cm
. _ 35
Radius () =0.7 m =10 cm

. 7
Heighth) =2.1m =5 cm
_2 redivs ) < !
—1om adius ) —4cm
7
400
Speedlf,) =2mi/sec.

Volume of cylindrical tank
~Volume of cylindrical pipe

Time taken

1
~
~

7 7 21 400 400 1
= — X — X — X —_—_— X —/ X —

10 10 10 7 7 2
= 1680 seconds

1680

= E min. = 28 minutes.

Time taken = 28 minutes.

Example 2.13 :Water flows through a cylindrical pipe of internal radius
3.5cmat 5 m per sec. Calculate the volume of water in litres discharged by the pipe
in one minute.

35
Solution: Radiusf) =3.5cm =10 cm
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Speedlf) =5m/sec =500 cm/sec.
Volume of flowing water in 1 sec #wr?h cu.units.

—izxiniSX500
7 1010
22 35 35

Volume of flowing water in 60 sec :7 X 10 X 10 x 500 x 60

= 1155000 cu.cm.
1155000

1000
= 1155 litres.

litres

Volume of flowing water in 1 minute = 1155 litres.

Example 2.14 A hollow cylindrical iron pipe is 40 cm long. Its outer and
inner diameters are 8 cm and 5 cm respectively. Find the volume of the material,

and the weight of the pipe if 1 cc of iron weighs 7 gm.

8
Solution : Outer radius (R) =4 cm

Inner radiusr) =

)
§—25m
2—.0.

Height of the pipe =40cm
Volume of the material #th (R +r) (R —r) cu.units.

22
=7 x40 (4+25) (4-25)

22
= 7 x 40 x 6.5 x 1.5 cu.cm.

Given weight of the pipe for 1 cu.cm is 7 gm

22
O weight of the hollow cylindrical iron pipe = x40%x6.5%x15x7

= 8580 gm.
= 8.58 Kg.
Weight of the pipe = 8.58 Kgs.
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EXERCISE 2.1

. The diameter of a cylinder is 28 cm and its height is 20 cm find

(a) the curved surface area, (b) total surface area and (c) volume.

2. The area of the base of a cylinder is 36.75amd its height is 12 cm find its volume.

10.

11.

12.

13.

14,

15.

. How much earth will be excavated from a circular well 17.5 m deep and 2 m base

diameter ?

. 10 cylindrical pillars of building have to be painted. If the diameter of each pillar is

50 m and the height is 4 m, find the cost of painting at the rate of Rs. 7 per square
metre.

. A cylinder of maximum volume is cut out from a solid metal cuboid of length 20 cm

and cross section a square side 14 cm. Find the volume of the metal wasted.

. The ratio between the radius of the base and the height of a cylinder is 2 : 7, find the

radius of the cylinder if its volume is 5632 cu.cm.

. The volume of a cylinder is $8cu.cm and its height is 8 cm. Find its lateral surface
area.
. The total surface area of a circular cylinder is 1549 trthe height is four times the

radius of the base, find the height of the cylinder.

. The area of the curved surface of a cylinder is 4400 sg.cm. and the circumference of

its base is 110 cm find the volume of the cylinder.

The area of the curved surface of the cylinder is 704 sg.cm. and its height is 8 cm,
find the capacity of cylinder in litres.

The curved surface of a cylindrical pillar is 264 sg.m and its volume is 924 cu.m.
Find the height of the pillar.

Through a pipe of diameter 14 cm water flows uniformly at the rate of 3 km per hour.
How much water will flow through it in 10 minutes.

A lead pencil is in the shape of cylinder. If the pencil is 28 cm long radius 4 mm and
its lead is of radius 1 mm, find the volume of the wood used in the pencil.

The inner and outer radii of a hollow cylinder are 8 cm and 10 cm respectively. If its
outer surface area is 440 sg.cm, find its inner surface area.

A hollow cylinder has a total surface area of 1320 sqg.cm. If its internal diameter is
8 cm and height is 7 cm, find its external radius.

2.3 RIGHT CIRCULAR CONE

A right circular cone is a solid generated by revolving a line segment which

passes through a fixed point and which makes a constant angle with a fixed vertical
line.
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In the figure, VO is a fixed line, V is the v
fixed point and VA is the revolving line which
makes a constant andlavith VO. 5

The fixed point V is called the vertex h
of the cone, the fixed vertical line is known
as its axis and the revolving line VA is called
generator of the cone. If only the segment A’ m|

. A
VA revolves about VO, it generates a hollow w

cone with open base.

If the segments VA and OA of the right triangle OAV or the triangle VA'A
revolve about VO, we get a hollow cone with closed circular base with centre O
and radius OA. If the plane lamina VOA revolves about VO, we obtain a solid
cone.

Height of the cone

The length of the segment VO is called the height of the cone and is generally
denoted byh'.
Slant height of the cone

The length of the segment VA is called the slant height of the cone.

In other words, the distance of the vertex from any point on the base of the
circle is called the slant height of the cone and is generally denotg&d by
Radius of the cone

The radius OA of the base circle is called the radius of the cone and is
generally denoted by

It is evident from the figure that
VAZ =VO?+ OA?
2 =h?+r?

o | | = /r2+h2

1
Volume of acone = x base area x height

A 3
O r 1
\olume of a cone =§ x Tr?h cu.units.
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1
Surface area of a cone; x perimeter of the base x slant height

_EXZTU’XI— |
_2 =TT

Curved surface area ml sqg.units.
Total surface area = Curved surface area + Base area
=tl +1w2 =10 (I +71)

Total surface area wr (I +r) sg.units.

Hollow cone o

If a sheet of paper in the form of a sector of
acircle is folded by joining the two bounding radii,
we get a figure called hollow cone.

When the sector AOB of a circle is folded
by bringing OA and OB together then we obtain a
hollow cone. Radius of the sector becomes the slant
height of the cone.

Radius of the sector = Slant height
R =I
Length of the arc AB becomes the circumference of the base of the cone

0
Length of the arc AB =360 x 2R

whereb is the angle of the sector, R is the radius of the sector
circumference of the base of cone = length of the arc.

0

ZﬁXZT[R

21T

0
Radius of a cone E= ﬁ) x Radius of a sector

r [

= — X
360

Example 2.15 Find the slant height of the cone whose base has the diameter
10 cm and whose heightis 12 cm.
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Solution : Diameter of the base of cone =10 cm

) 10
Radius () = 5 = 5cm

Height ) =12 cm
Slant height = \/y2+nh2 = /(5)* + (12
= /25+144 = /169 = 13

Slant height = 13 cm.

Example 2.16 What is the lateral surface area of a cone whose slant height
is 10 cm and base diameter is 14 cm ?

14
Solution:  Radius of the base of comg € 5 = 7cm

Slant heightl) = 10 cm
Lateral surface aream| sq.units

22
= = x 7 x 10 = 220 sqg.cm.

Lateral surface area = 220 sg.cm.

Example 2.17 If the slant height and diameter of a conical tomb are 25 m
and 14 m respectively, find the volume of the conical tomb.

Solution: Diameter of the base of cone =14 m
Radius () = 134 =7m
Slant heightl) =25 m
= \iT=r
= J625- 49= |576 = 24

Height = 24 m.
1 )
Volume of the cone —=3T[r2h cu.units.
1

22
= §x7 X7 x 7 x 24 =1232 cu.m.

\Volume of the cone = 1232 cu.m.
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Example 2.18 The area of the base right circular cone is 78.5 sgq.m. If its

height is 12 m find its volume.
Solution : Area of the base of cone = 78.5 sg.m.

height =12 m

1
Volume of the cone =§ x Base area x height

1
== x785x%x12 =314 cu.m.

3

Volume of the cone = 314 cu.m.
Example 2.19 The volume of a cone is the same as that of cylinder whose
height is 9 cm and diameter 40 cm. Find the radius of the base of the cone if its

height is 108 cm.

Solution :
Cone Cylinder
Radiusr() =20cm

Radiusr =7
height h =108 cm height{() =9 cm
Volume of a cone = Volume of a cylinder

1
5 T*h =T1r2h,
1
éxr2x108 =20x20x9

1
2 =
r ZOXZOXQX3XJFS

r2 =100
r =10 cm
Radius of cone =10cm

Example 2.20 ‘A conical tent is required to accommodate 7 persons, each
person requires 22 drof space on the floor and 176 cu.dm of air to breathe find

the vertical height.

Solution:  Area of space for 1 person =22 sqg.dm.

Area of space for 7 persons =22 x 7
Base area =154 sqg.dm.
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Air space for 1 person =176 cu.dm.

Air space for 7 persons =176 x 7
=1232 cu.dm.

\olume of air in the tent = 1232 cu.dm.

1
3 x Base area x height = 1232

1
3 x 154 x height = 1232

. 1
Height =1232 x 3 ><154
=24
Height =24 dm.

Example 2.21 :How many metres of cloth 11 m wide will be required to
make a conical tent, the radius of whose base is 7 m and whose height is 24 m.

Solution: Radius ) =7 m; heightlf) =24 m

Slant heightl) = \/tz +n?
=J(7)? +(24?

= {49+ 576 = /625 =25

| =25 m.
Rectangle Cone
L="? r=7m
B=11m | =25m
Area of rectangular cloth = CSA of cone

LB = Tul

22
|_x11:7 x 7 x 25

22 1
L = = x 7 x25 Xﬁ
=50
Length of the cloth =50 m.
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Example 2.22 :The volume of a cone is the same as that of the cylinder
whose height is 9 cm and diameter 40 cm. Find the radius of the base of the cone if
its height is 108 cm.

Solution :

Cone Cylinder
Radius () =7 Diameter =40 cm
Height ) = 108 cm Radius, =20 cm

Height () =9 cm
Volume of cone = Volume of cylinder

1
3 m2h =mh,

1
éxrlZX108 =20x20x9

1
r? =20><20><9><3>m3

r> =100
r, =10
Radius of cone =10 cm.

Example 2.23 The radius and the height of a right circular cone are in the
ratio 5 : 12. If its volume is 314 cu.m. Find the radius and slant height. {ifrake
3.14)

Solution : Given ratio of the radius and height of a cone is 5: 12
Let the radius bexdm and height be ¥dn
Volume of cone =314 cu.m.

1 h =314
3TN =
1
§><3.14><&><5x><12< =314
314¢ =314
¢ =1
X =1
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0O Radius of cone =»%=5x1=5m
and heightofcone =%2=12x1=12m

Slant heightl) = \/f2 +n?2

= (5" + 12y
= J25+144 = J169 = 13

Slant height =13 m.

Example 2.24 The curved surface area of a cone is 550 sq.cm. and the total
surface area is 704 sq.cm. Find the radius and height of the cone.

Solution : Curved surface area of cone =550 sg.cm.
Total surface area = 704 sqg.cm.

mw( +r) =704
wl + 112 =704
550 +11? = 704
2 = 704 — 550
22 xr2 =154
7
rz =154 xl
22
r: =49
r=7cm
Curved surface area =550 sqg.cm.
mrl =550

22
= x 7 x| =550

| = 530 _ 25
=, =25¢m
Slant height =25 cm
h = ”2 _r2
= {625- 49 = /576 = 24
Height = 24 cm.
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Example 2.25: A right angled triangle whose sides are 3 cm, 4 cm and

5 cm is revolved about the sides containing the right angle in two ways find the
difference in volumes of the two cones so formed.

Solution : First case :
Let the triangle be revolved about the side AB

A Height of cone =4 cm
Radius of base =3 cm
5 1 :
4 \Volume of cone =§ 1r?h cu.units.
p O C = } XTIXx3 X3 x4
3 3
=121 CU.cm.

Second case :
Let the triangle be revolved about the side BC
Height of cone =3 cm

C Radius of base =4 cm
N 1
N\ .
N Volume of cone =, 1r?h cu.units.
5 3 AN 3
\\ 1
\\ = — XTiIxXx4x4x%x3

________ s 3

A 4 B D = 16Trcu.cm.

Difference in two volumes = 16— 127t

= 4rtcu.m.
Example2.26 ‘A sector of a circle of radius 12 cm has the anglé.123

rolled up so that two bounding radii are joined together to form a cone. Find the
volume of the cone.

Solution: Angle of the secto®) = 120
Radius of the sector (R) =12 cm
Circumference of the base of cone = length of the arc

0
21r = x 21mR

360
-9 R0y
f =360 " T30 T M

64



Slant height of the cone = Radius of a sector
| =12cm

h = [IZ_rZ

= @2y - (4y
= J144- 16 = 128 = 11.31

Height of cone =11.31cm

1 )
\olume of cone =§ T2 h cu.units

1 22
—5 x7 x4 x4x11.31
= 189.58 cu.cm.

\olume of cone = 189.58 cu.cm.

Example 2.27 ‘A sector containing an angle of°d8 cut from a circle of
radius 20 cm and folded into a cone. Find the curved surface area of the cone.

Solution: Angle of the sectof) = 90
Radius of sector (R) =20 cm.
Circumference of the base of cone = length of the arc

210 =%X2T[R
" =360 " 7 360 -

Radius of cone =5 cm.
Slant height = Radius of a sector
| =20cm
Curved surface area ml sg.units.
=1x 5 x 20 = 10Qtsqg.cm.
Curved surface area = 1@0sqg.cm.

Example 2.28 A cone of base radius 5 cm and height 12 cm is opened out
into a sector of circle find the central angle of the sector.

Solution: Radiusf) =5cm
Height) =12 cm
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Slant heightl) = /y2 +n?

= J25+144 = {169 = 13

| =13cm
Radius of a sector = slant height
R =13cm
Length of the arc = circumference of the base of cone
i X 2R =2
360 -
9 x13 =5
360 -
6 = 5x 0 - 150 _ 13508
- 13 13

Central angle of the sector = 238

Example 2.29 Find the perimeter of the circular sector obtained by opening
out a cone of base radius 5 cm and height 12 cm.

Solution: Radiusf) =5cm
Heighth) =12 cm

Slant heightl) = \/f2 +n?2
=\(5)° + (12)
= {/25+144 = {169 = 13 cm

Perimeter of a sector I+ 2
22
:(2x7 x5)+(2x13)

220
= +26 =31.43 + 26 =57.43

Perimeter of a sector =57.42 cm.
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Volume of Frustum of a cone

A solid got by cutting a right circular cone by a plane parallel to the base is
known agFrustum of a cone.

1 1
Volume of the frustum (V) 3 TR? (X + h) — énrzx cu.units.

A BFE |||A CGE
A
E _x+h
r X
_Drh O
X_BR—rE
DV_} Rz +}T[R2h } 2
—311 X 3 —3T[l’X

X X 1 m(R?—r?) + 1 TR’*h
3 3

Il
II
rh 1 1 /
= R-1) 3 (R +r) (R—r)+§ TR*h \'E

1 h(R+ +} R°h
3T[r( r 3"

1
3

Example 2.30 Find the capacity of a bucket having the radius of the top as
36 cm and that of the bottom as 12 cm. Its depth is 35 cm.

Solution: R=36cmy =12cmh=35cm

1th (R + Rr + r?) cubic units.

1
vV = 3 T (R? + R +r1?)
1 22
V = 3 X - x 35[36 + (36) (12) + 17 cu.cm.
1 22
= 3 X = x 35 x 1872 = 68640 cu.cm.

O Capacity of the bucket = 68640 tm
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10.

11.

12.

13.

14,

15.

16.

EXERCISE - 2.2

. The slant height of a circular cone is 29 cm and height is 20 cm. What is the radius

of the base of cone ?

. What is the lateral surface area of a cone when slant height is 10 cm and height is

8cm?

. Find the volume of the cone given that its slant height is 17 cm and radius is 8 cm.

. The circumference of the base of a tent is 17.6 m. The slant height is 3.5 m find the

area of the canvas used for the tent.

. The volume of a cone is 1232 cu.cm. Determine the area of the base if its height is

24 cm.

. The base area of a cone 185¢.cm and its slant height is 5 cm. What is the height of

the cone ?

. A conical tent of 56 m base diameter requires 3080 sq.m of canvas for the curved

surface. Find its height.

. Two cones have their height in the ratio 5 : 3 and the radii of their bases in the ratio

2 : 1, find the ratio of their volumes.

. A conical tent is to accommodate 6 persons, each person have 20 sg.m. of space on

the ground and 120 cu.m of air to breathe. Find the height of the cone.

A right circular cone of height 40 cm and base radius 15 cm is casted into smaller
cones of equal sizes with base radius 5 cm and height 4 cm. Find how many cones are
made.

The two sides making a right angle of a right angled triangle are 5 cm and 12 cm. It
is revolved about the bigger side of these. Find the volume of the cone thus formed.

A sheet of metal in the shape of quadrant of a circle of radius 28 cm is bent into an
open cone. Find the curved surface area of the cone.

A semicircular plate of tin has a diameter of 40 cm. It is made into an open conical
vessel by bringing the radii together and sholdering, find the capacity of the vessel.

Find the length of arc of the sector formed by opening out a cone of base radius 8 cm.
What is the central angle, if the height of the cone is 6 cm ?

The curved surface area of the cone is 814 sq.cm. and the total surface area of the
cone is 1584 sq.cm. Find its volume ?

The diameter of the bottom of a bucket is 14.4 cm and that of the top is 43.2 cm. Its
22
depth is 28 cm. Find the capacity of the bucket: (7)
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2.4 SPHERE

A sphere is a solid described by the revolution of a semi circle about its
diameter, which remains fixed.

In the figure, AOB is the diameter. The sphere shown is generated by one
complete revolution of the semicircle AXB about the diameter AOB. The centre
and radius of the semicircle are the centre and radius of the sphere.

Letr be the radius of the sphere

4
Volume of the sphere = 1r3cu.units.

X
3
A B
Surface of the sphere 31 sq.units. %

HEMISPHERE

When the sphere is cut by a plane through its centre into two equal parts
each part is called the hemisphere.

Letr be the radius of the hemisphere. A % B

2
1. Volume of the hemisphere 3 T3 cu.units

2. Curved surface area 12 sq.units

3. Total surface area of a solid hemisphere
= curved surface area + area of circular base
= 21r2 + 102 = 3rr?

Total surface area of a solid hemisphera®? 3q.units.

Example 2.31 iIf the diameter of a sphere is 7 cm, find (i) its surface area
and (ii) its volume.

Solution: Diameter =7 cm
_ 7

Radius () = > cm

(i) Surface area =2 sq.units.

=4 ngzxz—154
= 7 X5 %5 = sg.cm.
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Surface area = 154 sq.cm.

4
(i) Volume = 3 13 Ccu.units

4 22 7 7 7

_Sx 7 x§x§x§=179.67cu.cm

\Volume =179.67 cu.cm.
Example 2.32 :The surface area of a sphere is 2464 sq.cm. Find its radius.
Solution:  Surface area = 2464 sq.cm.
4rr? = 2464

r2 = 2464 ><1 X l
- 4 22

r2 =196
r =14cm

Example 2.33 The surface areas of the two spheres are in the ratio 25 : 36
find the ratio of their radii.

Solution : Let their radii ber, andr.,.
Let A, and A be the surface areas of two spheres.
A ‘A, =25:36
4mr > 4mr 2 =25 36
r’:r2=25:36
r,:r, =5:6
Ratio of their radii =5 : 6

Example 2.34 The volume of the sphere is numerically equal to its surface
area. Find its diameter.

Solution:Volume of surface = Surface area of sphere

r

ilnr" = 41 o - =
3

3 1

Or =3cm.
Diameter of sphere =2 x 3 =6 cm.
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Example 2.35 A solid metal cylinder of radius 14 cm and height 21 cm is
melted down and recast into sphere of diameter 7 cm. Calculate the number of

spheres that can be made.
Solution :
Cylinder
Radius = 14 cm

Height = 21 cm

Sphere

Diameter =7 cm

Radius =
adius 2c

Volume of cylinder

No. of spheres

rh

1
IS
w

~Volumeof sphere

2
7

—14><14><21x§><*><g><
- 4 7

Number of spheres = 72.

m

=72

~N N

Example 2.36 An iron sphere of diameter 12 cm is dropped into a cylindrical
can of diameter 24 cm containing water. Find the rise in the level of water when the

sphere is completely immersed.
Solution :Diameter of a sphere

=12cm

Radius of spherg =6cm

Diameter of cylinder

=24 cm

Radius (R) =12cm.

Increase in volume of water

TR?h

12 x 12 xh

wlih wih

h =

71

= Volume of sphere

Tlr3

XOX6X6

4x6x 6x6
3x12x 12 - 2¢cm.



Example 2.37 A hemisphere is of radius 9 cm find the volume and curved
surface area.

Solution: Radius of hemisphere)( =9 cm.

2
Volume of hemisphere % X T3 cu.units

—gx9x9x9
_3 X1

=486mcu.cm.

Volume of hemisphere = 486cu.cm.

Curved surface area 1 sq.units.
=2mx 9 x9=1621

Curved surface area = 168sg.cm.

Example 2.38 The circumference of the edge of a hemispherical bowl is
132 cm. Find its capacity.

Solution :Circumferences the edge of

hemisphere 432 cm
2rr =132

22
2x7 xr =132

—132xlxl—21 m
= 2 “p T €
Radius =21cm

Volume of hemisphere 103 cu.units.

2
-3x2—2x21x21x21
37

= 19404 cu.cm.

Example 2.39 A plastic doll is made by surmounting a cone on a hemisphere

of equal radius. The radius of the hemisphere is 7 cm and slant height of the cone is
11 cm. Find the surface area of the doll.

Solution ;
11 cm
Cone Hemisphere
Radius r =7cm r =7cm 7cm

Slant height =11 cm
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Surface area of hemisphere mr2sq.units
22
=2 ><7 x 7 x 7 =308 sg.cm.
Curved surface area of conerw sg.units.
22
= = x 7 x 11 =242 sqg.cm.

Surface area of the doll = 308 + 242 = 550 sqg.cm.

Example 2.40 A silver cup has the shape of a hemisphere surmounted by a
cylinder. The diameter of the sphere is 10.5 cm and total height of the cup is
11.25 cm find its capacity.

10.5cm
_ _ 10.5
Solution : Radius = = 5.25cm
. _ \4
| Total hglght =11.25cm 11.95 em
Height of cylinder = 11.25 -5.25 A
=6cm
Radi =5.25 = % _ 2t
adius =5. cm-4- 4 Cm
Total capacity = Capacity of hemisphere + Capacity of cylinder
= Z 13 + 1r2h
3
% O
=102 Bé I’+hE
_2 21 21 (Exal)+6
7 4 4 |\3 4
_2. 2 a0
S 7 Y4 st
_2 21 21 19 13167 15
~7 %4 4 Y27 1 T %1 MM
1

5
O Capacity of the cup = 82%23 cu.cm.
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Example 2.41 :A hollow spherical shell is made of a metal of Weight
4.2 gm per cubic cm. If its internal and external radii are 10 cm and 11 cm find its
weight.

Solution: Internal radiusr) =10 cm
External radius (R) =11cm

4
Volume of hollow sphere 3 1 (R® —r3) cu.units.
22
x —x (18- 106
7
22
X = (1331 - 1000)

22
X 7 x 331 cu.cm.

22
X = x 331 x 4.2 = 5825.6 gm.

Example 2.42 A hollow sphere of internal and external diameter 4 cm and
8 cm respectively is melted and cast into a cone diameter 8 cm. Find the height of
the cone.

Weight of the metal

oo'l'h wlh Wi wlh

Solution :
Cone Hollow sphere
Radius ;) =4 cm Internal radiug) =2cm
height =hcm External radius (R) =4 cm

Volume of cone = Volume of a hollow sphere

L SV
3nr1 —sxn(R—r)
}><4><4><h—il 45
3 _3( _)
16h 4
3 —3(64—8)
3 3
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h -EXSGXE-M
=3 16 — L4cm.

Height of the cone =14 cm.
Example 2.43 A hollow spherical shell has an inner radius of 8 cm. If the

1952
volume of the material is—— c.c, find the thickness of the shell.

3
Solution: Innerradius) =8 cm
] 1952
\olume of the material = 3 cu.cm.
4 Ry = 1952
3 -3
4 MR- 8) = 1952t
3 - -3
R3-512 -1952><§
-3 4

R®-512 =488
R3 =488 + 512 = 1000
R =10cm.
External radius =10 cm
Thickness =R+=10-8=2cm
Thickness =2 cm.
EXERCISE 2.3

1. Find the volume and surface area of a sphere of radius (a) 10.5 cm, (b) 28 cm,
(c) 7 cm, (d) 14 cm.

The surface area of a sphere is 1386 sqg.cm. Find its volume.
The ratio of the diameters of two spheres is 4 : 5 find the ratio of their volumes.

How many litres of water will a hemispherical tank hold, whose diameter is 4.2 m?

o b~ 0D

8 metallic sphere each of radius 2 cm are melted and cast into a single sphere. Calculate
the radius of the new sphere.

6. A vesselis in the form of an inverted cone. Its height is 8 cm and the radius of its top
which is open is 5 cm. It is filled with water up to the rim. When lead shots, each of
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10.

11.

12.

13.

14.

15.

16.

17.

which is a sphere of diameter 1 cm are dropped into vessel, one fourth of the water
flows out. Find the number of lead shots dropped into the vessel.

The diameter of a copper sphere is 6 cm. The sphere is melted and is drawn into a
long wire of uniform diameter. If the length of the wire is 36 cm, find its radius.

A cylindrical bowl with base diameter 7 m contains water. A solid sphere is dropped

2
into it. The water level increases by§4m. Find the radius of the sphere.

An iron cone of diameter 8 cm and height 12 cm is melted and recast into lead shots
of radius 2 mm. How many lead shots are obtained ?

A hemispherical bowl of internal diameter 36 cm contains a liquid. This liquid is to
be filled into cylindrical shaped bottles of radius 3 cm and height 6 cm. How many
bottles are required to empty the bowl ?

The height and radius of a cone are equal. The volume of the cone is 35 cu.cm. Find
the volume of the sphere whose radius is equal to the height of the cone.

A cup has the shape of a hemisphere surmounted by a cylinder. The diameter of the
hemisphere is 6 cm. The total height of the cup is 13 cm, find its volume.

A cylindrical boiler 2m high and 3.5 m in diameter, has a hemispherical lid, find the
volume of the interior of the boiler, including the part covered by the lid.

A solid is in the form of a cylinder with hemispherical ends. The total height of the
solid is 19 cm and the diameter of the cylinder is 7 cm. Find the total surface area of
the solid.

A hemispherical shell is made of metal which weighs 3 gm per cubic centimeter of
metal. Find the weight of the hemisphere if its internal diameter is 10 cm and has
thickness 1 cm.

The radii of the internal and external surfaces of a hollow spherical shell are 3 cm
and 5 cm respectively. If it is melted and recast into a solid cylinder of height

2
2 3 cm. Find the diameter of the cylinder.

122n
A hemispherical bowl has volume of maten'a? cc. Its external diameter is
10 cm, find its thickness.
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3. SET LANGUAGE

3.1. SETS

3.1.1 Introduction :

Sets underlie other Mathematical topics, such as Logic and Abstract Algebra.
In fact, the book ‘Elements de Mathematique’ written by a group of French
Mathematicians under the Pseudonym Nicolas Bourbaki states, “Now-a-days, it
is possible, logically speaking, to device the whole known Mathematics from a
single source - the theory of sets”.

Here our concern Set Language.

We have learnt what a set is. Let us have a rapid revision.

A setis a collection of well defined, distinct objects.

Inthe set A={-5,-1, 0, 2, 3}, -5 is an element whereas 4 is not an element.
We denote these as £BA, 4[] A respectively.

We have seen that the sets can be represented in three forms, Rastely,
method, Descriptive formandRule method.

I.  Roster method :V ={a, e, i,o, ¥
Descriptive form : V = {vowels of English alphabet}
Rule method :V = {x/xis a vowel of English alphabet}
Il. Roster Method : A={1, 2, 3, 4, 5, 6}
Descriptive form : A = {positive integers less than 7}
Rule method :A = {x/x < 7,x 1 N}
The Empty set(The null set or the void set)

The set which contains no element is called the empty set. It is dengted as
or{}
Example :{x/x + 6 = 2,x O N}

Subset :Set P is a subset of a set Q, symbolised by if and only if all
the elements of P are also the element of Q.
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We know that every set is a subset of itself. The empty set is a subset of
every set.

Proper and improper subsets

Set ‘G’ is aproper subset of H, symbolised by[GH, if and only if all the
elements of set G are elements of set H and geteb H.

That is the set H must contain at least one element not in the set G.

Set S is atmproper subsetof T, symbolised by & T, if and only if all the
elements of set S are the elements of set T and set S = set T.

Universal Set :A universal set is a set that contains all the elements for any
specific discussion. The notation for the universal 9gt(& or Q).

Equal sets :Set C is equal to set D, if and only if set C and set D contain
exactly the same elements.

We write thisas C =D

Equivalent sets :Two sets are said to be equivalent sets if they contain the
same number of elements.

If those sets are P and Q, ther,PQ.

Disjoint sets : When sets A and B are disjoint, they have no elements in
common.

Overlapping sets :When sets C and D have elements, (element) in common,
they are known as overlapping sets.
3.1.2 OPERATION ON SETS

We have learnt the following :
Union of sets A0 B ={x/xOAorxUB orxA and B}
Intersection of sets ‘A n B = {x/xOA andx [ B}

Complement of a set The complement of a set {Ar A° or A) is the set
of all elements in the universal set that are not in the set A.

A'={x/x0O andx O A}

Set Difference :The difference of two sets A and B is the set of elements
which belong to A but do not belong to B. It is denoted as A — B.

A-B={x/xOAandx U B}
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I. Properties of union

1. Setunioni€ommutative
AOB=BOA

2. Setunion ig\ssociative.
AOBOC)=(AOB)OC

II. Properties of intersection

1. Setintersection Sommutative.
AnB=BnA

2. Setintersection ikssociative
An(BnC)=(AnB)nC

lll. Properties of set difference

1. Setdifference is not Commutative
A-B#ZB-A

2. Setdifference is not Associative
A-B-C#((A-B)-C

IV. Distributive property

1. Union is distributed over intersection.
AOBNC)=(AOB)n (AOC)

2. Intersection is distributed over union.
An(BOC)=(AnB)O(ANnC)

Let us verify these distributive properties.
Example 3.1 :Given A = x/ -4<x< 3,x0 Z}
B={-3,-1,4,5 6}and C ={-4, -3,5, 7, 8}
Verify (i) AOBNC) =(AOB)n(AOC)and
(i) AnBOC) =(AnB)O(ANnC)

Solution : Given A={-4,-3,-2,-1,0, 1, 2}, B={-3,-1, 4, 5, 6} and
C={4,-3,57,8}
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MAOBNC)=(AOB)n (AOC)
LHS: AO(Bn C)
(B n C)={-3,5}
OAO@®BNC)={4,-3-2-1,0,1,2,5} - (1)
RHS: (AOB)n (AOC)

AOB ={-4,-3,-2,-1,0,1,2,4,5, 6}

AOC ={-4,-3,-2,-1,0,1,2,5, 7, 8}

OAOB)Nn(AOC)={4,-3,-2,-1,0,1, 2,5} .. (2)
From (1) and (2) itis clearthat AA(Bn C)=(AOB)n (AOC)
Hence verified.

MMANnBOC)=(AnB)O((ANC)
LHS: An (BOC)
BOC ={-3,-1,4,5,6,-4,7, 8}
OAnBUOC) ={3,-1, -4} .. (1)
RHS: (AnB)O(AnC)
AnB ={3,-1}
AnC ={4,-3}
(A nB)O(ANnC) ={3,-1, -4} .. (2)
From (1) and (2), itis clear A (B C) = (An B) (A n C). Hence verified.

3.2 De Morgan’s laws

Augustus De Morgan (1806 - 1871) the son of a member of the East India
company was born in Madurai, India and educated at Trinity College, Cambridge.
De Morgan expressed mathematically the laws which were expressed verbally by
William of Ockham in the fourteenth century.

Regarding complementation
() AOB)=A"nB (i) AnB)Y=A'0B
Regarding set difference
(i) A-(BOC)=(A-B)n(A-C)
vy A-(BnC)=(A-B)O(A-C)
Let us verify each of the laws .
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Example 3.2Given|J ={1, 2,3, ... 10}, A={3,4,6,10},B={1,2,4,5,6, 8}
Verify De Morgan'’s laws of complementation.

() (AOB)=A"n B

LHS: (AOB)
AOB ={1,2,3,4,5,86,8, 10}
(AOB) ={7,9} .. (1)
RHS:A' n B'
A ={1,2,5,7,8,9}
B' ={3,7,9, 10}
A'nB' ={7, 9} .. (2
From (1) and (2), itis clear (A B) = A'n B’
Hence verified.

(i (AnB)Y=A"08B
LHS =(An B)
AnB ={4,6}
(AnB)y ={1,2,3,5,7,8,9,10} ..()
Now A ={1,2,5,7,8,9}
B' ={3, 7,9, 10}
ORHS=A0OB ={1,2,3,5,7,8,9,10} ..(2
From (1) and (2) it is clear that (A B)' = A'0 B'
Hence verified.
Example 3.3 : Given A ={8,-7,-51, 2, 4}
B ={-7,1,3,4,5, 6}
C ={8,-5,2,4,6,7}
Verify A—(BOC) =(A-B)n (A-C)
LHS:A-(BO C)
BOC ={7,1,3,4,5,6,-8,-5, 2, 7}
OA-BOC) ={} .. (1)
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RHS:(A-B)n (A-C)
Now, A-B ={8,-5, 2}
A-C ={1,-7}

(A-B)n(A-C) ={} .. (2
From (1) and (2), itis clearthat A— BC)=(A-B)n (A-C)
Hence verified.

Example 3.4 : Given A = {-9, -7, -6, -3, 0, 2}, B={-7,-3,0, 4, 5, 6}
C={9 -6,2 -7,8verifyA-BAC)=(A-B)O(A-C)
LHS:A-(Bn C)
BnC ={7}
OA-BnNnC) ={-9,-6,-3,0, 2}... (1)
Now, A-B ={-9, -6, 2}
A-C ={=3,0}
RHS:(A-B)O(A-C) ={-9,-6, 2,-3,0}... (2)
From (1) and (2),itisaclearA—-(BC)=(A-B)O(A-C)
Hence verified.

Note : When a universal set is given, only the elements in the universal set
may be considered when working the problem. If, for example, the universal set for
a particular problem is defined as U = {1, 2, 3, ..., 10}, then only the natural
numbers 1 through 10 may be used in that problem.

EXERCISE 3.1
1. Given|y ={1, 2,3, .., 15}, A={2, 3,7, 8, 11} B = {1, 3, 8, 11, 13, 15}, verify
De Morgan’s laws regarding complementation.
2. Given U = {x¥/xis a positive divisor of 60}
A = {x/ xis a positive divisor of 30}
B = {x/ xis a multiple of 3}
verify (i) (A n B)' = A'00 B'and (ii)) A'n B'= (AT B)'
3. Given: A={2,3,5,6,8},B={2,4,7,9,10} and C ={3, 4, 5, 7, 10, 11} verify
HA-BOC)=(A-B)n (A-0C)
(i)A—-(BnC)=(A-B)O(A-C)
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4. Given : A=§K/-4<x<4,x02}
B={54,31,0 -1}and C={-2, -1,0,3, 4}
Verify De Morgan’s laws in the case of set difference.
5. Given A={-5,-2,-1,0,1,3,4},B={2,0, 3,5, 6, 7}
and C ={-5,-1,0,4, 7, 8}
Verify ()AOBNC)=(AO B)n (AOC)
i)An(BOC)=(AnB)O(ANC)

3.3 VENN DIAGRAM

A useful way to represent relationships between sets is to let the universal set
be represented by a rectangle, with the proper subsets in the universe represented
by circular or oval shaped region.

These pictures are call&nn diagrams after John Venn (1834 - 1923).
The Swiss Mathematician Leonhard Euler (1707 - 1783) also used circles to illustrate
principles of logic, so sometimes these diagrams are called Euler circles. However,
Venn was the first person to use them in a general way.

We have learnt the following :

I. Union of 2 sets

Case (i)
A B
Disjoint sets - Union represents
Case (i) ! ALB
/ﬁ./

ATTTTS
Famma

p

) , represents Al B

Overlapping sets - union
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Il. Intersection of 2 sets

represents AB

A B

[ll. Complement of a set % ///

The complement of a set A denoted A
by A'is the set of all elements|inthat are / /
not in the set A. // %

A ={x/xOy ,xOA}

IV. Combined operations with sets
Example 3.5 :Using Venn diagram, verify B(BnC) = (AB)n (ALIC)
@ A B

0]
ﬂ]]]]]]]]]l represent8 n C

(b)

representAD(Bm C)

(iii) (IV)
representi\ uB representdJC



>
\R\
o9}

J—

H  representfAIB)n (AOC)

Pa
1
N

v)
From figures (ii) and (v) it is clear that,
AOBNC)=(AOB)n (AOC)
Hence verified.
Example 3.6 Using Venn diagram, verify ABBLOC)=(An B)OJ (A n C)

A T B
c = — |
(ii)
represent81C representé\n (BCIC)
A B A B
¢ C
(iii) (iv)

V,
7// represent®\ n B \\\\ representé\ n C
P4
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(v)

represents (A B) O (A n C)

From (ii) and (v), it is clear that

An(BOC)=(AnB)O(A n C)Hence proved.

Example 3.7 Merify De Morgan'’s laws regarding complementation using

Venn diagram.
(1) (AOB)Y=AnB
U

A B

% represents ALIB

U (i)

(ii)

represents A'

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
X0000000000ACOONNANONNO0000

(v)

3 representsA' n B’

i i

Mm]m] represents (AUB)'

U (ii)

N (iv)

represents B’

From (ii) and (v) it is very clear.
(AOB)Y=AnB

Hence verified.
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2.(AnB)=A'0B.

U

A

B

% represents AnB

(i)

represents A'

(i)
U

U
Q\k \B\\k
N represents (A N B)-
(ii)
U
— . E

=——represents B'

(iv)

represents A' [1 B'
v)
From (ii) and (v) it is clear that (A B)' = A'] B’

EXERCISE 3.2

1. Using Venn diagram verify each of the following :
(1) (AOB) =AnB'
(2 (AnB)=AOB
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(3)AOBNC)=(A0OB) n (ATC)
(4 An(BOC)=(AnB)O(An C)
(5A-(BOC)=(A-B)n (A-C)
(6) A—(Bn C)=(A-B)J (A-C)
3.4 MEMBERSHIP TABLE METHOD

Before entering into this method, let us consider a situation.

Suppose, we want to meet A, B, C in a school. The time is 4 PM. The school
bell has gone. What are the possible situations ?

If we are lucky, we may meet all the three. One may be absent or two may be
absent or all the three may be absent. The following table illustrates all these
possibilities.

O 0O oooogoogoogl>»
O 0Oo0oooogoogoog|®
O o oo ooogoo|lo

O — present,lJ — absent
Weknow AOB ={x/xOAorxOBorxOA and B}
AnB ={xxOAandB}
A —-B ={x0 A, but x( B}
A ={x/x0Oy,xOA}

Example 3.8 :Using membership table prove the following :
H(ADB)Y=AnB,()A—B=AnB", (ii) A-(BOC)=(A-B)n (A-C)
and ivVAn(BOC)=(AnB)O(ANnC)
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1.(AOB) =A' n B

U A B AOB (AOB) A B' A n B
1) 2 3 4 (5) (6) (7 (8)
O O 0 O 0 O 0 O
[l [l 0 [l 0 [l 0 [l
O O 0 O 0 O 0 O
[l [l 0 [l 0 [l 0 [l
From (5) and (8), we see that [AB)' = A'n B'
Hence, we have proved that [AB)' = A'n B’
2.A-B=AnB'
U A B A-B B' AnB
@ ) ©) @) ®) (6)
[l [l U [l U U
O O 0 O 0 0
[l U 0 [l 0 0
O O 0 O 0 0
From (4) and (6) we see that A— B =AB'
Hence, we have proved that A — B ./AB'
3.A-(BOC)=(A-B)n (A-C) - prove.
A| B | C|BOC| A-(BOC)| A-B| A-C|(A=B)n(A-C)
1 2 3 4 5 6 7 8
o]0 |0 0 O O 0 0
0| O [l U [l [l U |
o]0 |0 0 O O 0 0
o]0 |0 0 O O 0 0
0| O U | [l [l | 0
0| O U | [l [l | 0
O] 0 |0 0 O O 0 0
0| O 0 ] 0 [l | |
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From (5) and (8), we get A—(BC)=(A-B)n (A-C)
Hence, we have proved A— (BC) = (A-B)n (A-C)
4. Provethat An (BOC)=(An B)O (A n C)

A| B|C|BOC|AnN(BOC)|AnB| AnC|(AnB)O(ANC)

[y

4 5

~

8

O 0o o0oo0oo4gooboogo o
O 0O o0oo0oQgogaddlps
O O0O0O00~0>0 w
O 0O ooogood

O 0o o0oo0oo4gooboogo o

O 0O 00 000d0e

O 0O o0ooogooogo o

O 0O o0ooogooogo g

g | 0O u

From (5) and (8) wegetA (BUC)=(An B)O(An C)
Hence, we have proved
AnBOC)=(AnB)O(ANnC)

This method of proof is calldéroof by Exhaustion.

EXERCISE 3.3
Using membership table prove each of the following :
1. AnB)=A'0OB
2.A0BNC)=(AOB)n (AOC)
3.A-(Bn C)=(A-B)J(A-C)
3.5 PROBLEMS BASED ON 3 SETS
We have learnt the formula.
N(AOB) =n(A)+n(A)—-n(AnB) ifAnB#{}
n(AOB) =n(A)+n(B) if AnB={}

Let us extend this formula for 3 sets.
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N[AOBOC] =n[A 0O (BOCQC)
=n(A)+n(BOC)-n[A n (BOC)]
=n(A)+n(BOC)-n[(A nB)O(AnC)]

= n(A)+n(B)+n(C)n(Bn C)-{n(AnB)+n(AnC) —n[(AnB)n(AnC)] ]

=n(A)+nB)+n(C)-n(BnC)-n(AnB)-n(An C)
+n(AnB nC)

=n(A)+nB)+n(C)-n(AnB)-n(Bn C)-n(Cn A)
+n(AnBnC)

N(AOBOC)=n(A)+n(B)+n(C)-n(An B)-n(Bn C)
-n(CnA)+n(AnBn Q)

We can solve many problems using this formula.

Example 3.9 A tooth-paste company interviewed 141 people in a city. It
was foundout that 90 use Brand A paste, 80 use Brand B paste, 50 use Brand
C paste, 40 use both A and B, 28 use both B and C, 26 use both C and A, and 15
use all these three pastes. Find how many use (i) A and B and not C (ii) B only and
(iii) C and A and not B.

Solution : Venn diagram method : Let us represent these three Brands in a
Venn diagram.

Regionerepresents 15

b+e =40
Ob=40-15=25
e+f =28 A(90 B(80)

Of=13 A
d+e =26
SN

Now a+b+d+e =90
a+25+11+15 =90

b+c+e+f =80
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25+c+15+13 =80

c =27

Also d+e+g+f =50
11 +15+4g+ 13 =50

g =11

O0a=39,b=25,c=27,d=11,e=15,f=13,g = 11.
() Number of people who are A and B are not C is the region represenbed by
0 25 use A and B and not C.
(i) Number of people who use only B is the region represented by
O 27 use B only.
(iif) Number of people who use C and A and not B is the region represented by d
J 11 use C and A and not B.
For this type of problem, it is easy to use Venn diagram method.

Example 3.10 1n a city, it is found that 100 play Cricket, 70 play Hockey,
60 play Basket-ball. 41 play Cricket and Hockey, 33 play Basket-ball and Hockey,
27 play Basket ball and Cricket. In total 140 play either one of these three games.
Find the number of people who play all these three games.

Solution : Method 1. C(100 H(70)

Venn diagram method

The regiorerepresents all the three
games. Let the number of people who play
all these three games ke

Now, we hav at+b+d+e =100 ...(i)

b+c+e+f =70 .. (i B(60)
d+e+f+g =60 .. (iii)
b+e =41 .. (iv) Ob=41-x
e+f =33 ... (V) f=33—x
d+e =27 ... (VD d=27 —x.
a+41l —x+27-x+x=100 ... (i)
a =32 +x
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41 —x+c+x+33—x =70 ... (ii)

c =—4+Xx
27 —x+x+ 33 —x+g =60
g =X

We knowa+b+c+d+e+f+g=140
32 +x+41 Xx—4+x +27 Xx+x+ 33 x+x=140
129 +x =140
x=11
0 11 play all these three games.
Method 2 : Formula method
N(AAOBOC) =n(A)+n(B)+n(C)-n(AnB)-n(Bn C)
-n(CnA+n(AnBnC)
140 =100+ 70+ 60 — 41 — 33 — 2%+
140 =129
Ox=140- 129=11
O 11 play all these three games.
Here, the formula method is easier.

Example 3.11 Aviral is a section chief for an electric utility company. The
employees in his section cut down trees, climb poles and join wire. He reported the
following information to the management of the utility.

“Of the 100 employees in my section. 45 can cut trees ; 50 can climb poles;
57 can join wire ; 28 can cut trees and climb poles ; 20 can climb poles and join
wire ; 25 can cut trees and join wire ; 11 can do all the three and 9 can'’t do any of
these three”.

The management decided to punish him. Why ?

Solution : Let us represent these data
in a Venn diagram.

Regionl: 45-(17+11+14) =3
Regionll: 50-(17+11+9) =13
Regionlll: 57 -(14+11+9) =23
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Total employees according to the given data
=(83+17+13+14+11+9+23)+9=99

But there are 100 employees. So Aviral has given false information. That is
why the management has decided to punish him.

EXERCISE 3.4

1. Human blood is classified (typed) according to the presence or absence of the specific
antigents A, B and Rh in red blood cells. Blood is called A-positive if the individual
has the A and Rh, but not the B antigen. A person having only the A and B antigens
is said to have AB negative blood. A person having only the Rh antigen has type O
positive blood. A person having only the A antigen is said to have A negative blood.
A person having only B antigen is said to have B negative blood. A person having
only B and Rh is B positive. A person having all these three is said to have AB
positive. A person who is not having these three antigens is said to have O negative
blood. Identify the blood types of the individuals and sketch a Venn diagram.

2. Using Venn diagram solve.

In a certain hospital, the following data were recorded. 25 patients had the A antigen;
17 had the A and B antigens ; 27 had the B antigen ; 22 had the B and Rh antigens;
30 had the Rh antigen ; 12 had none of the antigens ; 16 had the A and Rh antigens;
15 had all three antigens. How many patients (a) were represented ? (b) has exactly
one antigen ? (c) had exactly two antigens ? (d) had O positive blood ? (e) had AB
positive blood ? (f) had B negative blood ? (g) had O negative blood ?
(h) had A positive blood ? [Use the Venn diagram obtained in problem (1)]

3. A number of people were asked whether they liked drinks of orange, lemon or grape
flavour. The replies are 85 liked orange, 65 liked grape ; 90 liked lemon ; 30 liked
orange and grape ; 45 liked orange and lemon ; 40 liked lemon and grape ; 15 liked
lemon, orange and grape. 25 liked none of the three. Find the total number of people
interviewed and the number who liked orange alone ; lemon alone ; and grape alone.

4. Inagroup of girls, 20 play volley ball, 21 play badminton, and 18 play table-tennis ;
7 play volleyball only, 9 play badminton only ; 6 play volleyball and badminton only
and 2 play badminton and table-tennis only. (i) How many play all the three games ?
(i) How many play volleyball and table tennis only ? (iii) How many play table-
tennis only ? (iv) How many girls are there altogether?

5. After a genetics experiment, the number of pea plants having certain characteristics
was tallied, with the following results.

22 were tall ; 25 had green peas ; 39 had smooth peas ; 9 were tall and had green
peas; 17 were tall and had smooth peas ; 20 had green peas and smooth peas ; 6 had
all three characteristics ; 4 had none of the characteristics. (a) Find the total number
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10.

of plants counted. (b) How many plants were tall and had peas that were neither
smooth nor green ? (c) How many plants were not tall but had peas that were smooth
and green ?

A survey of 63 business people found that ; 30 had desktop computers ; 22 had laptop
computers ; 39 had fax machines ; 15 had desktop computers and laptop computers;
18 had a desktop computer and a fax machine ; 14 had a laptop computer and a fax
machine ; 12 had all the three.

(a) How many had only laptop computers ?

(b) How many had only fax machines ?

(c) How many had a fax machine and laptop but not a desktop computer ?
(d) How many had a fax machine or a laptop, but not a desktop computer ?
(e) How many had none of the three items ?

A survey of 500 farmers in a state showed the following : 125 grew only wheat ; 110
grew only corn ; 90 grew only ragi ; 200 grew wheat ; 60 grew wheat and corn ; 50
grew wheat and ragi, 180 grew corn. Find the number who (a) grew exactly one of
the three (b) grew all the three (c) did not grew any of the three (d) grew exactly two
of the three.

In a bird sanctuary, 41 different species of birds are being studied. Three large trad
feeders are constructed, each providing a different type of bird feed. One feeder has
sunflower seeds. A second feeder has a mixture of seeds and the third feeder has
small pieces of fruit. The following information was obtained. 20 species ate sunflower
seeds ; 22 species ate the mixture, 11 species ate the fruit ; 10 species ate the sunflower
seeds and the mixture ; 4 species ate the sunflower seeds and the fruit ; 3 species ate
the mixture and the fruit ; 1 species ate all the three. How many species ate (a) none
of the foods ? (b) the sunflower seeds, but neither of the other two foods ?
(c) the mixture and the fruit, but not the sunflower seeds ? (d) the mixture or the
fruit, but not the sunflower seeds ? (e) exactly one of the foods ?

33 districts were surveyed to determine whether they had a cricket team, a hockey
team or a volley ball team. The following information was determined. 16 had cricket,
17 had hockey, 15 had volley ball, 11 had cricket and hockey, 7 had cricket and
volley ball, 9 had hockey and volley ball, 5 had all the three teams. How many had
only (a) a hockey team ? (b) cricket and hockey but not volley ball team ? (c) cricket
or hockey team ? (d) cricket or hockey but not volley ball ? (e) exactly two teams ?

An inquiry has been carried out into the popularity of three brands of tooth-paste A,
B and C 5951 people interviewed : (i) 671 did not use tooth-paste (ii) 2480 used
brand A (iii) 800 used brand C only (iv) 1340 used brand B only (v) only 400 used

both B and C but not A. Verify the data.
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3.6 RELATIONS AND FUNCTIONS

Consider the two non-empty sets A and B.XIetA andy [ B. Then we call
(x,y) as an ordered pair. The set of all ordered pajrg (wherex DA andy B
is called theCartesian product of A and B.

It is denoted by A x B = {, y)/ x U A andy ] B}.

Example 3.12 Given A ={1, 2, 3}, B = {4, 5} find A x B.

Solution : A x B ={(1, 4), (1, 5), (2, 4), (2, 5), (3, 4), (3, 5)}

Any subset of A x B is calledralation from A to B. Let us name the subset

by R from A to B. If any ordered paix,(y) J R, we writex Ry. We read it as<is
related toy'.

Example 3.13 Given A ={1, 2, 4, 8}. Write down the set of ordered pairs
having the relation ‘is the divisor of”.

Solution : We know 1 is the divisor of 1, 2, 4, 8.2 is the divisor of 2, 2 is the
divisor of 4, 2 is the divisor of 8.4 is the divisor of 4, 4 is the divisor of 8.8 is the
divisor of 8.

Hence, R = {(1,1), (1,2), (1,4), (1,8), (2,2), (2,4), (2,8), (4,4), (4,8), (8,8)}

Let us consider a special case of relation. Let the cost of 1 apple be Rs. 8. Let
us indicate this relation in a table of values.

Number of apples Cost (Rs.)

8
16
24
32
40

OB WN P

In general, the cost for buying n apples will be 8 times the number of apples
or Rs. &. We can represent the cost, C oftimes by the equation
C=a.

Since, the value depends on the value, @fe refer ta as the independent
variable and C as the dependent variable. Note that for each value of the independent
variablen, there is one and only value of the dependent variable C. Such an equation
is called dunction.

In the equation C =r8 the value of C depends on the value,afo we say
that “C is a function oh”.
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Is the equatioy = 3x— 2 a function ? To answer this question, we must ask,
“Does each value of corresponds to a unique valueybf

The answer is yes : therefore, this equation is a function.

For the equatioly = 3x — 2, we say thaty is a function ofx” and write
y =f (X). The notatiori () is read a§of x". When we are given an equation that is
a function, we may replace the y in the equation W, sincef (x) represents.
Theny = 3 — 2 may be writtefi(x) = 3x — 2.

Functional Notation : Let a functiorf be defined on the set of natural numbers
asf = {(1, 3), (2, 4), (3, 5), (4, 6), (5, 7), ... }, then this can be defined by
f:N- N, f(X)=x+2.

A function is a special type of relation where each value of|the
independent variable corresponds to a unique value of the dependent
variable.

Domain : The set of values that can be used for the independent variable is
called thedomain of the function.

Range : The resulting values obtained for the dependent variable is called
the range.

The domain and range for the function Cr= & O N are illustrated in the
following figure.

Domain Range

Definition : Let A and B be two non-empty sets. A functjon
f from set A into set B is a subset of A x B such that for each|and
every element of A there corresponds one and only element of B. We
denote thisasf: A- B

The domain of the functioins the set A

The codomain of the functiohis the set B

The range of is either set B or a subset of B.

Let us consider the two sets Aand B. A={1, 2,3} and B ={1, 4, 9, 16}.
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Letf: A - B defined byf (x) =x2
Thenf ={(1, 1), (2, 4), (3, 9)}
Here Domain =A={1, 2, 3}
Co-domain =B H1, 4, 9, 16} and range = {1, 4, 9}

Image and Pre-image
The image of 1 is 1, the image of 2 is 4 and the image of 3 is 9.

The pre-image of 1 is 1, the pre-image of 4 is 2 and the pre-image of 9 is 3.

3.6.1 Representation of a function
We can represent a function in any one of the following forms.
(1) An arrow diagram
(2) A set of ordered pairs
(3) A table
(4) A graph.

(1) Representation by an arrow diagram

We draw any two closed curves to represent the set A and set B and enter the
elements inside. We indicate by arrow which element of B is associated with each
one of the elements in A.

Let A={4,3,2, 1}, B={-5, -4, -3, -2, -1, 0}

-
-

A B

Here, A={4, 3, 2, 1}, is th®omain.
B ={-5, 4, -3, -2, -1, 0} is théo-domain.
R ={-4, -3, -2, -1} is the Range.
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We denote this function as
f:A - B,whereA={4,3,2,1}and B ={-5, -4, -3,-2,-1, 0}
defined byf (X) =—x

(2) Representation by an ordered pair
Consider the sets P and Q, where P ={1, 2, 3}and Q = {2, 3, 4, 5}
Letf: P - Q defined byf (x) =x + 1.
thenf = {(1, 2), (2, 3), (3, 4)}
In general, we can represent a function,
f:A - Basf={(xy):xOA,yldB}

(3) Representation by using Table

Here, we present the function in a Tabular form. Consider a function from A
to B.

Let f(x) = 2

A ={-3, -4, -5}, B = {-6, -8, -10, -12}
X -3 -4 -5

f(X) -6 -8 -10

(4) Representation by a graph
Consider the sets Aand B, given A={0,1, 2, 3,4}and B={2, 3, 4, 5, 6}
f: A - Bisdefined ag(x) =x + 2 4

The set of ordered pairs of this
function isf={(0,2), (1,3), (2,4), (3,5),
(4,6)}

We can represent the first elements
of the ordered pair on the X-axis of a graph 2$(0,2)
sheet and the values of the second elements;
on the Y-axis. Let us plot the points on the =
graph sheet. 0 1 2 3 4

*(4,6)
*@3.5)

A~ 00 O

*(2.4)
3 *(1,3)

Note :In the above graphical representation, we cannot join the points in the
graph sheet as A is a subset of W.
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The following points should be remembered in a function.

(a) Each element of set A is mapped (is assigned to) on to a unique element in
set B.

(b) Two or more elements of set A can however be assigned to the same element of
set B.

(c) There may be a few elements in set B which are not assigned by any element of
set A.

(d) The range of a function is always a subset of the co-domain of the function. It
may be proper subset or an improper subset.

Example 3.14 Which of the following are examples for function.

0] (i) 5 0

Solution : (i) Every element in A is mapped on to a unique element in B.
Hence it is a function.

(i) The element 7 in P does not have a mapping in Q. Hence, it is not a
function.

(iii)

T
")

(i) Every element in R is mapped onto a unique element in S. Hence, itis a
function.

(iv) The element 1 in C is mapped onto two elements in D, namely —1 and 1.
In other words 1 is having two images. Hence, it is not a function.
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Example 3.15 Consider the relation R ={(1, 1), (4, 2), (9, 3), (4, —2)} state
with reason whether this is a function or not.

Solution : It is not a function as the first element of the ordered pairs gets
repeated twice (4 comes twice). i.e., 4 has two images.

Suppose, we are given a graph. We can determine whether the given graph
represents a function by using thetical line test.

If a vertical line can be drawn so that it intersects the graph at more than one
point, then eacl does not have a unigyeand the graplkloes notrepresent a
function.

If a vertical line cannot be made to intersect the graph in at least two differenet
points, then the graph represents a function.

Example 3.16. Use the vertical line test to determine which of the graph
represent a function.

o A
e

Solution : (a) This graph
represents a function as the
vertical line intersect the graph at
only one point (say A)
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(b) This graph represents
a function as the vertical line
intersect the graph at only one

point (say B) X A X Y

(c) This graph represents a 4 e
function as a the vertical line 5
intersects the graph at only one ®) X
point (say C)

(d) This graph does not
represents a function since the x'
vertical line cuts the graph at two
points. (Say D and E)

3.6.2 Classification of functions Y

Functions can be classified (a) one-one function (b) many-one function
(c) into function (d) onto function (d) one-one into function (f) one-one onto function
(g) many-one into function (h) many-one onto function (i) constant function and
(j) identity function.

(a) One-one function :0One-one function means each and every element in
domain A correspond uniquely to different elements in codomain B. That is, no
element of B is the image of more than one element in set A.

The functionf : A — B is one-one if different elements in A have different
images in B.

Example :Letf: A - Bwhere A={1,2,3,4,5}andB={5,6, 7,8, 9, 10}
defined byf (x) =x + 4.

We have ﬁ

g
—

A B

Here, different elements of A have different images in B and so this is one-
one function.
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(b) Many-one function : When two or more elements of the domain A
correspond to the same element of the co-domain B, then it is called a many-one
function.

Example :Letf: A - B where A={-2, 2, 3,4} and B = {4, 9, 16, 25}
defined byf (X) =x?. The elements —2 and 2 in the domain A are mapped onto the
same element 4 in the co-domainBf is a many-one function.

We have

(c) Into function : Those functions whose range is not the whole co-domain
B, that is, certain elements of co-domain B are left unused, are called “into
functions”.

Example :Letf: A - Bwhere A={1, 2, 3,4}and B ={0, 1, 2, 3, 5}
defined byf (x) =x— 1.
A B

ﬂ In the co-domain B the element
ﬂ -5 does not have a pre-image

O fis into function.

We have

(d) Onto function : Those functions whose range is equal to its co-domain
B, that is, no element of co-domain B is left unused, are called onto function.

In short, A functiorf : A - B is said to be an onto function if its range is
equal to its codomain B.

Example :Letf: A - B where A={-5,-6,-7,-8}and B ={5, 6, 7, 8}
defined byf (x) =—x

We have —

A B
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In the above function the range is equal to its co-domain.
B={5,6,7, 8 and Range R ={5, 6, 7, 8}
B = R.O fis an onto function.
(e) One-one into function 1t is a function which is both one-one and into.
Such functions, therefore, have the following characteristics.

(i) No two elements of the domain corresponds to the same element of the co-
domain.

(ii) There is atleast one element of the co-domain which does not correspond
to any element of the domain.

Example :Let A={4,5,6, 7}and B={1, 2, 3, 4, 5}
f: A - B defined byf (x) =x— 3.

Heref is one-one into.
A B

(9) Many-one into function : It is a function which is both many-one and
into. These functions have the following characteristics.

() There are at least two elements of the domain which correspond to the
same element of the codomain.

(il) There is atleast one element of the codomain which does not correspond
to any element of the domain.

Example :LetA={-1,-2,1,2}and B ={1, 2, 3, 4},: A - B defined by
f(X)=x.

We have .’
‘ Heref is many-one into.
B

A

(f) One-one onto function :It is a function which is both one-one and onto.
Such functions have the following characteristics.
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(i) No two elements of the domain correspond to the same element of the
codomain.

(il) Every element of the codomain corresponds to the some element of the
domain.

Example :Let A={1, 2, 3} and B = {1, 4, 9}f: A - B defined by

f(X)=x2.
]

(h) Many-one onto function :1It is a function which is both many-one and
onto. Such functions have the following characteristics.

o)

f is a one-one onto function.

(i) There are atleast two elements of the domain, which correspond to the
same element of the co-domain.

(i) Every element of the co-domain corresponds to some elements of the
domain.

Example :

y

Heref is many-one into.

(i) Constant function : A function f : A - B is called a constant function if
every element of A has the same image in B. The range of the function is a singleton.
It is also a many-one function.

Examples Letf: A - B,where A={1, 2, 3, 4}and B ={5, 6, 7}, defined
by f (x) = 6.
A B

¥

f:A-B
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(j) Identity function : Let A be a non-empty set. A functibn A - Ais
called an identity function if each element of A is associated with itself under F.

ie.,f(x)=xforallxdA

Example :Let A={1, 2, 3, 4},f: A - A defined byf (X) =x is an identity
function. Heref (1) = 1,f (2) = 2,f (3) = 3,f (4) = 4.
Thus the above classification can be exhibited by the tree-diagram.

Function

Into Onto
S S
One-one Many-one One-one Many-one
Example 3.17 :(i) Let A = {3, 6, 9, 12}, B = {1, 2, 3, 4, 5, 6} and

1
f: A - Bisdefined by (x) = §x + 1. Represeritas (a) an arrow diagram (b) a set
of ordered pairs (c) a table and (d) a graph.

Solution : H@:%x+l
H$=%($+1=2
u&=%<m+1=3
H%=%(%+1=4

faazéua+1=5

(a) Arrow diagram A B

-

f:A- B
(b) Set of ordered pairs

f={@3, 2), (6, 3), (9, 4), (12, 5)}
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(c) Tabular form :

X 3 6 9 12
f(x) 2 3 4 5
(d) Graph : Y A
6l
5t *(12,5)
at *(9.4)
31 *(6.3)
2t .32
1l
0 3 6 5 X

Example 3.18 if f: R » R (where R denotes the set of real numbers) is defined
by

4x -3 if X>2
f(x) = X +Xx—2 if -1<x<g2
X+1 if x<-1

find (i) f (3), (i) f (2), (iii) f (-2)

Solution : (i) 3 > 2. Hence, we have to us&) = 4x — 3
0f(@)=4@3)-3=9

(ii) 2 is in the range of -1 <x 2. Hence, we have to use
f(X)=x+x-2.
OfQ=2+2-2=4

(iif) =2 < —1. Hence, we have to usf) = X + 1.
Of(-2)=3(-2)+1=-5.

) f(3)=9(i)f(2) =4, (ii)f(-2)=-5

Example 3.19 Given :f=Z - N is defined by (x) =x + 1 test whether
this represents a function or not. Give reason.

Letx=-1 (-10 2)
(Z is the set of integers, N is the set of natural numbers)
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f(-1)=-1+1=0, QN
There is no image for —1.

Hence, it is not a function.

EXERCISE - 3.5
1. Which of the following are functions and not functions. State the reason.
A B C D
(ii)

) -

(iii) (iv)

m
n
®
T

V
Y

V) R={(1,2), (2,3),(3,4), (4,5), (1, 6)}
(VI) S= {(_11 1)! (11 1)! (_21 2)! (21 2)}

(vii) X -3 3 4 -4
y 9 9 16 16
(viii) X 1 2 3 4
y 2 3 5
Y Y
GO »x (X)) x < > X
Y' Y

2. Find whether the following functions are one-one into, many-one into, one-one onto
or many-one onto.
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(@ A B (b) C D
N, ]
] SN
] ]

f:A-> B f.C-D

() E F (d) G H
. D h
—— | P
f:E-F f:G- H

(e) LetA={7,8,9,10, 11}, B={4, 5, 6}
() R={(7, 4), (8, 4), (9, 5), (10, 4), (11, 5)}
(i) S ={(7, 4), (8, 4), (9, 4), (10, 4), (11, 4)}

. If{(-6, a), (b, 4), (-2,¢), (d, 7)} is an identity function find the values af b, c
andd.

. Find the domain and range.

) M={12),(23) (3, 4)(45) (5 6}
(") R = {(_21 4)1 (_11 1)1 (21 4)1 (17 1)1 (_31 9)}

. Find the pre-image(s) of 3 in the functions.

P= {(_11 1)1 (_21 2)1 (_3! 3)1 (31 3)1 (4! 4)}

. Find the pre-image(s) of 4 in the function.

Q={(1,4).(24), 3 4, 4 4)}

. Represent each of the following functions as

(a) an arrow diagram, (b) a set of ordered pairs, (c) a table and (d) as a graph.
O IfA={3,-1,1,3},B={0,1, 2, 3,4} and: A - B is defined by

£ o0 = 3-X
0=~
(i) If P =13, 4,5, 6, 8, Q= Set of real numbers ahdP - Q is defined by
f )= 12
®)=5_5
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8. IfA={0,1,2,3,B=1{5,3,1,-1,-3, -5}, R=X(y :y=3 - x0OA,
y O B} (i) List the elements of R (ii) What is the co-domain ? (iii) What is the range
of R (iv) Identify the function.

9. Given: P={2-1,0, 1}, Q={1,-2, 6, -3}
R:{(X,Y) :y:(X2_3)1XD vaDQ}

(i) List the elements of R, (ii) What is the domain of R. (iii) What is the range of R,
(iv) Is the relation a function ? If so, identify the function.

10. Given :
3x-2, -5<x<0
f(x) = x+3, 0sx<5 o 2f(=9+1(9
2x-3, 5< x< 10 f(7)-1(-1
11. Given:

2x2 -3, x>4
7X+4 ,-3<sx<4 . w
' find

ek 4x-3, x<-4 f(=5)

3.7 COMPOSITION OF FUNCTIONS

Composition of functions is the combination of functions to arrive at the
final range for a given domain. This operation helps us to find directly the range
instead of undergoing functional operations.

If we have two functiontandg then thecomposite functionf.g [read ag$
compositag] to mean that we shall obtain the results of mappingfio$t and then
carry out the mappinfyon these results second.

Example : g is the mapping - x+ 2
fis the mapping — X2

Thenf.gis the mapping - (x + 2¥ butgf is the mapping - x* + 2.
Thusf og is not the same relati@mwf.

One or two numerical values will probably help in understanding the above.
Suppos& = 7, then g:7-9; f:7- 49
and f:9-.81; g:49-51

fog:7 - 8land gof:7 - 51
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We shall now look at a composite function in diagram form.

f:A-> B g:B-C

L PP
|

gof:A - C

Is the compoition of the two functions also a function ? Yes. It can thus be
seen that we are often able to construct new functions by the composition of other
functions.

Definition : Let A, B, C be three non-empty sets. fefA - B,g:B - C
be two functions. Here we have taken the domagitobe co-domain df Define
a functiong.f: A - Cas @of) (X) =g[f(X)] for all x O A. Sincef (x) O B,
g[f ()] O C. The functiorg o f so obtained is called the compositiori ahdg (read
asg circlef). The functiorg o f can be represented by the diagram as shown in the
figure.

gof
Examples : 3.20Givenf (x) = 3x— 2,9 (X) = 2x2. Findf og andg of what
do you find ?
() (fog)x =f[g ()] =f(2¢)
=3(2®)-2=6¢-2 [Sincef (x) = X - 2]
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(i) (gof)x =g [f (x)]
=g[3x—-2]
=2 (X-2Y7 [Sinceg (x) = 2¢F
=18x2—-24 +8
We find thaff og # g of. That is, composition of functions is not commutative.

Example 3.21 If f: R - R is defined by (x) =ax+ 3andg: R - R is
defined byg (X) = 4x — 3 find ‘a’ so thatf o g =g of.

fog) (¥ =f [g(X)]=f[4x—3] =a(4x—-3)+3 =4&x—A+3
(o) () =g[f(X)] =g [ax+3]=4 @x+3)-3=4x+12-3
=4ax+9
Itis given, fog =gof
O 4ax—-3Aa+3 =4Aax+9
-3a =6
Oa =-2
Example 3.22Givenf (X) = 5 + 2,9 (X) = 2 — 3,h (X) = 3 + 1, verify
f o(goh)=(Fog)oh.
LHS. =f o(g oh)
(9oh) ¥ =g[h ()]
=g[3x+1]
=2(x%+1) -3
=6x-1 [sayk (X)]
[fo(goh)] (X =(f oK) (x)
=f [k (¥)]
=f[6x— 1]
=5(®&x-1)+2
O [f o(@oh)] () =3x—3 .. (1)
RHS : fog)oh
(fog) ¥ =fg(x)]
=f(2x-3)
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ga b~ W N

=5 &X-3)+2
=1x— 13 [sayl (¥X)]
O [(fog)oh] (x) =(0oh) (x)
=1 [h(¥]
=1 [3x + 1]
=10 (X+1)-13
O [(fog)ohl (X) =3x—3 .. (2
From (1) and (2)
O [fo(goh)] (¥) =[(fo ) oh] x
Sincex is arbitrary
fo(goh)=(fog)oh
Hence, verified.
Note : (1) We have seeinhg # gof.
That is composition of functionsi®t commutative.
(2) We have also seéia(goh) = (fog) oh

That is, composition of functions is always Associative.

EXERCISE 3.6
. Givenf (x) =3x—7 andg (X) = 2 — X% Findfog andgof.
JEf(X) = 2¢3 g(x) = 3x— 1, findf og andg of
. Given :f (X) = 7x— 3 and gX) = x* — 2. Show thatog Z gof.
. Given: f(X) =3¢+ 22— 1 andy (X) =x— 1. Show thagj.f#fog.
. Given :f (X) = 3x — 2,9 (X) = kx + 3, findk so thatf og =g of.
. Given (X)) =3 +x,g(X) =x3, h(x) = % show that the composition of functions is
associative.

.Given: fg =x+4,g & =X-2,h(x) =x—5 show that the composition of
functions is associative.

. Givenf (X) =x2-1,g (X) =x+ 1,h (X) = 1 —x, verify thath o(g of) = (hoQ) of.
. Givenf () =x—2,9 (X) = 3+ 5,h (X) = 2 — 3, verify that§ oh) of = go(hof).
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4. CONSUMER ARITHMETIC

4.1 Difference between simple interest and compound interest
4.1.1. Introduction
We have learnt about simple interest and compound interest. Let us recall.

In the case of simple interest, the interest is charged on the original sum
borrowed or deposited (Principal) throughout the period of loan or deposit.

In the case of compound interest, the principal for the second term is the sum
of the principal for the first term and the simple interest for the first term. Similarly,
the principal for the third term is the sum of the principal for the second term and
simple interest for the second term and so on.

n
The formula for Calculating Amount is A =[I2 + 1%)) where P is

the Principaly is the rate per cent annually (compound interest rate); anithe
number of terms.

The formula for finding compound interest

n
. r
S C|{]P|' 1—00) -P.

If we want to invest our money, we have to decide whether to invest in
compound interest scheme or simple interest scheme. So, there arises a comparison.
That is, we have to find the difference between the compound interest and the
simple interest.

4.1.2 Formula to calculate the difference between Compound Interest and
Simple Interest.

Let P be the principat, be the rate percent annually and 2 years

r 2
Cl=Pl1+—| —pP
( 100)

1+£+7r2
=P|*" 100 108 |~ P
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2Pr Pr?

=P+—t—— —
P 100 10¢ P
o 2 2pr, Pt
7100 100
S| _Px2xr  2Pr
7100 100

O Difference between C.I. and S.I.

ol _gy 2P, P 2Pr_Pr2_P[L)2
777100 100 100 1000 \100

Whenn = 3 years

3
C.l = P(l‘*L) -P

1437, 3r2 .\ r3
=P1"" 100 10¢ 108 | P
3Pr+3PrZ+ p3
100 10¢ 108 ~

=P

3Pr 3Pr?  prd

Cl = + +
100 1000 100

S| _Px3xr 3Pr

"7 100 100

O Difference between C.l. and S.I.

3Pr .\ 3Pr? .\ Pr®  3pr 3pr? .\ pr3
100 10¢¢ 100 100 100¢ 10C°

2
_Pr (3+L)
100 100
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Let us consider an example.

Example 4.1 Chezhian wants to invest Rs. 10000 in a bank which pays 6%
interest per annum for 2 years. He is not able to decide whether to invest in compound
interest or simple interest. Kindly advise him.

Compound interest scheme :

n
Solution : Compound interest = Eil + Jﬁ)) -P.

P = Rs. 10000, n=2years r =6%.

2
O Compound interest = 100(€0+ 1%0) — 10000

= 11236 — 10000 = Rs. 1236

Simple Interest Scheme

Simole Interest N7 - 10000% 2x 6
imple Interest = - = 100

= Rs. 1200

O Difference between C.I. and S.I.= 1236 — 1200 = Rs. 36

It is better if he invests ibompound interest scheme.

Another method

There is no variation in the principal, time and rate per cent.
Here P = 10000, n=2years, r =6%
Difference between C.I. and S.I. for two years.
_ pr?
- 10¢
10000x 6x 6

100x 100 - Rs- 36

O It is better for him to invest in the C.I. scheme.

Example 4.2 :Find the difference between C.l and S.I. on Rs. 8000 at 5%
per annum for 3 years.
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Solution : Here P = Rs. 8000n = 3 yearsr = 5%

_ Pr2 r
5= |3+ —
Difference between C.I. and S.I. for 3 year1002 ( 100)

_ _5%5 (4,5
C.l. = S.I. =800 150% 100 100

1 1 1
= = x —|3+=
8000 20 x 20( 20)

1 1 61
= 8000 x 20 X E)x 20

Example 4.3 :Rahul deposited Rs. 5000 in a bank which pays 6% S.I. per
annum for 2 years. Ajay deposited on the same day Rs. 5000 in another bank which

pays 5.5% C.I. per annum. Who will get more interest and how much ?

=Rs. 61

Note : Here, we cannot use the formula since the rate of interest differs.

. _ 5000%x 2x 6
Solution : The S.I. that Rahul will get :T =600

2
The C.I. that Ajay will get = 500@1 ¥ 15’;05(‘)) — 5000

1055 » 1055
100 100

= 5565.125 — 5000
= 565.125
=565.13

Rahul will get 600 — 565.13 = Rs. 34.87 more

Example 4.4 :Abdul borrowed Rs. 6000 from John at 8% per annum. If
after 1 year, a dispute arose whether S.1. or C.1. payable half-year should be charged,
find the sum in dispute.

= 5000x% — 5000

Simple Interest :
Solution :P=Rs. 6000 n=1year r=8%

_ 6000% 1x 8

S.. 100

= Rs. 480
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Compound Interest :

P =Rs. 6000 n=2 halfyears r :g = 4%

2
4
= 1+ — —
C.L 6000( 100) 6000

104 104
= 6000x m X m — 6000

= 6489.60 — 6000
= 489.60
The amount in dispute = 489.60 — 480 = Rs. 9.60

Example 4.5 :Find the difference between C.I. and S.I. on a sum of
Rs. 5000 for 2 years at 6% per annum.

Solution : Here P = Rs. 50000 = 2 years,r = 6%

Pnr  5000x 2x 6 _
S.I. = 100 - 100 = Rs. 600

6 2
= 1+ —| -1
= 5000 ( * 100) }

5
= 5000 | 5

309
= 5000 x = Rs. 618

2,500
Difference between C.l. and S.I. =618 — 600 = Rs. 18
Another method :

P = Rs. 5000, r = 6%, n =2 years
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2 2
. 6
Difference between C.I. and S.I. for 2 years [—100) = 5000(100)

= Rs. 18
Difference between C.I. and S.l. = Rs. 18

Example 4.6 Find the difference between the Compound Interest and Simple
Interest on Rs. 8000 at 12%2% per annum for 3 years.

Solution : Here P = Rs. 8000, = 12%%,n = 3 years

Pnr 8000x 25x 3

S =700 = 2x100

= Rs. 3000

r\" 25\ 1\®
= 1+ — = 1+ — | = 1+ =
Amount (A) P[ + 100) 8000[ > x 100] 8000( + 8)

=8000><§x2x

3 = Rs. 11390.62

| ©

Cl.=A-P
=11390.62 — 8000
= Rs. 3390.62
Difference between C.I. and S.I. = 3390.62 — 3000 = Rs. 390.62

Example 4.7 The difference between S.1. and C.I. for 2 years on a sum of
2
money lent atg% is Rs. 14. Find the sum.

Solution : Let the principal be Rs. P

2
Rate ¢ = 65%
Time () = 2years

Difference between C.l and S.I. for 2 years = Rs. 14
P(L)Z =14
100)

P 20 2—14
3x100)
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1 1
X — X —
P 15 15

P =14x15x 15
O Principal = Rs. 3150

Example 4.8 :Find the Principal if the difference between S.I. and C.1. is
Rs. 61 at 5% p.a. in 3 years.

=14

Solution : Let the Principal be Rs. P
Rate (r) = 5%
Time () = 3 years

_Pnr _Px5x3 3P

Sl 100 100 20

3
21 9261
= AN -1 = — =1
P (20) } P[SOOO }

1261

C.l = 8000

Cl. -S| =Rs.61

1261P 3P

8000 20 ot
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[1261P - 12003} _

8000
0 61P _ o1
8000
0 P =61x 8000 _ 8000
- o "

O Principal = Rs. 8000

Another Method :

ga A W N P

_ Pr2 r
= |3+—
The difference between C.I. and S.I. for 3 yearss ( 100)

5x5 (.5
P> 100x100(° " 100) =61

Pxix 1 [3+i) =61

20~ 20 20
1 1 61
X — X — X — =
Px 50720 %20 ~ 61

61x 20x 20x 20
61
O Principal = Rs. 8000

P =

EXERCISE 4.1

. Find the difference between C.I. and S.I. on a sum of Rs. 15000 for 2 years at 8% p.a.
. Find the difference between C.I. and S.I. on Rs. 6000 in 2 years at 4% p.a.

. Find the exact difference between the S.I. and C.I. on Rs. 4500 for 3 years at 10% p.a.
. Find the difference between C.I. and S.I. on Rs. 32000 at 12% per annum for 3 years

. The difference between S.I. and C.l. on sum of money lent at 8% p.a. for 2 years is

Rs. 12. Find the sum lent.

3
. A person borrows a certain sum from a bankza%s.l. and lends it out for C.I. at

the same rate and for the same period of 2 years. If he gains Rs. 27, find the sum
borrowed.
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2
7. The difference between the S.I. and C.I. on a certain sum of mon%y%tf@r 3

years is Rs. 184. Find the sum.

1
8. Joesph borrowed Rs. 62500 from Murugan at the rate of 8% per annum. Iféafter 1

years, a dispute arose whether S.I. or C.I. payable half-year should be charged, find
the amount in dispute.

9. Radha borrowed Rs. 6000 at 6% S.I. per annum and immediately lent it to Nargis at
6%. C.I. per annum. How much did she gain at the end of 3 years ?

10. Umayal deposited Rs. 8000 in a bank which pays 8%. S.I. for 2 years. Noorjahan
deposited Rs. 8000 in another bank on the same day for 2 years which pays 7.5% C.1.
per annum. Who will get more and how much ?

4.2 Recurring Deposit [R.D]

This is a special type of deposit in which a person deposits a fixed sum every
month over a period of years and receives a large sum at the end of the specified
number of years. It enables salaried people to save a small sum every month and get
a large sum after a few years. Since the deposit is made month after month it is
called recurring deposit. Recurring deposits are also known as Cumulative Term
Deposits. The amount deposited every month is called the monthly deposit.

For recurring deposits carrying interest, the maturity value is calculated as
follows :

Let P be the monthly instalment and R% be the rate of intereat'drecthe
number of monthly instalments, then the first instalment is retained by the bank for
‘n’ months, the second fon (1) months and so on and the last instalment for 1
month.

. n R (n-21) R
= K—x— +Px X — +
O Total interest 3 > 100 P e 100

2 R 1 R
LFPX—X—+ PX —%x —
12 100 12 100

R 1
—le—ooxl—z[n+(n—1)+h—2)+....+2+1]

_PR_1 n(n+])

=— X X
100 12 2

_PNR n(n+1)
=100 where N =57 75" years
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Interest _PNR
~ 100

Amount due = Amount deposited + Interest

PNR
100

Example 4.9 ‘Arun deposits Rs. 300 per month for 2 years in a bank which
pays 10% S.I. per annum on R.D. Find the amount he gets at the end of 24 months.

Solution:  Monthly deposit (P) = Rs. 300
Rate of interest (R) = 10%

=Pn+

Time (h) = 2 years
=2 x 12 = 24 months

n(n+l 24x 25
N="5312 = 2x12 - 25years

PNR
Amount (A) =+ W
25x 1
= (300 x 24) +300% 25¢ 10

100
= 7200 + 750 = 7950
Amount = Rs.7950

Example 4.10 A person opens an R.D. account paying Rs. 150 per month
for 3 years. If the rate of interest is 12%, what is the amount of interest he gets at
the end ?

Solution : Monthly deposit (P) = Rs. 150
Rate of Interest (R) = 12%
Time (h) = 3 years
=3x12
n = 36 months

n(n+ 1)

T 2x12




Interest _PNR
"~ 100

150x 111x 12
2 x100

= Rs. 999
Amount of Interest = Rs. 999

Example 4.11 How much one should deposit every month in a bank paying
5% S.1. per annum on monthly R.D, if at the end of 6 years one wants to get
Rs. 3318 ?

Solution : Let the monthly deposit be Rs. P
Rate of Interest (R) = 5%
Time () =6 years =6 x 12
72 months

n

n(n+ 1)
N =12

72x 73
=5 x12 —219years

PNR
Amount (A) =+ 100
Px 72 (—P X 219 5) = 3318
( )\ 100 =
219P
72P + 20 = 3318
1440 + 219P
T ——— 3318
165% _ .18
20
_3318x 20 _ 40
© 1659

Monthly deposit = Rs. 40
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Example 4.12 Ramya invested Rs. 500 every month for 2 years in a bank
and collects Rs. 12500 at the end of 2 years. Find the rate of simple interest paid by
the bank on recurring deposit ?

Solution : Monthly deposit (P) = Rs. 500
Let the rate of interest be R%
Time () = 2 years

=2x12
n =24 months
n(n+ 1)
N="%%12
_ 24 x 25
T 2x12
= 25 years
PNR
Pn + 200 =A
500x 25x R
+— =
(500 x 24) 100 12500

12000 + 125 R =12500
125 R = 12500 — 12000

125 R =500
500
R=12

= 4%

O Rate of interest = 4%

EXERCISE 4.2

1. Balu deposits Rs. 250 per month for 2 years in a bank which pays 12% simple interest
on recurring deposits. Find the amount he gets at maturity.

2. Ebi deposits Rs. 100 every month in a bank paying 8% p.a. S.I. on R.D. How much
will she get at the end of 60 months ?
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3. A person deposits Rs. 40 in a bank every month at 10% S.I. How much will he get at
the end of 3 years ?

4., At the end of 3 years a recurring deposit fetches. Rs. 16398 with 9% simple interest
per annum. Find the amount to be deposited every month.

5. A bank pays 8% simple interest per annum on recurring deposits. If Selva wants to
get an amount of Rs. 8088 at the end of 3 years, find the monthly instalment.

6. How much should Sneka deposit at the beginning of every month in a bank paying
5% S.I, if she wants to get Rs. 6636 at the end of 6 years ?

7. A person remits a sum of Rs. 500 per month into a R.D. account of a bank. He gets a
sum of Rs. 21663 at the end of 3 years. What is the rate of interest given by the bank ?

8. Sita invests Rs. 25 in a bank at the beginning of each month for 36 months. If she
gets Rs. 1066.50 at the end of 36 months, find the rate of interest.

9. Aravindh deposited Rs. 200 at the beginning of every month in recurring deposit and
received Rs. 19656 at the end of 6 years. Find the rate of simple interest paid by the
bank.

4.3 FIXED DEPOSIT

Fixed deposits are deposits for a fixed period of time and the depositor can
withdraw his money only after the expiry of the fixed period. It is also known as
Term Deposits. However, in the case of necessity, the depositor can get his fixed
deposit terminated earlier or get a loan from the bank under terms laid down by the
bank. There are two types of fixed deposits, namely (i) Short term deposits and
(if) Long term deposits.

Short term Deposits :Fixed deposits are accepted by the banks for a short
period ranging from 46 days to one year. The interest paid on this deposit is simple
interest.

Long term Deposits :Fixed deposits are accepted by the banks for a period
of one year or more. The interest paid on this type of deposit is compound interest.

Pr

Formulae : Quarterly Interest 200

. Pr
Half yearly interest =00

Example 4.13 What is the half yearly interest received for Rs. 5000 in a
bank on a fixed deposit at the rate of interest 10% for 2 years.

Solution : Principal (P) = Rs. 5000
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Rate () = 10%

_ 1
Time () = > year
Interest =Pne
100

5000x% 1x 10
2x100
Half yearly interest = Rs. 250

=250

Example 4.14 Radha made a fixed deposit with a bank for 3 years paying
11% p.a. If she takes quarterly interest, find the interest she gets on Rs. 1000
deposit ?

Solution : Principal (P) = Rs. 1000
Rate () =11 %
Time () = 1/4 year

pnr 1000x 1x 11

Quarterly Interest =00 = T ax100 - Rs. 27.50

Quarterly Interest = Rs. 27.50

Example 4.15 if the quarterly interest on a sum kept in fixed deposit with
a bank for 2 years paying 9% p.a. was Rs. 540, find the amount of deposit.
Solution : Let the amount of deposit be Rs. P.
Rate () = 9%
Time () = 1/4 year
Quarterly interest = Rs. 540

Pnr
o5 =540
Px1x9 3
4x100 - 240
9P = 540x 400
=w0= 24000

Amount deposited = Rs. 24000
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Example 4.16 Sheba deposited Rs. 14000 as a special deposit for 3 years
and the interest was compounded yearly at the rate of 10% p.a. Find the maturity
value of the deposit.

Solution : Principal (P) = Rs. 14000
Rate () = 10%
Time () = 3 years

r 10
m = 1+ —| = 1+ —
Amount (A) P[ 100} 14000[ 100}

3 3

1 11

= 1+ — = —
14000[ + 10} 14000[ 10)

11 11 11
= 14000x% 10 x 10 X 0°- 18634

Maturity value = Rs. 18634

Example 4.17 Which is better investment : Rs. 2000 in a fixed deposit with
a bank for 3 years, the interest being compounded halfyearly at the rate of 10%
(or) Rs. 60 per month in a recurring deposit with a bank paying simple interest of
10% per annum for 36 months.

Solution: Fixed Deposit :
Principal (P) = Rs. 2000

10
Half yearly Rater) = ?% =5%

Time = 3 x 2 = 6 half year.

n

.
A=P1+—

( 100)

6
Amount =2000 (1 + 5)
100

A =2000 (1.08)
Taking log log A =log 2000 + 6 log 1.05
= 3.3010 + 6 (0.0212)
=3.3010 + 0.1272 = 3.4282
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A = Antilog 3.4282 =2680
Maturity value = Rs. 2680
Recurring Deposit :
P = Rs. 60, R = 10% = 36 months

n(n+1) 36x 37 111
2x12 " 2x12 - o Years

PNR

= + —
A =Pn 100

60x 111x 10
=(60x36) + 5, 100

= 2160 + 333 = Rs. 2493
Amount due = Rs. 2493

O The fixed deposit investment is better.

EXERCISE 4.3

. Swamy deposited Rs. 3000 in a bank as a fixed deposit for 2 years paying 10% p.a.
and receives interest halfyearly. Find the interest received by him in 2 years.

. Rani made a fixed deposit with a bank for 1% years paying interest 9% p.a. If she
gets quarterly interest, find the interest she gets on Rs. 12000 quarterly.

. Mahalakshmi made a special fixed deposit of Rs. 9000 with a bank for 3 years paying
interest at 10% p.a. If the bank compounded interest half yearly, find the maturity
value of the deposit.

. If Karthik had a special deposit of Rs. 12000 with a bank for 3 years at the rate of
10% p.a. and the interest was compounded yearly, how much interest would have
been paid to him ?

. Which is a better investment ? Rs. 5000 in a special deposit with a bank for 3 years
the interest being compounded half yearly at the rate of 10% p.a. (or) Rs. 150 per
month in a recurring deposit with a bank paying simple interest of 10% p.a. for 36
months.
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5. ALGEBRA

5.1 SIMULTANEOUS EQUATIONS

In earlier classes, we have learnt different methods of solving simultaneous
linear equations with two variables. Here, we shall see how to solve the linear
eqguations of the forrax + by + cz+d = 0 wherea, b, ¢, dare real numbers with
a# 0,b# 0 andc 0.

Rules for solving three linear equations :

1. Eliminate one of the variables from any pair of the equations.

2. Eliminate the same variable from another pair.

3. Two equations involving two variables are thus obtained.

4. Solve them in the usual way studied in earlier classes.

5. The remaining variable is then found by substituting in any one of the
given equations.

Example 5.1 Solve : &+ 2y—5%=13; X+ 3y—22=13; K+5/— =26

Solution : 6x+ 2y —5=13 e (1)
X+3J—-2=13 e (2)
7X+5/— =26 . (3)

(1)x3 0O 18+ 6y — 15 =39

2x2 0O 6x+6y— & =26

Subtracting, 12- 11z =13 v (4)

(1) x5 O 30x + 10y — 25= 65
@)x2 O 14x + 10/ — & = 52

Subtracting, 16— 1% =13 .. (5)
(@) x4 0O A8k — 44 =52
B)x3 O 48X — 57z =39
Subtracting, 13 =13
0 z=1

from(4)and (1) x=2, y=3
O Solutionisx=2;y=3;z=1
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Exam Ie52'§ 1—X+1—E+2'X+E—13
e I e A TP
. . X y
Solution : From the equatlonE -1 :E +1
We have -y =12 . (D)
. X z
From the equation —-1==-4+2
2 7
We have X—22=42 .. (2)
. y z
And from the equation 3 + > =13,
we have P+X=78 .. (3)
Eliminatingz from (2) and (3) we have
21x + 4y= 282
and from (1) 1R —4y=48
Hence x=10, y=18

Also by substitution in (2) ,z=14

O Solutionis k, y, 2 is (10, 18, 14).

L1 1.1 11
X

1
Example 5.3 :Solveg + "3 =

Solution : i+ = - 1 = 1 . (@)
2x 4y 3z 4
1 1
X 3_y .. (2)
1 1 4 2
;—5_y+E=21_5 (3)
Clearing of fractional coefficients, we obtain
From (1) ° + & - 4 =3 .. (4)
x Y z
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3 1
From (2) Xy 0 .. (5)
15 3 60
From (3) <y + S = 32 ... (6)
Multiply (4) by 15 and add the result to (6) we have
£5 + 4—2 =77
X y
dividing by 7 l—5+E—11 7
ividing by 7, Ty~ .. (7)
F 5 18 S =0
rom (5) Ty
33
00— =11
X
g Xx=3
From (5) y=1
From (4) z=2

EXERCISE - 5.1

Solve the following simultaneous equations.

1.

o M b

X+2y+2=11,X+y+z=7,X+4y+z=14
K—Y+z2=2,X+3y—-z=5,Xx+y+z=6
X+2y+z=7 x+3&=11,%x-3y =1
X-y=4,y-z=6,x-z=10
X-4dy=62—-16,4-y-z=5x=3F+2(z-1)

x-Y =6, y-2=82-2 =10
5_ 1y 7_ ] 2_
y+z_Z+X X+y _
2 - 3 - 3 , X+y+z=27
1 2 1 1 2 3
——-— +4=0,7, —-—+1=0,—+—- =14
X y y z zZ X



9 —+1+1—36l+§ 1—28l+i+l_20
' Yy z " 7Ux ¥y z Tx 3y 2z°
102 2—5 E—Z‘I':I-5_4
"X Yz x"y 2z2°
1
1L 3 (x+y-5)=y-z=x-11=9-%+2)
3y
12.x+20 == +10
=22+5
=110 -y +2)

Applications to word problems

In this section, we shall learn about some applications of simultaneous linear
equations in solving problems related to our day - to - day life. In solving such
problems, we may use the following rules :

1. Read the problem carefully and identify the unknown quantities.

2. Give to each of these quantities a variable name/ikez ora, b, ¢, etc.
3. Identify the variables to be determined.

4. Formulate the equations in terms of the variables to be determined.
5. Solve the equations using any one of the methods learnt earlier.

Example 5.4 :In a ration shop the sale of sugar, rice and wheat were as
follows:

Sugar Rice Wheat Sale

(inkg) (inkg) (inkg) | (Amount)
Monday 1 4 3 78
Tuesday 2 5 7 126
Wednesday 1 6 4 108

Find the sale price of each item per kg.

Solution : Let the sale price of 1 kg of sugar, rice and wheat be Rs.y
and Rszrespectively. Then we get,

X+4y+3z =78 . (1)
2X+5y+ 7z =126 .. (2
X+ 6y + 4z =108 .. (3
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(1)x2 O 2x+8+6z =156

2 0 2x+5y+7z =126
Subtracting $-z=30 .. (4)
-1 O 2y+z =30 ... (5)
4)+G5B) O 5y =60
Oy =12
from (5) z=6
from (1) x =12

0 Sale price per kg of sugar, rice and wheat is Rs. 12, Rs. 12 and Rs. 6
respectively.

EXERCISE 5.2

1. Vinu bought 5 rulers, 7 ink pads and 3 pens at a cost of Rs. 52. Rosy bought 4 pens,
6 ink pads and 7 rulers for Rs.53 when Paul bought 7 pens and 3 ink pads, the shop
keeper took a 50 rupee note from him and paid back the cost of 7 rulers.Find the cost
of each.

2. In a shop, items A, B, C were sold as follows to three different persons.

3As, 2B’s and 5C's; 5A's, 1 B’'s and 5C'’s ; 3A's, 5B’s and 6C’s. If the persons paid
Rs. 22, Rs.23 and Rs. 33, find the sale price of each item.

3. There are 3 types of benches in a class. If a class of 100 students is seated using
5 benches of type A, 4 benches of type B and 3 benches of type C, 6 students go
without seats. If 4 benches of type A, 5 benches of type B and 3 benches of type C are
used then 2 students are left out with no seats. When 3 benches of type A, 7 benches
of type B and 2 benches of type C are used then there are seats for 4 more students.
Find the no. of students seated on each bench.

4. A purse contains five, ten and twenty rupees currency. There are 12 pieces. Its total
value is Rs. 105. But when first 2 sorts are interchanged in their numbers,its value
will be increased by Rs. 20. Find the numbers of currencies in each sort.

5. Sum of 3 numbers is 10. Sum of the first number, twice the second number and 3
times the third is 19 and the sum of first, four times the second and nine times the
third is 43, Find the numbers.

5.2 REMAINDER THEOREM, FACTOR THEOREM AND
SYNTHETIC DIVISION

5.2.1 Remainder Theorem

If a polynomialp(x) of degree greater than or equal to one, over the set of
real numbers (R) is divided x~a, wherea 0 R, then the remainder is(a).
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If (x + a) dividesp(x) then the remainder becomp&-a). Similarly if

O-bO
(ax + b) dividesp (x), the remainder ip BEH and if @x —b) dividesp(x) the

: . O
remainder I$B£H'

Example 5.5 Find the remainder when the polynonpét)=x*— 3x*+2x+ 1
is divided byx — 1.

Solution : By Remainder theorem, the required remainder is eque(lp
[(i.e.,) asx— 1 is the divisorp (1) is the remainder]

Nowp(X) =x* -3+ 2%+ 1
Remaindep (1) = (1Y - 3(1f +2(1) +1
=1-3+2+1
p(1) =1
Example 5.6 Find the remainder whenx2- 4 + x2 — 8 +3 is divided by
2x+ 1.
. . . 0-10, .
Solution : As 2 + 1 is the d|V|sorpH§H|s the remainder.

Let p(X) =2¢-4+x2—&+ 3

010 _,o1d o1d o1d 010
PH2H=4H2H~*H2H *H2H °H 28"
_} 1 1 4 3_1+4+2 7_7Z
_8+§+Z+ + 3= 8 + = 8"

Example 5.7 Find the remainder wheiix) = x® — 6¢ + 2x— 4 is divided by
1-%X

O
Solution : By remainder theorem, the remainde‘r%H.
f(X) =x-6¢+2%-14

md

f50 = B - oBf + 2504
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_ 1 §+g 4_1—18+18—108_—107
T~ 279 3 77 27 T 27

Example 5.8 1f the polynomialsa@ + 4x2 + 3x— 4 ande — 4x + aleave the
same remainder when divided bxy~(3), find the value .

Solution : Letp(X) =ax + 42 + X — 4 andg(X) =x®* -4 + a

The remainders whea(x) andq(x) are divided byxX— 3) arep(3) andq(3)
respectively.

Given thatp(3) =q(3).
0Oa@Br+4@y+3(3)—4=3-4(3)+a

0 27a+36+9—-4 =27-12a

O 26a+ 26 = 00 26a=-26

O -2 0 L=
a=" a=-

Example 5.9 :R, and R are the remainders when the polynomials
X+ 2¢ —Bax—7 andé +axt— 12X + 6 are divided by + 1 andk — 2 respectively.
If 2R, + R, =6, find the value ch.

Solution: Letp(x) =x3+ 2 —5ax— 7 and
gx) =x®+aX—-1X+6

Now R =p(-1)
=(-1p+2(-1}-5a(-1) -7
=-1+2+8-7

R, =5a-6

and R =q(2)
=(2F+a(2-12(2) + 6
=8+4-24+6

R, =4a-10

2
given2R+R, =6
025a-6)+(4-10) =6
O 14a =280 a=2
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Example 5.10 If the remainder, whea — 2x + 5x2 divided byx — 2 is 7,
then finda.

Solution : Let p(x) =a— 2+ 5¢
giventhat p(2) =7

O a-2@2)+52 =7

0 a-4+20 =7

O a=-9

Example 5.11 Given thapx? + gx+ 6 = 0 leaves a remainder 1 on division
by 2x + 1 and 2x + 6x + p leaves a remainder 2 on division by -3 1. Find
p andg.

Solution : Letf (x) =px¢ + gx+ 6 andq(x) = 20»¢¢ + 6x + p

0-10
By data, f BEH =1

P 29 _
472 77O
p—29 =-20 ... (1)
g
Also, qEEH=2
md s,
HBH *6BH*P =
_q+p_0
29+9 =0 2)
1o P-4 =-20
(20 9p+29 =0
10p =-20
Op=-2

from (2), we get qg=9



o 00~ W

10.

11.

12.

1
. Find the remainder when- 3¢ + 2x — 4 is divided by (ix — 2, (i) x + —.

EXERCISE - 5.3

. Find the remainder on dividing(x) by (x + 3) where (i)f (x) = 2@ — & -1

(i) f(X) = 3¢ — B+ 1Ix + 1.

2

. Findm if 5x” — 9¢ + 3x —m leaves a remainder 7 when dividedxoy 1.
. Whenx® + 32 —kx + 4 is divided by — 2, the remainder is Find the value ok.
. Find the value gb if the division ofpx¢ + 9 + 4x— 10 byx + 3 leaves the remainder 5.

. If the polynomialsax + 3¢ — 13 and £ — & + a leave the same remainder when

divided byx + 2, find the value od.

. If the polynomials £ + ax¢ + 3x — 5 and<® + x> — 4x + a leave the same remainder

when divided by — 2 , find the value od

. The polynomialsaxX + 3¢ — 3 and & — 5« + a when divided byx — 4 leave the

remainders Rand R respectively. Find the values of a in each of the following cases,
if

() R, =R, (i) R,+ R = 0 (iii) 2R = R = 0.

. Ifx® +Ix + mleaves the same remainder 7, when divided byl or byx + 1, findl

andm.

The expressionx® + axX + bx — 2 leaves the remainder 7 and 0 when divided by
(2x — 3) and X + 2) respectively. Calculate the valuesaaindb.

The remainders whgné — ¢ —x + 5 and + px2 + 2x —q — 4 are divided by + 1
are —3 and 10 respectively. Fipandg.

Given thapx + 9¢ + gx + 1 leaves remainder 4 on division by21 and & + qx2
+ px + 1 leaves the remainder 3 on division by-31, findp andg.

5.2.2 Factor Theorem

If p(x) is a polymial of degree= 1 anda is any real number, then

() (x—a) is a factor op(x) if p(a) = 0 and

(i) p(@) = 0if (x—a) is a factor op(x).

Example 5.12 :Show that X — 3) is a factor of the polynomial

X3 — 3¢+ 4x—12.

Solution : Letp(X) =x®— 32+ 4x — 12
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Here, p(3) =3 - 3(3F+4(3) - 12
=27-27+12-12=0
Hence x—3) is a factor op(x) = x3 — 3@ + 4x — 12.

Example 5.13 Show that (2 — 3) is a factor of 2 — % +x + 12
Solution : Letp (X) = 2¢ - % +x + 12

Here, p%ﬁ =2§—2§ —9%5 +g+12

_ 27-81+ 6+ 48 _
=Y =
Hence (X — 3) is a factor of 2 — % + x + 12.

Example 5.14 :Show that X + 2) and (& + 1) are both factors of
6 + 11 — X — 2.

Solution:Let f(X) =6+ 1% —-X -2
f(-2) =6(-2y+ 11(-2}—3(-2) - 2
=-48+44+6-2=0

O (x + 2) is a factor of (x)

0

10 1 1 10

N
"B50 =*Hz B " 155H ~*Ha -2

10 0L
=GBZ_7€+ 11€éE+1—2

= — 4+ — + —O
= |_2_
O (3x + 1) is a factor of (X)

Example 5.15 If f(xX) = 2¢* — 1% + 492 - 5% + 12 andy(X) = x®2 — X +
6, show thay(x) is a factor of(x).

Solution : gx¥) =X —X+6
= (x—2) &— 3) [by factorising]

139



f(X) = 2¢— 1733 + 49¢ — 5X + 12
f(2) =2(2f — 17(2} + 49(2} — 52(2) + 12
=32-136+196-104+12=0

O (x—2) is a factor of (x) .. (1)

Again, f(3) = 2(3f — 17(3y + 49(3% — 52(3) + 12
=162 -459 + 441 -156 + 12 =0

O (x—3) is a factor of (X) .. (2)

from (1) and (2),
(x—=2) k—3) =x* — & + 6 =g(X) is a factor of (X)

Example 5.16 For what value ofmis 2 —x?— 3mx— 24 exactly divisible
byx-27?

Solution : Let fX) =2¢—-x2—3nx-24
Since k— 2) is a factor of (x), by factor theorem,
f(2) =0

0 22f-2-3n(2)-24=0

O 16-4-60—-24 =0

g m =-2

Example 5.17 :Find the value ofk if (x— 1) exactly divides
K22 + 3Kkx— (K + 4)

Solution : Letp (X) = k2@ + 3kx— (K + 4)

Since & — 1) is a factor, by factor theorem,

P(1) =0
(.e.)k(1yP+3X (1) - (X+4)=0
kX =40 k=z%2.

Example 5.18 Find the values op andq so that X + 2) and X — 1) are
factors of the polynomia® + 10¢ + px +q.

Solution : Letf (x) =x¢ + 10¢ + px+q

Since & + 2) is a factor of (x), f(-2)=0
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O (-2F + 10(-2} +p(-2) +q =0

O -8+40-p+q =0

-20+q =-32 .. (1)
Since k—1) is a factor of (x), f(1)=0
O 13+ 10(1fy+p(l)+q =0
O 1+10+p+q =0
O p+q =-11 .. (2
(1) -@)0d -3 =-21
. LA

-3

from (2) 7+q =-11

g =-11-7=-18
Up=7;9=-18
Example 5.19 :If a¥ + bx* + x — 6 hasx + 2 as a factor and leaves a
remainder 4 when divided by £ 2), find the values & andb.
Solution:Let p(X) =ax +bx +x—-6
Since k+ 2) isafactor, p(-2) =0
O a(-2f+b(-2f+(-2)-6 =0

O -8a+4 =8
O “2a+b =2 .. (1)
Also given thap (x) leaves the remainder 4 when dividedkby2
Op(2) =4
O a(2r+b(2r+2-6 =4
g 8a+4 =8
O 2a+b =2 .. (2
(1) +(2)0 2b =4
b2 oo



Substitutingp =2 in (2), we gea =0
Oa=0;b=2

1
Example 5.20 if bothx— 2 andk — > are factors opx + 5x +r, show that

p=r.
Solution : Let f(X) =pX+5K+r
Since & — 2) is a factor of (x), f(2)=0
O p(2F+5(2)+r =0
0 4p+10+r =0
O 4p+r =-10 .. (1)

. 1 . M0
Since ((—E) is a factor of (x), f BﬁEz 0

md _0lo
O pEBJrSHEEH =0
PLo5,
0 4+2+r =0
prar _ 5
5 4 2
O p+4 =-10 .. (2)
O from (1) and (2), we get p+r =p+4r
0 3p =3r
u p =r

Example 5.21 If x2 — 1 is a factor ox* + bx® + ¢ + dx + e, show that
a+c+e=b+d=0

Solution : Letp(x) =ax* + bx¢ + cx + dx + e
Givenx? — 1 is a factor op(x)
O (x—1) and X + 1) are factors gb (x)
Op()=0 and p(-1)=0
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0 a+b+c+d+e=0anda-b+c—-d +e=0
Adding and subtracting these two equations we get,
2@+c+e=0and2if§+d)=0

O (@a+c+e=0andb+d)=0

0 a+c+e=b+d=0

EXERCISE 5.4

. Show thatX — 5) and (2 — 1) are factors ofX2 — 11x + 5.

. Show that 2 + 7 is a factor of & + ¢ — 4 — 14.

. Find the value ok, if (x + 3) is a factor of & + kx + 6.

. Find the value o, if (x—a) is a factor of® —ax? + x + 2

. Find the value ok, if (x + 2) is a factor of{+ 1) + 2 + k.

. Determine the value df for which the polynomial 2 —ax + 4 + 2x + 1 is

divisible by 1 — 2.

7. Find the value o4, if x + ais a factor of¢ + ax* — X% + a + 4.

9.
10.
11.
12.
13.

14.

15.

16.

. Using factor theorem, show that a is a factor ok" + a" whenn is any odd positive

integer.

If f(x) =x*—52+ 4 andg (X) =x2— X + 2, show thagy (x) is a factor of (x).
If (x—1) and x + 1) are factors of® + 3 + ax + b find a andb.

If X* — 5x + 6 is a factor of & + ax? + bx + 24, finda andb.

Given that? — 9 is a factor ok® + px? + gx — 45 findp andaq.

If x® + ax2 + bx + 6 hasx — 2 as a factor and leaves a remainder 3 when divided by
x — 3 finda andb.

Show by factor theorer-y, y—z andz —x are the factors of
X(y=2 +y (z—X) +Z (x-Y).

Using factor theorem show theat b, b —c andc —a are the factors of
a(b?—c?) +b(c?—a? +c (a2 - b?).

If (x—2) is a factor ok? + ax+ b anda + b = 1, find the values ad andb.

5.2.3 Synthetic Division

Let us consider an ordinary long division
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(3¢ — 52 + 5)+ (x— 2)

X+X +2
x-2) -5+ 0x+5
3¢ — 6
X2 + OX
X2 — X
2Xx+5
2X—4

9
If we omit all thex’s, retaining only the coefficients, this calculation can be
abbreviated as follows :

3 1 2
-2 3 -5 0 5
>@ s
1 [O]
@ -2
2
@ -4

In this, the encircled numbers 3, 1 and 2 are simply repetitions of the numbers
directly above them. And the ensquared numbers 0 and 5 are repetitions of numbers
in the original. If we omit all these repeated numbers, we get the following array :

3 1 2
—2) 3 —65 0 5
1
2
2
-4
9

This array can be compressed vertically and we get
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1 2 - top row
2 ) 3 -5 0 5

The extra encircled 3 has been copied from the top row. With this extra
number, the bottom row actually duplicates the top row, plus one additional number,
the remainder. Therefore, we can omit the top row entirely, and we get

-2 ) 3 -5 0 5 - top row
-6 -2 -4
3 1 2 9

We observe that in this array, each element in the middle row is formed by
multiplying the preceeding element in the bottom row by —2. We subtract the middle
row from the top row.

Instead, if we drop the negative sign in the divisior, we have exactly the
method of synthetic division. Here, we are adding the middle row to the top row.
This helps us to cut down arithmetic errors. Thus by synthetic division we have

2 3 -5 0 5
6 2 4
3 1 2 9

Thus the quotient isxX3+ x + 2 and the remainder is 9.

Note : The remainder must have degree less than the divisor. In the present
case, the divisor is of the form<c) has degree 1. Therefore the remainder must
be a polynomial of degree zero - thattle remainder must always be just a
constant.

Example 5.22 Find the quotient and remainder wheént+ x2 — 7x — 3 is
divided byx — 3.

Solution :
3 1 1 -7 -3
12 15
1 4 5 12 O Remainder

The remainder is 12 and the quotient?s 4x + 5.
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Example 5.23 Find the quotient and the remainder wheh-82 + 6x — 5
is divided by X + 1.

The dividend is 8 + O — 2¢ + 6x— 5 and the divisor is+ 1 =2 k +12)

So we divide 8 + O — 2¢ + 6x — 5 byx + Y2 first and then we divide the
resulting quotient by 2.

- 8 0 -2 6 -5
-4 2 0O -3
8 -4 0 6| -8 0O Remainder

The quotient id2 (8x® — 4¢% + 6) = 43 — 2¢ + 3 and the remainder is —8.

Example 5.24If the quotient on dividing»@ — A — 13¢+63x—48 byx — 1
is 2¢ + ax + bx + 45, finda andb.

Solution :
1 2 -7 -13 63 -48
2 -5 -18 45
2 -5 -18 45| -3 0O Remainder

The quotient is 2 — 5 — 18& + 45

But the given quotient i@+ ax? + bx + 45

Hencea = -5 andb = -18.

Example 5.25 Show thaty + 2) is a factor of® — 242 — 29 — 42

What are the other factors ?

Solution : -2 1 -2 =29 —42
-2 8 42
1 -4 =21 0

Quotient isy> — 4y — 21

Since the remainder is §; € 2) is a factor of® — 2y — 29 — 42.
To get the other factors we have to factoyise 4y — 21
(.e,)y’—d—-21=¢-7) (¢ + 3).

O the other factors arg € 7) and y + 3).
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EXERCISE 5.5

Find the quotient and the remainder wikér 2 —x — 4 is divided by + 2.

Find the quotient and the remainder wheh-43¢ —x + 7 is divided by 2 — 1.

If the quotient on dividing»Xd — 2¢ + 7x — 5 byx + 3 is 3¢ — 1Ix + a, find a.

Show that 3+ 10 is a factor of 8 — 272 — 10& + 300. Find also the other factors.

If the quotient on dividing* + 10¢ + 35¢ + 5k + 29 byx + 4 isx® + ax2 + bx + 6,
find a andb.

6. If the quotient on dividingy2 +y*— 142 — 19— 6 by X + 1 isy® + py? + qy— 6, find
p andg.

7. Show thaty + 2) is a factor of & — A2 — 10/ + 24 and also find the other factors.

o w0 N e

5.2.4 Factorisation
Let us consider a polynomip{x) = ax* + bx¢ + cx¥ + dx + e.
() If we divide this byx — 1, the remainder %1)
00 The remainderia+b+c+d+e.
If x—1is a factor op(x), thenp(1) =0
Thatisa+b+c+d+e=0

In a polynomial containing different powerswif the algebraic
sum of the coefficients of all powersis equal to zero, then
(x—1) is a factor.

(i) If we divide p(x) by (x + 1), the remainder [¥-1).
O The remaindep(— 1) =a—-b+c—-d+e
If x+ 1 is a factor op(x) thena—-b+c—-d+e=0
Thatis,a+c+e=b+d.

In a polynomialp(x) containing different powers &f, if the algebraic sum
of the coefficients of the even powersa$ equal to the sum of the coefficients of
its odd powers, thex+ 1 is a factor op(x).

Note:Ifa+c+e=b+d=0, thenx* -1 is a factor.
(a) Considex® — &2 + 11x— 6

1-6+11-6=0. Hence~ 1 is a factor.
Also 1 + 11# -6 — 6,0 x + 1 is not a factor.
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(b) Considerc + 6x2 + 11X + 6
1+6+11+6&0 0 x— 1 is not a factor.
1+11=6+6=12 0O x+ 1is afactor.

(c) Considex* + 2¢ + 2¢ — % -3
MH1+2+2-2-3=0 0 x—1is a factor.
(i)1+2-3=2-2=0 O x + 1 is a factor.

0 x2—1is a factor .
Example 5.26 Resolve into factors® — 2¢ — 5+ 6
Sum of the coefficients=1-2-5+6=0 0 x— 1 is a factor.

1 1 -2 -5 6
1 -1 —6
1 -1 —6 0

The others are given by factorizig—x — 6
Nowx2—x—6 =x*—X+2X-6
= (X=3) (x+2)
OxX-2¢—%+6 = k—1)k+2)(x—=3)
Example 5.27 Factorize 3+ 6 + 11x + 6

1+6+11+6&0 0 x—1is not a factor.
1+11=12; 6+6=12 [0 x+1is a factor.
-1 1 6 11 6
-1 -5 -6
-2 1 5 6 0 (by trial and error methoxl+2
_2 _6 is a factor)
1 3 0

Now x + 3 is also a factor.

Ox+6C+1x+6=§K+1) x+2) x+ 3)

Example 5.28 Factorize 2 — 3¢ — X + 2
2-3-3+2£0 0 x— 1 is not a factor.
2-3=-3+2=-1 [Ox+1 isafactor.
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-1 2 -3 -3 2
-2 5 -2
2 2 -5 2 0 (by usingx — 2 as a factor)
4 -2
2 -1 0

O02x—1 is also a factor.
Thus 28 -3 —-X+2=(+1) k—2) (X-1)

EXERCISE 5.6

Factorize each of the following fully.

(1) — &2 + 5% — 2 2@+ +2X+15 (-2 —X+6
@)K+ D+ —Tx—3 (B +X+x—14 (6)MF + 317 — dm— 12
(7) M — 27 — 4m + 8 (8)a® — 52— 2a + 24 ()% — 5¢ + 4

5.3 G.C.D and L.C.M of Polynomials
5.3.1 Greatest Common Divisor (GCD) (or) Highest Common Factor (HCF)

A factor which cannot be resolved into any other factor is called an
Elementary Factor. The elementary factors afb? area andb, becausa andb
cannot be resolved into any other factor.

A factor that divides two or more expressions is said tddmramon Factor
of those expressions. Thasbandab are common factors afb andab’c.

THE HIGHEST COMMON FACTOR (H.C.F) :

There may be more than one common factor of two or more expressions. Of
these common factors, the factor which is of the highest power ighest
Common Factorof these expressions.

For example, the common factors aff#c?, 3a*b’c® and &°b’c? area, b, c,
a2 b? c? ab, ac, bc, ®, a’c, b’c, bé, abc, &bc, alic, abé and a?b’c? . Of these
common factorsg?b?c? is of the highest power. Sarb’c?is theH.C.F (or G.C.D).

To find the H.C.F (G.C.D) by Factorization :
() The given expressions should first be resolved into elementary factors.

(i) The H.C.F will be the product of the common elementary factors of the
highest powers that divide each of these expressions.
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(iii) If the expressions have numerical coefficients, their arithmetical G.C.D will
be the coefficient of the H.C.F.

Example 5.29 Find the HCF of 2&'%%y, 3%ax'y, 28y

Solution :

2la%dy = | 7| x3x X xaxax|xxxxxxly
35axly = | 7| x5x X XX X| X[XXXXX|y
28a3xy“= 7| x4 x X Xxax| X|Xyxyxy/lxy

GCD =7xaxaxxxy

GCD = T7a’xy
Example 5.30 Find the GCD of 18y%z2?, 12¢¢yZ
Solution : 15x%372 = 5 x 3 xx%y*® 72
12y = 4 x 3 xx2yZ
GCD = 3&y2

Example 5.31 Find the GCD iff (x) = (a— 1Y (a + 3f and
9x) =@-2) -1y (a+3)
f(x) =(@-1)(@+3y
9x) =@-2) -1y (a+ 3y
GCD =@-1¢(a+ 3y
Example 5.32 Find the GCD ofy¢ + 1) and {* — 1)

Solution : yY¥+1=§(+1) (°-y+1)
y-1=¢+1)y-1)
GCD =y+1
Example 5.33 Find the GCD of the polynomials- 18 andk? — 2x — 3.
Solution : 2% —-18 =2k*—-9)=2k—3) k+ 3)

X¥—2X-3 =k=-3)(x+1)
0 G.C.D =x-3
Example 5.34 Find the GCD of £ —x— 1 and # + & + 3.
Solution : 2¢—-x—-1=2-2X%+x-1
=XX-1)+1k-1)
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=(x+1)Kk-1) .. (1)
A+ 8&+3 =4+6X+2X+3
=X (X+3)+1(x+23)
=(X+1)(X+3) .. (2
O from (1) and (2) GCD =x@+1
Example 5.35 :Find the HCF ofax? + 2a?x + a 2ax? — 4a?x — ba’,
3(ax + a?)?
Solution: ax + 2a +a =a(x? + 2ax + a?
=a(x +a) . Q)
2ax — da?x — 6a° = 2a (X2 — 2ax— 3?)
=2a (¥ — 3x+ax— 39
=2a[x(x— &) +a(x — 3]

=2a[(x+a) (x— 3)] .. (2)
3(ax +a?)? = 3Ja(x + a)]?
= 3a%(x + a)? .. (3

From (1), (2) and (3) HCF a(x +a)
Example 5.36 Find the GCD of 248 —x® — 2 and 20(2° + 3x° + x%)
Solution :24 (6¢ —x3 — 2¢) = 2 x 3 xx2 (6x2 —X — 2)
=2 x 3 xx2(6x2— 4 + X -2)
=28 x 3 xx2[2x (X —2) +1 (X-2)]
=2x3xx2(3Bx-2) (+1) . Q)
2026+ +xH) =2 x5 xxt (2@ + X+ 1)
=2 x5xx (2¢+ X +x+1)
=2x5xx*[2x(x+ 1)+ 1K+ 1)]
=2 x5 xx(2x+1)(x+1) .. (2
O from (1) and (2) GCD =2xx?(2x+ 1) = 42 (2x + 1)
Example 5.37 Find the HCF ok® + X2 + x + 1 andx* — 1
Solution: X¥+x2+x+1 =x2(x+1)+1(x+1)
=(+1)k+1) .. (1)
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-1 = 6(2)2 — P
=(¢-1) @€ +1)
=+ k-1 +1) - (2
O from (1) and (2) HCF =x+1) ¢+ 1)

EXERCISE 5.7
I. Find the GCD of the following :
1. 4ab?, 2a%b 2. &Yz, 8@y 7 3. 83 b 15abc
4. 4%, 63y?, 567 5. &?x, 6abxy, 10abXy? 6. 25)y?z 100¢yz 125y
[I. Find the HCF of the following:
LX=—2P(x+3)x—4) , k-2 +2)x—3) 2. (X=7)(X+4),(X-7¢(x+3)
3.xk—1) k+ 1PF, (x—1F (x+ 1) 4. k+47 (x—3F, (x—1) &+ 4) x-37

5.24 - 3) k—2F, 15— 2) k— 3y 6.a%+ab, @ —b?

7. X+y)? 2 —y? 8.X+3X+2,%-4 9.xy—y, xy —xy
10.2+6x+5 x>+ &+ 15 11.x2—81 X2 + 6x— 27

12.x2— 1K + 66,X% + bx — 66 13. 2-7%+3,3¢-7X -6

14. 12¢+x—-1,15¢+ & + 1 153 +3C—&-24+ I -KX-9
16. X —4) ¢ — 1x + 30), & — 5 +x—5) 17. k=17, (X* = + 2 - 2)

18. 3+ 8 —x—-8,+x2—-x-1 19. k—3F, ¥*—9,x%*—x—6

20. 262 — 1), 3¢ — 1), 4 — X + 4)
5.3.2 Least Common Multiple (L.C.M.)

If a quantity is exactly divisible by another, the former is calledtiple of
the latter. For example? is exactly divisible by? anda. So,a®is a multiple of
botha? anda.

Those expressions, which are exactly divisible by two or more other
expressions are tloemmon multiplesof the latter. For examplab, &b, a%b? are
exactly divisible bya andb. So, they are the common multiplesaagfndb.

The Least Common Multiple of two or more expressions is the expression
of lowest dimensions ( or powers) which is exactly divisible by each of them.

For examplea?t?, a®b® anda®h? are common multiples ef andb? and here
a%y? is of the lowest power. Sa2? is the lowest common multiple here. The
lowest common multiple is briefly written &sC.M.
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To find the L.C.M by Factorization :
(i) Each expression is first to be resolved into factors.

(i) The product of the factors having the highest powers in those factors will be
the L.C.M.

(iii) The numerical coefficient of the L.C.M will be the arithmetical L.C.M of the
numerical coefficients of the given expressions.

Example 5.38 :Find the LCM of (i) x®? andxyz (i) 5 a’bc®, 4dab’c
(iii) 32— 27 and +x — 12 (V) X3 + V5, X3 —y3 x* + x2y? + 4,

Solution : (i) By inspection,

LCM =x3y?z
(i) By inspection, LCM =5 x4 @ xh?xc?
= 202b?c?
(iii) I—27 =3k —-9)=3k+3)x—23)

X¥+x—-12 =+ 4) x—3)
Product of the numerical factors =3 x 1 =3
Common factors to both polynomialx= 3
Remainingfactors arex @ 3) and X + 4)
O LCM =3(x—-3) K+ 3) k+4)
(iv) X¥Hy = (X+y) (¢ —xy+y?)
X =y = (X-y) (¢ +xy+y?)
XEAXEYE Y = (¢ XY +Y?) (¢ =Xy +VY?)
O LCM = (X+y) (x=y) (& +Xy+Y?) (& —xy+y?)
= [(x+y) 0 =xy+y)] [(x=y) (¢ +xy +y?)]
= (¢ +Y) (¢ -y)
O LCM =x8—y®
Example 5.39 Find the LCM of 2¢ + x* —x — 1) and 3¢ + 3x* —x -3)
Solution : 20+ x2 —x—1) =2k (x + 1) -k + 1)]
=2[¢—-1) k+1)]
30+ ¥, —x—-3) =3k (x+3)—1(x+3)]

=3 -1)k+3
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Product of numerical factors =2 x 3 =6
Product of common factors ®x*( 1)
Product of remaining factors x ¢ 1) k + 3)
OLCM =6(—-1)k+1) x+3)

EXERCISE 5.8

1. Find the LCM of the following :
() 3a*b?c3, bazb®c®
(i) 15x%y°z, 252 22
(iii) 15p%q*, 20m?p?q?, 30mp
2. Find the LCM of the following :
(i) x®-1, k-1y
(ii) X —y?, X2 —y?
(i) x2— 1+ 24,x2 — 11x + 30
(iv) 13(x — 1) k— 2, 7(x— 27 (x + 3%, (x—1F (x + 3)
V) X®—1X+35x-&+7,-5¢—-x+5
(Vi) B2 —x—1,3+7x+2,2¢+3X-2

(Vi) @+ +x+1 ,3+2¢+x+ 2

5.3.3 Relation between H.C.F and L.C.M. of two polynomials

We know that the product of two natural numbers is the product of their
G.C.D. and L.C.M.

Consider 15 and 20
Their G.C.Dis 5 and L.C.M is 60
Now, 15 x 20 =5 x 60.
This concept holds good in the case of two polynomials also.
Consider PY) =x2+ 3+ 2 and QX) =x*—x—-6
Their G.C.D.isx+ 2) and L.C.M. isX+ 2) x+ 1) x—3)
Now, PK) x QK) =0C+3X+2)(X¥*—x-06)

=(x+1) k+2) k+2)Kk-23)

=(x+1) k+2F (x-3)
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GCDXxLCM =k+2)x+2)k+1)&-3)
=(x+1)K+2F (x-3)
Hence, PY) x Q) = G.C.D. x L.C.M

Example 5.40 The g.c.d. ok* + 3 + 5¢ + 26x + 56 andk* + 2¢ — 4¢* —
X+ 28 isx? + 5 + 7. Find their [.c.m.

Solution : We know, PX) x Q) = G.C.D x L.C.M.

_ P(x)x Q(x)
LCM =— =0

(x*+3x3+5x2+ 26x+56 (x*+ 23— 4x%- x+ 28)
- (X2 +5x+ 7)

Both P§) and QK) is divisible byx? + 5x + 7 (as this is their G.C.D). Let us
divide P&) and get the quotient.

1 -2 8
1 5 7|1 3 5 26 56
1 5 7
-2 -2 26
-2 -10 -14
8 40 56
8 40 56

0 Their L.C.Mis @@ — 2+ 8) (&* + 23 — 42 —x + 28)

EXERCISE 5.9
1. If(x+3) &-2)isthe g.c.d. df(x) = (x + 3) (2% - X +a) and
g (x) = (x—2) (3@ + 7x —b) find the values o& andb.
2. For what value of, the G.C.D. of £ + x — (X + 2)] and (2 + kx— 12) is k + 4)?

3. Find the values @ andb in each of the following such that the polynomials)Rfd
Q (X) have the given G.C.D (H.C.F)

P(X) Q(x) G.C.D
() (¢ + X +2) ¢ +x+a) (=X+2)¢-X+b) (x+1)K-2)
(i (+X+2)R—-—4+a) (R-&+9) K+4x+b) (X+2)x-—23)
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4. Find the other polynomial &), given that L.C.M and G.C.D and one polynomial
P() respectively.

() (x+ 1 (x+2F; (x+1) K+ 2); k+ 1 (x+2)
(i) (X" =y") (<" + 2 +y) X —y? X -y
5. Find the L.C.M of each of the following polynomials given their G.C.D.
() x+3+C+5x+3;x¥+2¢+x+2;GCDin+x+1
(i) 2+ 15¢+ X —35; X3+ 82+ 4 — 21; G.C.DinX+ 7)

5.4 SIMPLIFICATION OF RATIONAL EXPRESSIONS

X
Rational Expression :An expression of the forrap% wherep(x) andqg(x)

are two polynomials over the set of real numbersggxidz O is called a rational
expression.

5.4.1 Simplification of rational expressions :

X
A rational expressiora% can be reduced to its simplest form by dividing

both numeratop(x) and denominatag(x) by the G.C.D. of(x) andq(x).

: G o
In other words, the rational express% is said to be in its simplest form

if the G.C.D. ofp(x) andq(x) is one.

12a°p*
20a*b

Example 5.41 Simplify :

12a°b* 2 x3xaxb® 3b° 2 a’b 3p®

Solution : 20a%b ~ 2 x5xa*xb 5a2ab” 5a
I Simolify X2 = 5x?
Example 5.42 Simplify : 33 + o
X3 — 5x? X2 (x - 5) x-5

Solution : 3G+ 254 T X (3x+ 2x%) T 3x+ 2%
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X2+ xX—-6

Example 5.43 Simplify : Y+ 4%+ 3

X+ X—6 (x-2) (x+3) x-2

Solution : 2 +dx+3 " (x+1) (x+ 3) = w11
o a+b
Example 5.44 Simplify : L +b°
_ at+tb at+b 1
Solution : a3+b> " (a+b) (&-ab+ B) T a?-ab+ i
o 545 sy 05 "X+ 1
Example 5.45 Simplify : 92 + 12x - 5

6x%> —5x+ 1 _ 6x% — 3x— 2x+ 1
9x° +12Xx- 5 9x* +15x - 3x- 5

Solution :

X(2x-D - 2x- 1)
T 3x(3x+ 5 - (3X+ 5

(Bx-1) (x-1) 2x-1
= (3x-1) (3x+5) ~ 3x+5

(x — 8) (x*+5x- 50
(x2=13x+ 40 ( x+ 10

Example 5.46 Simplify :

(x-8) (¥+5x-50  (x-8)(x+10 (x-9 _

Solution : (—13x+40 (x+ 10 _ (x-8) (x-5 (x+ 10 ~ 1
EXERCISE 5.10
Simplify :
75x° 24x3 y? 8y’ -12y
25x3 2 -6x° y4 z 3 4y
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X2 -1 6x% + 9x X2+ Tx+ 12

4 Xy +y 5'3X2—12x 6. X2 + 4%+ 3
X2 - 6X + 8 4x% - 13x + 3 (x=-1) (x-2) (¥ - x- 79
7 X2 = 3X+ 2 8. 4x -1 ' (x=9) (% + x-2)
2x* - 162 (X% +3x+2) (5% + 5x+ 6
10- 219y (2x - § 11 2 (E+ax+

(x=1) (x-2) (- 9x+ 14
T (x=7) (% -3x+2)

5.4.2 Multiplication and Division of Rational Expressions

Multiplication : If &andg () are two rational expressions then their
P g h (%) P

product is

P9 99 _ P(x.9(X
ax) ~ h(¥ ~ a(x¥.h(x

The resulting expression is then reduced to its simplest form.

In other words, the product of two rational expressions is the product of their
numerators divided by the product of their denominators and the resulting expression
is reduced to the simplest form.

Division'lfMandg () are two rational expressions, then their quotient is
g9 M"h (%) P ! g

P9 9(¥ _ p(¥) y h(x)  p(¥.h(X
q(x) ~h(x) “a(x 9 a(x.g9(x
The resulting expression is then reduced to its simplest form.

X 18y
Example 5.47 Multiply :3_y2 by7

x> 18y X’x18y 6

3¢ Tk Ty

Solution :
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_ albh®>  a?-1
Example 5.48 Multiply : a1 by 213
Solution :
b’ a*-1 a’b’(a+l)(a-1)
a-1 " ap - (@-1)ap
_a(a+]
b
4X Xx+1
Example 5.49 If P = 2 -1 and Q = <=1 find PQ.
Solution :
4x X+1
PQ =

x-1%x-1

4x (x+1)
T (x+1) (x-1) (x-1)

_Ax
T (x-1?

2x° +3x+1 4x°+5x+1 15x° +8x+ 1

Example 5.50 Simplify : 32 + Ax + 1 X 5y + 6x + 1>< 852 + 6x + 1

2x° +3x+1 4x°+5x+1 15x° +8x+ 1

Solution : 32+ Ax+ 1 52+ 6x+ 1" 852+ 6x+ 1

(2X% + 2x+ x+1) (4% + dx+ - 1) (158 + 5% 3 1)
T (3% + 3x+ x+1)(5X + 5x+ x+ 1)(8X+ 4% 2% 1)

[2X(x+D)+1(x+ D] [4x(x+ D)+ L(x D] [5X(3»% L+ 1(3% 1)]
- [Bx(x+1)+1(x+ )] [Sx(x+ 1)+ 16 1)] [4x(2» L 1(2x% 1)]
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(2x+1) (x+1) (Ax+ 1) (x+ 1) (5 1) (3« 1)
T (Bx+1) (x+1) (5x+ 1) (x+ 1) (de+ 1) (2¢ 1)~

I Divid 'X2+X_6b x*-9
Example 5.51 Divi e'xz—x—6 y 2_4

X*+x-6 x*-9 ~ X+x-6 XxX°-4
—x-6 X2—4 ~ X-x-6 " x-9

Solution :

(x+3)(x—-2) (x+2)(x-2)
T (x-3) (x+2) (x+3)(x-3)

_(x=2)°
T (x-3)7

3X°— x—4 ] 4x° -4
9x2-16 Y 3@ -2x-1

Example 5.52 Divide :

I -x-4  4-4
9x*-16 ~ 3x*-2x-1

Solution :

3X°-x-4 3x°-2x-1
= 2 x 2
I9x“-16 4x° -4

(3% —4x+3x-4) (3X — 3 x 1)
= (3x+4) (3x— 4) 4(¢ - 1)

[X(3x=4)+1(3x— 4)] [3X (x= 1+ 1(x 1)]
= (3x+ 4) (3x— 4) 4(x+ D)(x- 1)

Bx+1) (3x—-4)(x+1) (x-1)
T 4(Bx+4) (X-4) (x+ 1) (x- 1)

3x+1
4(3x + 4)
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EXERCISE 5.11

[. Simplify :
11 15mn 32a%h  45¢2
‘5mn? X a4 2 15¢c % gaZb
10 2_92y 3y+6
3.72x+2y><7 4.7y yX7y
5 X+y y+2 y-2
X% +3 X — . x3-8 x%+6x+8
5. IfP—ixz_landQ— o , find PQ. 6'x2—4 XX2—2X+1
X2+3x+2  X2-Tx+6 X2 - y? Xy +
T ax-12" x2-a 8. X2 +2xy+ Y X2 - Xy
x*-8x 2x-1 X+3
9. %2 +5x—3 * x2+2x+4 X x2-2x
6X°—x-2 12X°+7x-12 12x°-13x- 4
10. 2 X 2 X 2
8x“+6x+1 9x“+6x-8 12x°—25x+ 12
Il. Divide :
2 2
L 14x°  25x 75m?  25mn
" 9y? T 36y T14n? T 49
3t—2.t2—t—6 4 =Y L Xexy
L 4s T 128 Xy T X2 —2xy + VP
x2—6x+9.X2—5x+6 x2—7x+12_ X2 —2x-3
S ax+4aT X-x-2 6716 Tx2-2x-24
x% - 36 X+6 P
7P =229 49 and Q =, find the value 06.
X2 -5x+6 X2 =3x+2 i .
8. IfA= 7x2—9x+ 20 and B _7x2—5x+4 find the value of A- B.
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2x2+5x—-3  2x%+5x-3 2x2 + Tx—4 . 4x%-1
9. 2x2+7x+ 6 2x2-x-6 1 "3x%-13x+ 4 6x2+x-1

5.4.3 Addition and Subtraction of Rational Expressions.

Addition of Rational Expressions :

p(¥  9(x) . : : :
If —— and h() are two rational expressions then their sum is

q(x)

p(X) .\ 9(x)  p().h(9+a(R. o3
a(x)  h(x a(x).h(x

p(¥  9(x) . : . :
If —— and_ _, are two rational expressions then their sum is

q(x) = a(x)

PO 909 _ p(X) + 9(X
a® - a(x — a(X

Subtraction of Rational Expressions :

p(¥)  9(¥ . . . :
If —— and h(x) are two rational expressions then their difference is

q(x)

p(¥)  9(¥) p(¥).h(Y-a(3. g 3}
q(x)  h(x) ~ q(x)-h(x)

p(x)  9(x) . _ o :
If —— and are two rational expressions then their difference is

a(x) q(x)
p(¥ 9 p(X¥-9(¥
a(¥  a(x ~  a(x

. X+3 x+1
Example 5.53 Simplify : 75+ "5

_ X+3 x+1 (X+3(x=2D+(x+D(x+2
Solution : w2 T x—2 = (x+2)(x-2)
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_ X2 +3X—2X— 6+ X+ X+ 2%+ 2

(x+2)(x-2)

_2X°+4x=4  2(X*+2x- 2

-4 X% — 4

X —Xx—6 X°+2x-24
-9 T x-x-12

Example 5.54 Simplify :

X2—Xx—6 X°+2x-24
X2-9 | x2-x-12

Solution :

(Xx=3)(x+2) (x+6)(x-4) x+2

X+6

= (x-3)(x+3 T (x+3)(x-4) T x+3 7

X+2+Xx+6 2x+8 2(x+4)

X+3 T x+3 7 x+3
E le 5.55. Simplify : (i Y
xample 5.55. 'mp'fy'(')x+y_x—y
) 1 1 2
() %2 5xr6+ x2-3x+2 T x2—8x+15
X-3 2x -1 2X+5

(i) 2 %—6* 2x2 + 5x— 3~ x2+5x+6

y  X(X=y)-y(x+ Y

X+3

X
Solution : (i) 5 . Yy TXx=-y (X+Y)(x=Y)
_ X oxy=xy- ¥ xE-2xy- ¥
= Xz_yz - XZ_yZ
1 1 2

() 32 5x+6 + x@-3x+2 T x2-8x+15

locotea oeates) |l ws o)
Tl (x=3)(x-2)  (x-2)(x-D | T | (x-5)(x-3
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X=1+x-3 2
T L x-)(x-2(x-3 | T (x-5)(x-3

2X—-4 2
T (") (x=2)(x=3 T (x-5)(x-3
2(x-2) 2
T (=) (x=2)(x-3 T (x-5)(x-3
2 2 2(x=-95+2(x-1
T (x-)(x=3 T (x=5)(x=3 T (x-1)(x-3(x-5
4x-12 4
= (x-1)(x-3(x-5 ~ x2-6x+5
Xx—3 2x -1 2X+5

() 2 3 —6 T 2x2 + 5x— 3~ x2+5x+6

X—3 2x -1 2x+5
T (x=3)(x+2) T (2x=D(x+3 T (x+2)(x+3)

1 + 1 2X+5
X+2 x+3| | (x+2)(x+3

Lx+3) +(x+2)0 2x+5
= Hx+2)(x+3) ™| (x+2)(x+3)

2X+5 2x+5
(x+2)(x+3 ~ (x+2)(x+3 ~©

EXERCISE 5.12

I. Simplify :
x°+2 x2-3 a’ b®
L x+1 * x+1 2'a—b+b—a
y-3 y-2 1 2
3. - 4. T 4
y+2 y+3 x-1 x+1



2x+1 2x—-1 x+1 x2-1

5.IfA—2X 1,B 2X+1f|ndA B. 6X 1 x+1
1 1 X y 2xy
7. x2-7x+12 ¥ x2-5x+6 8. X—y Xty x°-y?
2x+5 x°+1| [3x-2 1 1 2
9. t— —| 10. 2 -2
X+l xc-1 x-1 a2 +3a+2 a“+ba+6 a“+4a+3

5.5 UNDETERMINED COEFFICIENTS

Principle of undetermined coefficients.

I. Theorem : If two rational integral functions arielentical then the
coefficients of the like powers of the variable can be equated.

Let PK) bep x"+p, ,X""* +p X"?+ .. +px*+px +pXx+p and
Q(X) beq x*+q _,x""' +q X"?+..+0 X+ QX +QgX+Q,
If P(x) = QK), then,
Po=0, P =y Py =0y o P37 05 P, =0, 5P, =0 5Py =Gy

[I. Corollary : The above principle still holds if one of the functions is of
lower degree than the other.

= n n-1 n-2 3 2
LetRE) =r x"+r _ X"t +r X"+ +rxX+rx +rx+r_and
SK)=s,_ X"t +s X"?+ . 45X +SX +SX+S
If R(x) = SK), then,r =0 ;r_,=s ;I ,=S,

Example 5.56 Findm, n, pandq given
A+ 22 +4x+1=mR+né+px+q.

Solution:m=3;n=2,p=4,q=1

Example 5.57 If ¥ —px+q= (x— 3%, find p andq.

Solution : x> —px+q= (¥ — 6&x + 9)
0—p=-6,g=9
Hencep=6,9=9.
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Example 5.58 If x> —x— 6= (x + 2) (x—p), find ‘p’.
Solution : xX* —=x—6=X+ (2 —-p) Xx—

O02-p= -1 (on) -d =-6
Op =3 p=3
Example 5.59 iIf (A+B) x+ (A—B)=7x+ 1, find the values of A and B.
Solution :
A+B =7 .. (1)
A-B =1 .. (2)
(1) +(2) 2A =8
0A=4
B=3

OA=4, B=3
Example 5.60 Givenp(x— 1) +q(x— 3)= 5x— 9 find the values qf andg.

Solution: Setx=1 : -2 =4
Og =2
Setx=3: 2 =6
Op =3
UOp =3.,9=2

Example 5.61 If A(x—1) k—2) k—3)+B k—1)k—2)+Ck—-1)+D
= 2 —x — 3, find the values of A, B, C and D.

Solution: Setx=1 D=2-1-3
0D =-2
Setx=2: C+D =16-2-3=11
cC-2=11
0OcC =13

Setx = 3: 2B+2C+D =54-3-3=48
2B+26-2 =48
2B =24
B =12
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Setx=0: 6A+2B-C+D =-3
—6A+24-13-2 =-3
—6A =-12
A =2
Hence, A=2,B=12,C=13,D=-2

EXERCISE 5.13
. Finda, b, candd givenax® + b} + cx+d =7 — 10¢ — X — 12

Af (X +m)2=x2 + px+ 9, Findm andp.
Given (2A + Bx + (A + B)= 11x + 7, find the values of A and B.
L fFM(x+ 3) + Nk — 2)= 8x + 9, find the values of M and N.
P+ 1) k+2)+Q &k—1)=x%+ 6x— 1, find the values of P and Q.
. Given P(2 %) + Q(1 —x) (1 +x) = x — 2¢, find the values of P and Q.
JFA(X=1) k—2) k—3) + Bk—1) k—2) + Ck— 1) + D= X8, find the values of A,
B, C and D.

8. Given Ak — 2F + B(x — 2F + C(x — 2) + D= 2¢ + 8x%2 + 22 + 22 find the values of
A, B, Cand D.

~N O O b~ WN P

5.6 PARTIAL FRACTIONS

In the applications of rational expression, it is often useful to decompose a
rational expression into a sum of rational expressions with simpler denominators.
We shall describe how this is done in certain cases.

By long division (if necessary), we can reduce any rational expression to the
sum of a polynomial and the bottom - heavy rational expression.

x3-2x 1-2x
=x-1

For instance, 7 — + 24
%2+ x+1 X2+ X+1

Therefore, we can concentrate on bottom - heavy rational expression.

5.6.1 The Partial Fractions Theorems
If P(xX) and QK) are polynomials with the degree okPless than the degree

P(x
of Q(X), thenL can be resolved into a sum of partial fractions as follows :

Q(x)
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(1) If Q(X) has a linear factoak + b), then one term of the sum is the partial

A
ax+b’

fraction where A is a constant.

(2) If Q (X) hasn repeated linear factorgx + b)", thenn terms of the sum are
then partial fractions as follows :

A A A A
ax+b " (@ax+p? T (ax+p® T T ax+b"

WhereAl, A, AS, ..., A are constants.
(3) If Q(X) has a quadratic factas® + bx + ¢ (not factorisable), then one term

Ax+ B
of the sum is the partial fracti Z+bxt C whereA andB are constants.
Type | : Quadratic Denominator
ax+b

We begin with rational expressmm (r£59)
Such a rational expression can always be decomposed into two simple
expressions as we shall see.

2 _ 1 -1
Example (1) (x=1)(x+1) = x-1 " x+1

X 2 -1
(2) (x+2)(x+1) = x+2 T x+1

2x-3 -3 5

@) %(x+1 =% ¥ x+1

ax+b A

B
In general,(x_ N(x-9 = -r T x-s for suitable constants A and B# s.

3x+1
Example 5.62 Decompose into partial fractiong - 1)(x-2)

Solution : Write

3x+1 A B .
(x+1)(x-2) = x+1 7 x- > and clear of fractions:

AX+1=AX-2)+Bk+1)
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Setx=-1, -2 ==-3A OA=2/3
Setx=2, 7=3B O0B=7/3

I+l 2 7
Hence, i v 0 (x-2) = 3(x+1 T 3(x-2)

Example 5.63 Decompose into partial fractions.

2x3-13x%+ 22x - 14
(Xx=2) (x=3

Solution : Degree of the numerator is 3. The degree of the denominator is 2.
Hence, we have to divide actually.

X=2)k—3)=x*—X+6

2 -3
1 5 6| 2 -3 22 14
2 -10 12
-3 10 -14
-3 15 18
-5 4
2x°-13x°+22x- 14 ~5x + 4
x-2) (x-3 - @73 *(x-2) (x-3
-5X + 4 A

and clear of fractions :

Now erte,m = _2 + E
-X+4=A(Xx-3)+Bk-2)
setx = 2, -6 = —-A O0OA=6
setx =3 ; -11=B 0O B=-11.
2x3-13x%+ 22x - 14 6 11
(x-2) (x-3 - Z73%%22 Tx-3
Type Il : Now, we consider denominators of the fopm-¢)2. The typical

ax+b
such bottom - heavy rational expressi?('m—x_r)z can be decomposed into

A B
- 4
x—r  (x=r)?
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ax+b A B
U= = 3 Y x-n?

) _ 2% =13x+ 22
Example 5.64 Decompose into partial fractio (x—4)7

Solution : First divide by X — 47 (=x? - 8 + 16)

2
1 -8 16 2 -13 22
2 -16 32
3 -10
2x? —13x+ 22 3x - 10
Therefore,—(x_4)z =2 +—(x _ 4)2
- 3x-10
Now con5|der(x_—4)2
3x-10 A B

(x-42 = x-4 7 (x-4y
X—10=A(x—4)+B

Setx=4,B=2; Sex=0,A=3
2x° —13x+ 22 3 2
(=47 T2*57a T (x-4y

3x-2
Example 5.65 Decompose into partial fractiov_ 1)?
3x-2 A B
(x=1° = x-1 " (x-27"
AX—-2=A(x-1)+B

Write

Setx=1, B =1
Setx=0: -A+B =-2 [ A=3
3x-2 3 1

H a2 =t
TS (-1 T -1 T (x-0)
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Type Il Cubic Denoimintor

We shall survey the partial fraction decomposition of rational expression
with cubic denominators. As usual, we can make a preliminary long division to
assure a bottom heavy expression. We shall also always assume leading coefficients

_ _ - Px) aX+bx+c
(in the denominator). Thus we are conader@@ =T

Q(x)
where QK) =3 + ...+d (d - is constant)
Case (i) :Q X) = (x—r) (x—9) (x—t). The partial fraction decomposition is
A + B + c (rzs#t)
X=r X-s Xx-t
1

Example 5.66 :Split into partial fractions(x_l) (x=2) (x-3)

1 A B

C
lution ; Wri = + + [ f
Solution rite (x-1) (x-2) (x-23) -1 T %2 * 3 clear o

fractions :

AX-2)k-3)+Bk-1)k-3)+Ck-1)k-2)=1

1 1
Substitute the special values 1 ,x=2 ,x=3, we get A =§, B=-1, C =§
1
1 5 -1 ;
O = + + _£
(X=-1) (x=2) (x=3) = y—q4 x-2 -3
Case (ii): Q ®) = (x=r)?(x—9)
. . A B C
The partial fraction decomposmon*rxs_—r + (X-1)? t %—s
- . . . . 4X2 B X_ 9
Example 5.67 (i) :Split into partial fraction X—1) (x+2)
Solution :
_ 4% - x-9 A B C
Write 7 \2/or o =

(X-12(x+2) = x-1 = (x-1? T x+2
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Clear of fractions :
AXxX=-1)k+2)+Bk+2)+Ck—1f=4*-x-9

Setx=1: 3B= -6 0B=-2

Setx =-2: 9C =9 gc=1

Setx=0: -2A+2B+C = -9 OA=3
4x* - x—-9 3 2 1

e r2) T(x-0) T (x-102 T (x+2)
Case (iii): Q ) = (x—r)3

A B C
The partial fraction decomposition*'rxs_—r + (x—1)? + (x—r1)°

4x- X +3

Example 5.67 (ii). Decompose into partial fractionw

_ 4x— X +3 A B C
Solution : W = 1 + (x-1)? + (x—1)°
O4x—x+3=AX-1y+Bx-1)+C
Setx=1,C=6
Setx=0,wegetA-B=-3
Setx=2,wegetA+B=1

Solving, we getA=-1,B=2

-X*+4x+3 -1 2 6
-7 T x-1 7 (x=2 T (x-17
Case (iv) :Q X) = (x—r) (x* + bx + ¢), where the quadratic factor has no

) . A Bx+C
factors. The partial decompositionis— + ————
X—r X +bx+c

X?-5x—-2
Example 5.68 Decompose into partial fractio ~3)(¢ +1)

Solution - Write A 4 BX¥C _x'75x-2
: a2 T 1 T (x=3)E+1)
olution :Write == + 277 = (x=3) (¢ +1)
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Clear of fractions :
AR+ +(B+C)x—3)=x-X-2
Setx = 3,10A = -8 DA-_—8-i1r
eX =3, A= “10 5
We could now substitute= 0 to determine C and then substitute xsayl
to determine B.

X2_5X_2 5 g 5

07 mgon=_5 +5 5
(=3 +1) " 573 T e

EXERCISE 5.14

Decompose into partial fractions :

9,2

2 X -X X+1
Lxoray 2% 32 % x(x-1)

2x-3 X2 X
5. (x+2)(x+3) 6. (2x+1)(2x-1) £ X% +2x+1

X x—1 X2+ x+1
8. x+D)(x+2)(x+3) 2 (3x+2)(x+ 3) (x+ 4) 10 =27 (x+ 2
3x*-1 X2

1. oy 12. 73 (2 D)

5.7 COMPUTATION OF SQUARE ROOT

The square root of a given number is another number which when multiplied
with itself results in the given number.

Similarly, the square root of a given polynomiat)R$ another polynomial
Q) which when multiplied by itself gives ®(

In the earlier classes you learnt to find square root of polynomials by
factorisation method. Here, we find square root by the method of division.

For polynomials of higher degree the method of division is very much useful.
This method is similar to the division method of finding the square root of numbers.
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We consider the first digit and take its square root as a starting step. At each
successive step, the next two terms in the given polynomial are to be brought down
for the division process, as in the case of numbers.

The following example explain the method:

Example 5.69 Find the square root of x4+ 12¢ + x2— 1% + 4

Steps for calculating square root of a polynomial by the method of division:
Arrange the given polynomial in descending powers of

2. Draw lines above and to the side of the polynomial as shown. The quotient is
written above the horizontal line and the divisor for each stage is written to
the left of the vertical line.

2%+ X-2
e I+ 12¢ + @ —-1X + 4
4
4 + 3X 12¢  + x2
12¢  + 9¢@
4% + 6x — 2 -&-1X+4
-8 -1X+4
0

3. The square root of the first term*4s 2¢, written as the first term of the
guotient above the horizontal line and also as the divisor to the left of the
vertical line.

4. The product of 2 above the horizontal line ans?®n the left of the vertical
line is 4* is written below the first termxdand subtracted.

5. Bring down the next two terms of the given polynomial to form the new
dividend 123 + X2,

6. Multiply the quotient £ by 2 and write the produck#to the left side of the
vertical line as the new divisor.

7. Divide the first term of the new dividend by the new divisor which is

12x3 : . . .
=X = 3. Now Xis the second term of the guotient and written to the right

> =
X

of 2x¢ above the horizontal line. Alsoxx3s written to the right of ¥ as

shown. Now #? + 3xis the new divisor.
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8. Multiply 4x% + 3x by X and we get 22 + 92 which is written below the new
dividend 123 + x2 and subtracted yielding the remaindené: 8

9. Bring down the last two terms to get the new dividend —8.% + 4.

10. Multiply the current quotient by 2 and we get-46x which is written to the
left of the vertical line as a part of the new divisor.

11. Divide the first term of the new dividend by the first term of the new divisor

-8x?
4X2 . . . . .
2% + 3x above the horizontal line and also to the right of the new divisor

4x% + 6X.

= -2 which is the last term of the quotient and is written to the right of

12. Multiply 4x* + 6x— 2 by —2 and write below the new dividend and subtract.

13. The remainder is 0. There are no more terms left in the given polynomial and
the quotient £ + 3 — 2 is the square root of the given polynomial.

Hence,/ax" +12¢ +X- 1x +4=2¢+ X -2

Example 5.70 Find the square root ok&+ 12xy + 92 + 16&x + 24y + 16
Solution : 2X+3y+4

2X 4% + 12Xy + 9% + 16K + 24y + 16
4x?
4x + 3y 12xy + 9y?
12xy + 9y?
4x + 6y + 4 16¢+ 24y + 16
16x + 24y + 16
0

H(-l'ﬂCE‘,\/4x4 +12Xy +9F + 16X +244 162X+ 3y +4

X X 2
Example 5.71 Find the square root ofggé +20 ; + 13- 30% +9 %
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. X 3y

Solution: 2 +5—-——

y X
2x NG X X y y?
— |4 +20_ +13-30— +9 =
y 7 +20, +13-30° +9

X2
4?
X X
4— +5 20— + 13
y y
X
4+
20y 25
X 3 2
47 +10 - “12-30L v oL
y X X X
y Y
~12-30% +9 >
X X

0

2 2X
Hence 4L2+205 +13 30¥+% = +5—ﬂ
y y x X X

Example : 5.7Uf 9x* + 12¢ + 28¢ + ax + b is a perfect square, find the
values ofa andb.

Solution : 3+ 2X+4
3x? oOx*+ 128+ 28¢ +ax+b
ox*

6x% + 2X 122 + 28¢2

12¢ + 4¢
6X2+4x+ 4 242 +ax+b

24¢ + 16K + 16
0

Because the given polynomial is a perfect square.
0 a=16 andb = 16.
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Another method :

Detatched coefficient Method
Example 5.72 Find the square root of — 10¢ + 37 — 6(X + 36

Method : Arrange the given polynomial in descending powet W¥rite the
coefficients ofx?, X3, X%, x and constant in a line. Proceed with the same steps as
explained in example 1.

Solution : 1 -5 6

1 1 -10 37 —60 36
1

2 -5 -10 37

-10 25
2 -10 6 12 —-60 36
12 -60 36

0

As the degree of the given polynomial is 4, the degree of its square root must
be 2.

Hence, \/x* —10x® + 3752 — 60x+ 36 = X2 — 5 + 6 (written using the
numbers 1, -5, 6 above the horizontal line).

2

X X 2
Example 5.73 Find the square root OV -10_ +27 - 10% + y_2

y X

Solution : 1 -5 1

1 1 -10 27 -10 1
1

2 -5 -10 27

-10 25
2 -10 1 2 -10 1
2 -10 1

0
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X! 10X y, Y X y
—-10— +27-16-+= =1(")- =
Hence \/y2 y TR 1(y) 5+1(X)

X y
_y_5+x

EXERCISE 5. 15

I. Find the square root of the following :

(@)x*+10¢ + 312+ 3k + 9 b)K -6+ Mm-—X%+1

(c)4 +2%° -1 - 24° + 16" (d) 16¢* — 24¢y + 492 — 3y + 25/
X2 X 2 X X 2 2

(e)47+8§+16+12%+9% (f)7+2§+%+3+7y

II. Find the value of a for the following polynomials to be perfect squares.

() 4 —-12¢+3m—-4X +a (b) x* — 4C + 10 —ax+ 9
[ll. Find the values of a and b if the following polynomials are to be perfect squares.
(@) X*+ 4+ 16¢+ax+b (b) 49¢ — 70¢ + 109¢ + ax—b
X4 2(3 (§)2+ +b di £+1_3+3+b
(C) - - 2 X ax () X4 _XS X2 X

5.8 QUADRATIC EQUATION

An equation of the forrax? + bx +c = 0, wherea, b, c are real numbers with
a# 0 is called a quadratic equation in the variable

A value ofx which satisfies a given quadratic equation is called its root (or
solution). Every quadratic equation has two and only two roots, may be distinct or
equal. By solving a quadratic equation, we mean finding its roots and forming the
solution set containing them.

5.8.1 Solving Quadratic Equation by Factorisation Method.

In this section, the method of factorisation is applied to solve quadratic
eguation. This method can be used when the quadratic equation can be factorised
into two linear factors.
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Example 5.74 Solve the quadratic equatior’2 5x— 25 =0
Solution: 2 +5—-25 =0

O 2¢+1X-5x—-25 =0

O 2X(x+5)-5+5) =0

O (2x-5)k+5) =0

O 2Xx-5=0 or x+5=0

O x=§ or Xx=-5
2

5
Hence the roots of the given equation are=>5,

2
[Note: If ax b =0 eithera= 0 orb = 0]
Example 5.75 Solve 22 = X
Solution : 22 = 3X
O 2¢-X =0
O X(2x-3) =0
g x =0 or X-3=0
U x =0 or X= §
2

O Solution set i E) 3%
ution set is[Ms =
O 20

Example 5.76 Solve /32 + 11x + 6,/3 =0

Solution:  /3X¥+11x+6,/3 =0

0 3R+ X+ 2X+63 =0
0 J3X(x +33)+2&+33) =0
O (x+33) (3x +2) =0
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-2
O x=-33 or X=73

O =20
0 Soluti i T3V3, —=[
Solution set I%_ Nels

2X 1 3x+9
Example 5.77 Solve;3 + %+ 3 + Wm =0
Solution : Obviously, the given equation is validxi# 3z 0 and X+ 3£ 0.
Multiplying throughout by X — 3)( + 3), we get
2X(2X+3)+1k-3)+X+9 =0
42+ 1x+6 =0
(iie.,)2¢+5x+3 =0
2¢+X+2X+3 =0
X(2x+3)+1(x+3) =0
(2x+3)k+1) =0
But %+3%0
So x+1=0
Ox=-1

O the solution setis { -1}

Example 5.78 Solve \/2x+9 = 13 —Xx

Solution : J2x+9 =13 —x
Squaring both sides, we get
2x+9 = (13 x)? Remark : Clearly we have to
, find those solutions for which
2x+9 =169 —26 +x 2x+9>0and 13 x> 0. Since
X+ 9—169 + 26— =0 x = 20 does not satisfy thesp
conditions, it is an extraneous
—X?+2&—-160 =0 root. 0 x = 8 is the only root
X2 — 28+ 160 =0 of the given equation.

(x—8) &k—20) =0
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Xx-8 =0 orx =20=0
X =8 or x=20

Butx = 20, does not satisfy the given equatiorns s@®0 is rejected. Hence
the solution setis {8 }.

Note : When squaring on both sides of the equation is done, the roots of the
final equation must be checked to determine whether they are roots of the original
eqguation or not.

Although no root of the original equation will be lost by squaring but certain
values may be introduced which are roots of the new equation but not of the original
equation.

EXERCISE 5.16
Solve the following quadratic equation by factorisation method.
1. %-16=0 2. (+3)(X-7)=0 3. K-2§-25=0
4. (y+3r=81 5. y¥-5=0 6. a?222-b*=0

7. 4P +4y+1=0 8. -%-12=0 9. 4/5x¢+ 735 =0

8
10. 3¢ -X-2J3 =0 1L 3¢-6)=yy+7)-3 12 8- =2
X x-1 1
13'x_—1+7 :25 14. /3x+4 =x 15. X(x=7)=3/2
16. a2 b? x2 2+ x+1=0 17 D_Eﬁ—a—z
AR =0 AT HTGH T e

5.8.2 Solving Quadratic Equations by the method of completion
of square

Every quadratic equation can be solved by completing the squares. The
examples below illustrate this process.

Example 5.79 Solvex? + X +1=0
Solution : x2+3x+1=0

1
We add and substrac]z-(coefficient ofx) 2in LHS and get
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X2+3X+1+E§§_5E§E =0
B0 Bd md
7 v Bl -] =0
B0 mgd md
SR it AR
0.3d 9
- IR TR R
. 0,30 _5
020 T3
U x+g =i§
. -3++/5
2
Example 5.80 Solve, Using the completion of square method.
2¢+5—-3=0
Solution : 22+ 5x -3 = 0.
5
[l X2+§ — =0
. 0,50 50
d "ad THab

O

m

+

NIy
Nl M0, Nloo N w

N

©

X
+

X = or =3.
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5.8.3Solution of quadratic equation by formula method

Some problems are easily solved by using a formula. Such in the case for
solving quadratic equations. There is a formula that allow you to quickly write
down the solution of any quadratic equation called the quadratic formula which is
developed below.

Consider the general quadratic equatsh+ bx + ¢ = 0, wherea, b, c are
real anda# 0. To find the formula, solve the equation by completing the square. We
have,a@ +bx+c=0

Dividing throughout by, we get

c
X+ —-x+—- =0
a
X+ — X+ gbg_ ¢ + Ob [completing the square method]
a Jal ~ a ad] pieting d
n.bd - B
X+ — = — + —
5 2a a 4a
0. bd -dac+?
X+ — = —
H " 2a 4a°
0. bd b*-4ac
X+ — =
E 2a 4a°
X+£ _ +Jb? -4ac
2a 2a
. = b . Vb®-4ac
T 2a 2a
« _~btJb*-4ac
2a
— 2_ — — —
Oy = b+\/2b 4ac andx = b \/zb2 4ac
a a
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-b+b*-4ac

Hence the quadratic equatia® + bx+ ¢ = 0 has solutiox =

2a
Example 5.81 Solve using the quadratic formula
X¥—4+1=0
Solution : x2—4+1=0
Comparing it withaxt + bx=c =0, we gea=1,b=—-4,c = 1.
By using the formula, x = ThEyb —dac .2b;—4ac we get
. (-4 £ /(-ay - 411
2.1
_ 41;/?2 _ 4122\@: 243
Hence the roots of the given equation are Z3 2 —./3
Example 5.82 Solve L + 2 = 4
X+l x+2 X+4
Solution : L + 2 = 4
X+1 x+2 X+4
1(x+2)+ 2(x+ 1) 4 3x+4 4
(x+D(x+2) " x¥4 T (x*D(x+2) T x+4
O Bx+4)k+4) =4&+1)K+2)
O I+ IX+4X+16 =4+ 2X+Xx+2)
O 3+ 16+ 16 =42+ 1%+ 8
O X¥—4&—-8 =0
Comparing it withax? + bx+¢c =0, we ged= 1 ,b=—-4,c= -8
0x = ThEyb —dac /b -4ac (quadratic formula)

2a

_ (-4t /(-47 - 41¢8)
2.1
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_ 4%./16+32  4+./48 443
- 2 2 2

0 x=2+23

Hence the roots are 2 /3,2 — 2,/3.

Example 5.83 Solveab¥ — (@ +b)>x+ (@+h)>=0
Solution : ab¥ — @+ b)>x+ (@+hb)?=0
Comparing it withAXX + Bx+C =0

We haveA =ab,B=—-@+b)?, C=(a+Db)?

-B++/B*-4AC

2A

O x

(a+b)?+\(a+ b -4ab ar b’
2ab

_(@a+b?=J(a+ B*[(a+ > -4 ab
B 2ab

_ (a+b?+(a+ H? (a- Bh?
B 2ab

_(atb’x(atbh(a b
X = 2ab

_(atb?x(a’ - 1)
X= 2ab

_ (a+b)?+(a - b) _(a+b*-(a- 1)
B 2ab or x= 2ab

a’+b’+2ab+ &- orx = a’+b’+2ab- &+ I
2ab - 2ab
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1.
3.

7

9.

_2a’+2ab or x= 220% 20
~ 2ab ~ 2ab
_2a(a+h) _ 2b(a+h)
~  2ab o X="%
a+b a+b
= — or x= ——
b a
h Iuti Oa+b a+bg
Hence the solution % b ' af

EXERCISE- 5.17

I. Solve the following quadratic equation using completion of square method.

X+ 1+ 9=0
5¢ + 14« = 55

5x+7
Xx-1

=3X+2

2. ¥—4&-45=0
4, 15=1X+ 4¢

. Solve the following quadratic equation using quadratic formula :

XX+ 2X%-2=0
22-X-5=0

(x-3F = 26+ 4)

. JXx+5 =2x+ 3

332 —abx— 2?=0

11. 4@ — 4’ + (@' —b) = 0
13. 36¢ — 12ax+ (@ —b) = 0

2.¥-&x-3=0

4. #+7x+2=0

6. 3¢+2/5x-5=0

8. a(+1)=x(a+1)
10.42-2 @ +)x+ @ b2 =0
1222+ (PP —) x—f=0

5.8.4 Problems leading to quadratic equations

In this section, we will discuss some simple problems on practical applications
of quadratic equation. In this we have to form the equation based on the given
condition and then to solve the equation.
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Example 5.84 The sum of the squares of two consecutive natural numbers
is 313. Find the numbers.

Solution : Let the two consecutive natural numberslaadx + 1,

Then, X2+ (x+1¢ =313

O 2%+ 2x—-312 =0

O X +x—-156 =0

O (x+13)k—-12) =0

g x+13 =0 ox—12=0
U x =—13 or x=12

Sincex, being a natural number, cannot be negdfive= 12. Hence the two
consecutive natural numbers are 12 and 13.

Example 5.85 The sum of two natural numbers is 8. Determine the numbers,
8
if the sum of their reciprocals is: .
[ u [ ip 5

Solution : As the sum of two natural numbers is 8, let the numbexsibd
8 —x. Then

1,1 8
X 8-x 15

8 8

U X@8-% 15
O Xx(8-x) =15
O x-&+15 =0
0 x=3o0rx=5

Whenx = 3, the numbers are 3and 8 -3 (i.e.,) 3and 5
Whenx = 5, the numbers are 5and 8 -5 (i.e.,) 5 and 3.
Hence the required numbers are 3, 5.

Example 5.86 The denominator of a fraction is one more than twice the

16
numerator. If the sum of the fraction and its reciprocala'i Zind the fraction.
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Solution : Let the numerator of the fraction Rethen its denominator is

X
2x +1 . So the fraction im.

X 2x+1 16
+ =2

Then

2x+1 X 21
X*+(2x+1 58
. (2x+1)x 21
O 58 (2x+ 1) =21 2+ M2+ 4x+ 1)
U 116¢ + 58 =105¢ + 84x + 21
O 1 -26¢—-21 =0
U =3 or _ !
X =3 orx= 7
O x = 3 [sincex is a natural numbef] x> 0]
. . x 3 3
0 Required fraction il 2Q)+17 7

Example 5.87 A two digit number is such that the product of its digits is
12. When 36 is added to this number, the digits are interchanged. Find the number.
Solution : Let the units digit of the two digit number ke

12
Since the product of its digits is 12, its tens’ digit—)n;s
O Th ber i 1Dl2D+
e number is (E;E X.

. . . 12
On interchanging the digits, the number =>1)O4(;
Gi 10Dl2D+ +36 =10 +l—2

iven, B;E X =10%) "
120

12
g — +x+36 =1+ —
X X
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120 +x% + 36k = 10¢ + 12
X¥—4—-12 =0
X—6 =0ox+2=0

X 0O o g

=6 orx = -2, but x being a digit of a number cannot be negative

Ox =6

12
O Unit’s digit = 6 and ten’s digit = "6 " 2

Hence the required number is 26.

Example 5.88 The hypotenuse of a right angled triangle is 17cm and the
difference between other two sides is 7 cm. Find the other two unknown sides.

Solution : Let the one side becm. since the difference between the two
sidesis 7 cm,
O other side =X+ 7) cm.

As the given triangle is a right angled triangle with hypotenuse = 17cm, by
using Pythagoras theorem, we get

X+ (X+7) =(17¥

O X2+ 7x—120 =0
0 (x+15)&-8) =0
g Xx+15 =0ox-8=0
x = =15 orx = 8 butx cannot be negative.
Ox =8

Hence the two sides of the triangle are 8 cm and 15 cm.

Example 5.89 A train covers a distance of 90km at a uniform speed. Had
the speed been 15 km/hr more, it would have taken 30 minutes less for the journey.

Find the original speed of the train.
Solution : Let the original speed of the trainokm/hr,

90
0O time taken to cover a distance of 90 km§= hrs
The new speed of the train x« 15) km / hr
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90
O new time taken to cover 90 km—= hrs.
X+15

Since the train takes 30 minutes (i.e.,) hour less,

% 0 _1 Si 30 '—lh
x " x+15 2 [Since mln-2 r

90(x+15)- 9X 1

O

X(x+15) " 2
0 2[90x+ 1350 — 98] = X2 + 15
O 2700 ¢ -1% =0
O X2+ 15%—-2700 =0
0 (x+ 60) k= 45) =0

0 x =— 60 orx = 45 butx cannot be negative
U x =45

Hence the original speed of the train = 45 km / hr.

EXERCISE 5.18

. Find two consecutive positive odd numbers, the sum of whose squares is 802.

1
. The sum of a number and its reciprocal :';,%2 Find the number.

n(n+1
. The sum S of first n natural numbers is given by the formula—ézz—) If S =231,
find n.

. The difference of the squares of two positive numbers is 45. The square of the smaller
number is four times the larger number. Find the numbers.

. The product of two successive multiples of 4 is 28 more than the first multiple of 4.
Find the multiples.

. Divide 16 into two parts such that twice the square of the larger part exceeds the
square of the smaller part by 164.

. Atwo digit number contains the smaller of two digits in the units’ place. The product
of the digits is 24 and the difference between the digits is 5. Find the number.
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8. A two digit number is such that the product of the digits is 18. If 27 is subtracted
from the number the digits are interchanged. Find the number.

9. The sum of the ages of a father and his son is 45 years. Five years ago, the product of
their ages (in years) was 124. Determine their present ages.

10. The sides of a right angled triangle axe-2L X%, and X + 1, Findx.
11. The perimeter of a rectangle is 36 cm and its area is 80 sg. cm. Find its dimensions.

12. An aeroplane left 30 minutes later than its scheduled time, and in order to reach its
destination 1500 km away in time, it has to increase its speed by 250 km / hr from its
usual speed. Determine its usual speed.

5.8.5 Nature of Roots

b++b?-4ac

The roots of the quadratic equatiaxt + bx+c =10 are— a

The nature of the roots depends on the valbé-eflac. The value of the expression
b? — dac discriminant the nature of roots and so it is called the discriminant of the
guadratic equation. It is denoted by the synbol

Discriminant A =b?—4ac Nature of roots
1. A > 0 but not a perfect square. Real, unequal and irrational.
2. A >0 and a perfect square. Real, unequal and rational.
3. A=0 Real and equal
4. A<O Unreal.

Example 5.90 Determine the nature of the roots of the following quadratic
equations : (@)2+x—-1=0; (b)¢—4&X+4=0;(c) 22+5+5=0

Solution : (a) 2¢+x-1=0
Herea=2 ,b=1,c=-1
OA =b*-4ac
=2-4)2)(-1)=1+8=9
SinceA > 0 and a perfect square, the roots of the given equation are real,
distinct and rational.
(byx*—4x+4=0
Herea=1,b=-4,c=4
A =b?—4ac=(-4% -4 (1) (4)=16-16=0
SinceA = 0, the roots of the given equation are real and equal.

191



(c)2¢+5%+5=0
Herea=2,b=5,c=5

A=b?’-4ac=%-4(2)(5) =25-40=-15
SinceA < 0, the roots of the given equation are unreal.

Example 5.91 If p, g, r are real ang # q, then show that the roots of the
equationp—qg)x*+5 p +qg) x—2 (p—0q) = 0 are real and unequal.

Solution: (p—-q) X +5P+q)x—20-q) =0
Herea=p-q,b=5p+q),c=-2p-q)
OA =b-4ac=25(p+0)’-40-09(-2) -0
=25p+q);+8p-q)y
Itis clear that 25+ g)? >0 and 8 —q)>> 0
OA =250p+0Q)?+8(pP—-0)?3>0
Hence the roots of the given equation are real and unequal.

Example 5.92 Show that the roots of the equation
X2+ 2@+ b)x + 2@ + b? =0 are unreal.

Solution : x2+2@+b)x+2 @ +b?) =0
HereA=1,B=2@+h),C=2@+b?
OA=B>-4AC=[2@+b)]?-4(1)(2) &+
=4 @ +2ab+b’) —82-&?

=—4a’+ 8ab- 4p?
= 4@-2b+)
=—4@-by

Since & —h)? is positive , -4 —b)? is negative.
Hence the roots are unreal.

Example 5.93 Find the value df for which the given equationk®+ 3x+4=0
has real and equal roots

Solution : 9%+ 3kx+4=0
Herea=9 ,b=3,c=4

Given : The equation has real and equal roots
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O A =0
O b*>—4ac =0
0 (3k32?-4(9)4) =0
O oke—144 =0
O 9% =1440 k®=16 O k=x4

Example 5.94 Find the value ok for which the equation
(k—12)x* + 2 kK—12)x + 2 = 0 has equal roots.

Solution : (k— 12+ 2k—-12)x+2=0
Herea=k-12 b=2 k-12),c = 2.
Given : The equation has equal roots
OA=0
(.e.,)b*>—4ac =0
O 2k-12F-4k-12)(2) =0
0 4k-12) k—-14) =0
k—12 =0 ok-14=0
0 k =12 ork=14

Example 5.95 Find the value df for which the equatior? — 4x + k= 0 has
distinct real roots.

Solution : x*—4x+k=0
Herea=1,b=-4,c=k
O A=b?-4ac = (-4f—4.1k=16 — &
Given : The equation has distinct real roots
OA>0 0O 16-4k>0
O0-4k>-16 Ok<4
Hence the equation will have distinct rootss # 4.

EXERCISE 5.19

I. Determine the nature of roots of the following quadratic equations.

() x-1)(x-5)=0 (i) 26 -X+4=0
(ii)3x¢-2/6x+2=0 (iv)§x2—§x+120
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(V) (x—2a) (x—2b) = 4ab (vi) 9a??x? — 24abcdx+ 16c°d? = 0,az0b # 0.

II. Find the values ok for which the roots are real and equal in each of the following

equation :
()2 - 1x+k=0 (i) 12¢ + 4kx+ 3 =0
(i) 22 —kx+1=0 (iv)ké -5x+k=0

WMXR-2XA+H)+7@B+X=0(W)K+1)x®*-2k-1x+1=0
[l Find the values ok which the equatiokx — 6x — 2 = 0 has real roots.

IV. 1. If the equation (1 ¥7) X + 2mcx + (¢ — &) = 0 has equal roots, prove that
ce=a? (1 +nmd).

2. |Ifthe roots of the equatiob £¢) X2 + (c—a) x+ (a—b) = 0 are equal, then prove that
2b=a+c.

3. If the roots of the equatioa®(+ b?) X2 — 2 @c + bd) x + ¢ + d? = 0 are equal, prove

thtE—E
aty =4~

4. |If the roots of§—b) X2 + (b—c) x + (c —a) = 0 are equal, prove thaa2 b +c.

5.8.6 Relation between roots and coefficients

Consider the general quadratic equatad + bx + ¢ = 0, Where
a, b,c0R,anda# 0.

Coefficient ofx? isa ; coefficient ofx isb ; contant term is.

-b++/b* -4ac

2a

We have, X =

Let the two roots ba andf

o = -b++/b* -4ac

2a

Let

—] — 2_
and [ = b \/Zba 4ac

b+ B dac | -b-\BPdac 2

then, Sum of the roots és+ 3 = —
2a 2a 2a

-b  —Coefficientofx
‘a _ Coefficientofx

a+p =
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Product of the roots :

b+ b? - 4act B-b-b? - 4acH

®=H = [ = f

(-b)? -(\/ b’ -4ac)2 _ b’ - (b’ -4ag

4a® 4a’°

dac
4a°

c Constantterm
ap = a _ Coefficientofx?

Formation of quadratic equation with given roots

Sincea andp are the roots of the quadratic equatieh+ bx + ¢ = 0 where
ab,cORandaz0

x—a)=0andx-pB)=0
O x—a)x=pP)=0
X¥—@+B)x+af=0
O The required equation i¥? — (sum of the roots) + (product of the roots) = 0
Example 5.96 Find the sum and product of the equatigh-2x + 1 =0
Solution : 22 -4x+1=0
Herea= 2, =—4, c=1

b _ ~(-4)
Sum of the roots =g =——— =2

(@]
NIk

Product of the roots = =

Q

1
Example 5.97 If one root of the equatiorx3— 1k +3 =0 isé, find the

other root.
Solution : 3x*-1Xx+3=0

Herea=3, b=-10, c=3.
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Let the two roots ba andf

Oa+ b _ (109 _10 ._¢
O(B_a_ 3 _3’0([3_a

Supposeq = é
O % B =10 B =30 the other root is 3.
Example 5.98 if a andp are the roots of the equatiox*3 5x+ 2 = 0, find

the value of (i)g + E (i) a =B, (iii) a_z + B—Z

B « B«
Solution : 3 - +2=0
Comparing withax + bx+ ¢ =0,
a=3, b=-5 c=2

a andp are the roots of the equation.

D0(+[3-_—b-ﬂ-§andO(B-E-Z
a3 3 ~a 3
0 % +§ _a 0(+B[3 _ (a +B;B—2a[3 ffrom (a +B)? = o + B? + 2]
5 _,020 25_4
_Bed “HsH.
= > 2
3 3
_25-12 3 13 3 13
9 2 9 2 6
(i) a -
Consider ¢ —B)?= (a + B)?>—4ap
_ 0 @0
= BH ~*HBE
_25_8
9 3
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_25-24 1

9 9
O sl
a—-B =5
(iii) 0;3 +E5; _a o(+BB
_ (@+p)°-3ap (@ +p)
= [from (o +B)® = a3+ B3+ 3a2B + 3ufRY
ap
(601 _ 0201150
B4 %% HE s
= 2 ~ 18 (on simplifying)
3

Example 5.99 Form the equation whose roots are /3 and 7 — /3

Solution : Given roots are 7 /3 and 7 —/3
O Sumof theroots =7 /3 +7-./3 =14
Product of the roots = (7 4/3 ) (7 —+/3)
= (TP - (J3)?= 49-3=46

The required equation is
X% — (sum of the roots) + (product of the roots) = 0

0x—1&+46=0
Example 5.100 if a andp are the roots of the equatior?3- 6x + 1 = 0,

1 1
form the equation whose roots are éi), E (i) a2B, p2a, (i) 2a + B, 2B +a

Solution : 3x*—-6&x+1=0
c

_~b_=(=6) _ _c_1
a+p = - 3 =2 anduB—a_3
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1 1
i) Given roots are—, 5
(i) Given ro sara B

S f th = L Bra —2] 2x3=6
= 4+ - = = = X =
um of the roots o B GB ﬁ
Product of th t L, 2 L L 3
= X T = L = =
roduct o e roots o B GB

X2 — & + 3 = 0 is the required equation.
(ii) Given roots arex?B, B%a
Sum of the roots =2 + 2
1 2
=aB@+p) =5 (2=,

Product of the roots &B) (B2a) = a® B2 = (af)?

_md_1
“HBH T 27
X2 — (sum of the roots¥ + (product of the roots) = 0
(i.e.,)x? 2 x+i =0
ST TRt 21 T

O 27— 1& + 1 =0 s the required equation.
(iii) Given roots are @ + 3, 23 + o
Sum of the roots =@+ + 23 +a
=30 +3P=3 0 +p)
=3((@2)=6
Product of the roots = @+ ) (2B + a)
=40l +20%+ 232+ af
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=5ap + 2 [(@ +B)* - 2]

_5,,0,.20_2
=3 *2H3E= 3
X% — (sum of the roots) + (product of the roots) = 0

25
O X2—6(+§ =0

0 3x*— 18+ 25 = 0 is the required equation.

Example 5.101 If one root of the equatiof — 3 + = 0 is twice the other,
find the value of.

Solution : x¥*—3X+q=0

Leta and 21 be the roots.

a+2a =3
0 30 =3
0 ao=1
Also ao.(20) =q
202 =q
2 =¢q (Sincea = 1)

EXERCISE 5.20

1. Find the sum and product of the roots of the following equations :

(@) *-&+5=0 (b) k@ +rx +pk=0
() ¥—-5%=0 (d) 8¢-25=0
2. Form the equation whose roots are
442 4-42

(@ 3.4 B)3H7,3-7.(0 ", —

3. If a andp are the roots of the equatior*3- 6 + 4 = 0, find the value af? + [32.

B

a
4. If a andp are the roots of the equatior’2 5 — 12 = 0 find the value ob- + a
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[

. o andp are the roots of a quadratic equation suchahaff = 8 anda — 3 = 8. Find
the quadratic equation.

. Form the equation one of whose roots is — 5 and sum of the roots is — 2.

7. If a andp are the roots of the equatigh— 3x — 4 = 0 form the equation whose roots

10.
11.
12.

B

1 1 a
are(a);, E,(b)g, a

. If a andp are the roots of the equatigt+ 8x = — 15 form the equation whose roots

are(a + ) and3a.

. If a andp are the roots of the equatigh- 2x + 7 = 0, form the equation whose roots

area?B, af?
If one root of the equationk?—ax + 64 = 0 is twice the other, firal
If one root of the equation®+ kx— 81 = 0 is the square of the other, find

If a and are the roots ofX8 —px+ 1 =0 andx — = 1 findp.
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6. MATRICES

6.1. INTRODUCTION

One of the biggest problems in applying mathematics to the real world is
developing a means of systematising and handling the great number of variables
and large amounts of data that are inherent in a real life situation. One step in
handling large amount of data is the creation of a mathematical model called
Matrices.

Matrix algebra was originated by the English Mathematician Arthur Cayley
(1821 - 1895) in his work ‘A Memoir on the Theory of Matrices’ published in
1858. The term ‘matrix’ was first used in 1850 by the English Mathematician
James Joseph Sylvester (1814 - 1897) a life-long friend and collaborator of Cayley
in Mathematics.

It has applications in Operations Research and Psychology. Apart from these,
matrices are now indispensable in the branches of Engineering, Physical and Social
Sciences, Business Management, Statistics, Modern control systems and
Cryptography.

It is a powerful tool in modern mathematics. It has wide applications.
Demographers use matrices in the study of births and survivals, marriage and descent,
class structure and mobility, etc. Matrices are more useful for practical business
purposes. The matrix form suits very well for games theory, allocation of expenses,
budgeting for by-products, etc. Economists now use matrices very extensively in
‘social accounting’ ‘input-output tables’ and in the study of ‘inter-industry
economics’.

Let us consider the following illustration :

In an elocution contest, a participant can speak one of the five languages.
Hindi, English, Punjabi, Gujarati and Tamil. A college (No. 1) sent 30 students of
which 10 offered to speak in Hindi, 9 in English, 6 in Punjabi, 3 in Gujarati and the
rest in Tamil. Another college (No.2) sent 25 students of which 7 speak in Hindi, 8
in English and 10 in Punjabi. Out of 22 students from the third college (No. 3) 12
offered to speak in Hindi, 5 in English and 5 in Gujarati.
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The information furnished in the above manner is somewhat cumbersome. It
can be written in a more compact manner if we consider the following tabular
form :

Hindi English Punjabi  Guijarati Tamil
College 1 10 9 6 3 2
College 2 7 8 10 0 0
College 3 12 5 0 5 0

The number in the above data are said to form a rectangular array. In any
such array, lines across the page are cedded and lines down the page are called
columns.Any one number within the arrangement is called an entry or an element.
Thus in the above data there are 3 rows and 5 columns and hence
3 x5 =15 elements. If it is enclosed by a pair of square brackets then

10 9 6 3 2
0
D?SlOO(E

H2 5 0 5
Since it has 3 rows and 5 columns it is said to be matrix of order 3 x 5 (read

as ‘3’ by ‘5’) matrix. It may be noted that a matrix can have any number of rows
and any number of columns.

is called a matrix.

Definition : A matrix is a rectangular array of numbers arranged in rows
and columns enclosed by a pair of brackets and subject to certain rules of
presentation.

Sometimes a pair of brackets [ ], or a pair of double vertical lines || || are
used instead of a pair of parantheses.

Example : First Second  Third
column column column

First row

(B 1 0O

Secondrow—% 5 Gglsamat”X.

This may also be put as
B 1 0O

31
b s e @) HZSZ‘
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Notations : A matrix is usually denoted by a capital letter and its elements
by corresponding small letters followed by two subscripts, the first one indicating
the row and the second one the column in which the element appears.

6.2 ORDER AND FORMATION OF MATRICES :

A matrix havingm rows andh columns is called a matrix of orderx n or
simplym x n matrix (read as am by n matrix). In general am x n matrix has the
form.

(B, &, ... a; ... a, E
%\ﬂ Ay e 8y e a
0 : O
O O
A= P18 oo g e an
0- O
O O
B 8 o - IR B

Wherea,,, a,,, ... stand for entries of the matrix. The above matrix can also
be written in @ more concise form as :

A=[4q]

wherei =1,2,3,..m, j=1,2, 3,..nand where, is the element in the
i row andj™" column and is referred ais j)*" element.

m 3 50
_ O
[llustration : Consider A =%) 5 9D

11 -1

mxn

Clearly A is 3 x 3 matrix.

Herea, K = 1 (i.e.,) the element which occurs in the first row and first
column = 1.

a,,= 3 (i.e.,) the element which occurs in the first row and second column = 3.

Similarly, we have

;= 5’a21 = O’azz = _5’a23 = 9’631 = 7’a32 = 11’a33 =-13

Example 6.1 :Construct a 3 x 2 matrix whose elements are given by
a, =i+3.

Solution : The general 3 x 2 matrix is given by
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(8, a12%
A= O 2Q
B s,
Now, sincealj =i+ 2, we have
a,+1+2(1)=3 a,=1+2(2)=5
a,=2+2(1)=4 a,=2+2(2)=6
a,=3+2(1)=5 a,=3+2(2)=7
Hence, the required matrix is given by

3 50
0
A= %‘ 6|:|
EIN(E
Example 6.2 A matrix has 10 elements. What are the possible orders it can

have ?

Solution : We know that if a matrix is of orden x n, it has mn elements.
Thus to find all possible orders of a matrix with 10 elements, we will find all
ordered pairs the product of whose numbers is 10.

Thus, all possible ordered pairs are (1, 10), (10, 1), (2, 5), (5, 2)
Hence, possible ordersare 1 x 10, 10 x 1,2 x 5,5 x 2,
1 -1 30 . _
Example 6.3 If A= [JFind the order of the matrix. Also, find
2 o seh
the elementa,, anda,,.

Solution : Since the matrix A has 2 rows and 3 columns, it is of order
2 x 3. The eleme,, is the element in second row and first column whichis 2. The
element,, is the element in first row and second column is 1.
Oa, =2, a,=-1.
Example 6.4 Construct a 2x2 matrix A all] whose elements are given by

@ 0 @+iy . (-2f

0) =5 ©
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Solution : The general 2 x 2 matrix is given by

o B 2D
- %21 [
_(i-j)
@ A
_ -1
a, = — = 0
_@-2p (1 1
a12 - 2 - 2 -
_ -y 1
T T2
_(2-2y _
a, = 2 =0
%) 10
20
Hence the required matrix is A%l E
B B
_(2i+]y
® %72
_(2+1y 9
a, = 2 - 2"
_(a+1y _ 25
&, = 2 - 2
09 O
o 0
O The required matrix is A -Egs E
— 18
B2 —H
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2

where I<i<2,1<j<2

,Where I<i<2,1<j<2

_(2+2)2_ES
2 T2
_(4+2y 36
o2 2

=8

=18



_ (-2

(c) 3, > where i<2,1<j<2
_@-2 1. _@-4 9
a, = 2 - 2" a, = 2 - 2
_ (-2 . _@2-4r _
a?l - 2 =0; a22 - 2 =2
L 90
. XAl 20
Hence, the required matrix A O
0 20
EXERCISE - 6.1
1. Find the order of the following matrices :
2 3 5 1 -2 1 -10
0 1 -12 4
3 0 2 -2 0
(a) _Eﬂm[ ) (©) (d)
B 6 -17®(3 60 5 7 _g 3 -3 1

2. If a matrix has 8 elements, what are the possible orders it can have ? What if it has 5
elements ?

3. Construct a 3 x 3 matrix whose elements are given by
i

@a =ixj ()a=7 (©)a, =2 -]
4, Construct a 3 x 2 matrix whose elements are given by
()3 =3 %3 b)g=i-2 (g =i
3-j i +4]
@a=—= ©a =" ) a =17
a 4 -1
5. LetA= [au.] = & 6 5H Find the order of the matrix. Also find the elememts
anda,,.
. | —_1
6. Construct a 4 x 3 matrix whose elements area”.(aé 21 + I— ; (b) a =iy j ;
J
, |2-3 | [-3+] |
(©)a =i;(d)a = — ;(e)a, = R
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6.3 TYPES OF MATRICES

In this sub-section, we shall define certain types of matrices.

1. Row matrix : A matrix is said to be a row matrix if it has only one row
and any number of columns.

Forexample [5 0 3]is arow matrix of order 1 x 3.

2. Column matrix : A matrix is said to be a column matrix if it has only one
column and any number of rows.

020
0 3D
For examplell “Lis a column matrix of order 3 x 1.
6

3. Square matrix : A matrix in which the number of rows is equal to the
number of columns, is called a square matrix. Thasa matrix will be a square
matrix if m=n.

)
1
Thus E?? azzgxz &

2 30
For example,% OH’ [5] are all square matrices of orders 2 and 1

8y
O
2 9 are square matrices.

2 a33

1 2

S » o

respectively.
4. Zero matrix or null matrix : A matrix is said to be a zero matrix or null
matrix if all its elements are zero.

M 0 0O
For example [O],%) 0 0%are all zero matrices, but of different orders.

We denote zero matrix by 0.

5. Diagonal Matrix : A square matrix, all of whose elements, except those
in the leading diagonal are zero is called a diagonal matrix.

(i.e.,) A square matrix A :aL] is said to be diagonal matrixeinl‘j =0 for
i Z].
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For example,

@OOD

‘3B gr) 3 OD are diagonal matrices of order 2 and 3 respectively.

M 0 2

6. Scalar matrix : A scalar matrix is a diagonal matrix whose principal
diagonal (or) leading diagonal (or) main diagonal elements are equal.

2 00 _
Example : %) oHisa scalar matrix of order 2.
il

B 0 OO
%) 3 OE is a scalar matrix of order 3.
0

7. ldentity matrix : A square matrix in which elements in the main diagonal
are all ‘1" and rest are all zero is called an identity matrix or unit matrix.

Thus, the square matrix A al is an identity matrix if

Dl if i =

! H 0 if i #]
A unit matrix of ordemn is written as |

o 0 0O
i OD %) OS

I, = %) 1B s are identity matrices of order 2 and 3
. P o0 19

respectively.

8. Transpose of a matrix :;The matrix obtained by interchanging rows and
columns of the matrix A is called the transpose of A and is denoted by A' or A
(read as A transpose)

For example,
B 20
O 1 O B 4 70
A= then AT = O
@3 } 2 1 -5,
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Symbolically if
A=(), . then A =(a)

9. Triangular matrix : A square matrix in which all the entries above the
main diagonal are zero is calletbaver triangular matrix. If all the entries below
the main diagonal are zero, it is calledugper triangular matrix .

mxn nxm

A square matrix A =&, is calledupper triangular matrix if a, = 0 for
i >] and is calledower triangular matrix if a, = 0 fori <j.

M 3 -70
%) 2 6. . .
For example, A= Uis an upper triangular matrix and
B 0 -1
01 0 0O
03 2 o
B=10 Uis an lower triangular matrix.
E7 6 -1

6.4 OPERATIONS ON MATRICES

In this section, we shall discuss about equality of matrices, multiplication of
a matrix by a scalar, addition, subtraction and multiplication of matrices.

Equality of matrices :
Two matrices are said to be equal iff
(i) They are of the same order and

(ii) each element of one is equal to the corresponding element of the other.
(e.)ifA=[a] . .B=[b] . thenA=Biffa, =b 0i=1,2, ..m

j=1,2,..n

(a bO @2 -10
Example If E: d%: % 3%
Thena=2,b=-1,c=4,d=3.

Multiplication of a matrix by a scalar (Scalar Multiplication)

LetA= [a”-] be anm x nmatrix andk be any number called a scalar. Then
the matrix obtained by multiplying every element of Albig called the scalar
multiple of A byk and is denoted byA. Thusk A = [ka”.]

mxn.
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@2 1 -3 @2 1 -30 @& 2
Example :If A = %3 0 2% then2A=2% 0 ZE:% 0

Negative of a matrix :

Let A be any matrix. The negative of a matrix A is — A and is obtained by
changing the sign of all the entries of matrix A.

02 1 3O F2 -1 -3J
Example :If A = %_3 4 _GEthen—A—E3 4 6%

02 1 31 ©+6 -3 -90

Also 3A=-3L3 4 _e4~ Ho -12 1d

Addition of Matrices

Let A, B be two matrices, each of orderx n. Then their sum A + B is a
matrix of ordem x nand is obtained by adding the corresponding elements of A
and B.

Thus, ifA=F] ., andB=p] . aretwo matrices of the same order,
their sum A + B is defined to be the matrix of ordex nsuch that

A+B=Ja + bij] fori=1,2,..mandj=1, 2, 3, ....n.

i
Note : Thesum of two matrices is defined only when they are of the same
order.

ol 2 30 @2 1 40
Example : If A = %) > 1% Bz% 2 1%
a+2 2+1 3+ 4 B3 3 70
A*B=lyi3 2+2 wH™ B 4 H
@2 1 40
o 2 30 %3 2 0 _ _
Example : If A= %) > 1%’8:@ 1D,thenA+B|s not defined,
5 —_

because A and B are not of the same order.

Subtraction of Matrices : For two matrices A and B of the same order, we
define A—B =A + (-B).
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F3 -2 10 M 1 57

Example :If A= El -4 7Eand8=% 0 —AH

3 -2 1O 00 -1 -50 ™M@3 -3 -40

A-B=A+(B)=H1 4 H*H2 o 4H F1 -4 1H
0 2 3 7 6 3
Example 6.5: If A = & 1 4HandB=B1 4 5Bflnd the value of
A +3B, A—B.
_ 02 3 M 4 6]
Solution : 2A=2% 1 "H:% > 8%
7 6 31 @1 18 9
3B=3H 4 H7Hz 12 19

21 22 15]

=H7 14 24

_ﬂ) 2 3 O 6 3O
A-B=D 1 H H 4 &

_@ 2 31 &F7 -6 -3

"B 1 H" H1 -4 o

37 -4 0O

=H1 -3 -

Multiplication of Matrices

Two matrices A and B are conformable for the product AB if the number of
columns in A (pre-multiplier) is same as the number of rows in B (post-multiplier).
Thus, if A=f] ., and B = pj] , aretwo matrices of orden x nandn x p
respectively then their product AB is of orde pand is obtained by multiplying
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every row of matrix A with the corresponding elements of every column of matrix
B element-wise and add the results. This method is knowovaby-column
multiplication rule.

02 05D

ensf 4G o 1 2
130’ B3 2 15,

Matrices A and B are conformable,

i.e., the product matrix AB can be found.

02 0 50
[[].45D D512D

EL:-; 2 1@
_ D)+ (@E*+ O3 OOF O G OG 9@ GO0
“ H2@+ @G 3 @0 OW B2 2B 0@ O

AB =

EIDEI!

14 18]

Thus AB = %) Z 1%2

20 +1 30
Example 6.6 :Find AB and BAif A= % 4Dand B = E4 2D

Solution : We observe that A is a 2 x 2 matrix and B is a 2 x 2 matrix.
Hence, AB and BA are both defined and are of orders 2 x 2 respectively.

O 2031 30

AB = 00 0
% 404 20
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10 B
1 2 1 2
@ ) e

mel

= 1|:|
3 4 3 4
=Y By )%%

X D)+ (¢ 4) (1 3 (x 2
= Hex (-1)+ (4x 4) (3¢ 3 (4 2)]

O
HL

0-1+8 3+4 7 70

= Hs+16 9+ 4]~ H3 17

1l 3030 20

ATH Al 4
H-1x1)+ (X 3) Ix 2¢ (X 4
= H@xn+(2x3) (@ 2 (x 4y
+1+9 -2+127 [18 100
~Ha+re s8+8H~ Ho 16]
n OD

Elg B 1 -2
Example 6.7 :If A = B 1DandB O 6 il AB be equal

to BA? Also find AB and BA.

Solution : We observe that A is a 3 x 2 matrix and B is a 2 x 3 matrix. Hence
AB and BA are both defined and are of orders 3 x 3 and 2 x 2 respectively. Since
AB and BA are of different orders. ABBA.

& O 1 -2
—20
AB:@; i‘é@te oH

O@x3)+(0x4) (x1t (x6) (X €2 (8 Q)
_H3x3)t(c1x4) (X1 £ X 6) (B {2y 1 O
H(2x3)+ (4x 4) (2 1+ (& 6) (X €2y (4 G
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B+0 1+0 -2+01 O3 1 -2
289—4 3- 6 —&cﬁzgs -3 —6%
B+16 2+24 —4 @ [@2 26 -4

and
i OE
B 1 -20 _

CIBXDF (X3 £2x2) (X O (X € Dy £ 2 4)
= Haxn+ 6x 3+ (0c2) (€ OF (& £ 1)y 6 4

03+3-4 0-1-81 02 -90

~“Hi+18+0 o6+ 0] B2 -6

6.5 ALGEBRAIC FACTS
I. Properties of Matrix Addition :

(a) Matrix addition is commutative :

If A and B are any two matrices of ordem x n each, then
A+B=B+A.

(b) Matrix addition is associative :

If A, B and C are any three matrices of the same order, then
(A+B)+C=A+(B+C).

(c) Existence of Additive Identity :
The null matrix is the identity for matrix addition. Let A be any matrix.

A +0=0+ A=A where 0 is the null matrix.

(d) Existence of Additive Inverse :

If A be any given matrix then the matrix — A which must exist, isitititive
inverseof A.

A+(-A) =(-A)+A=0
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II. Properties due to Matrix Multiplication
(a) Matrix multiplication is not commutative in general

If A is of the typemxn and B of the typa x pthen AB is defined but BA is
not defined. Even if AB and BA are both defined, it is not necessary that they are
equal. Hence in general, ABBA.

(b) Matrix multiplication is distributive over matrix addition
() If A, B, C aremx n, n x p andn x p matrices respectively, then
A(B+C)=AB+AC
(ii) If A, B, C are mx n, mx nandn x p matrices respectively, then
(A+B)C=AC+BC

(c) Matrix multiplication is always associative
If A, B, C aremxn, n x p andp x g matrices respectively, then
(AB)C = A (BC).

(d) Multiplication of a matrix by a unit matrix.

If A'is a square matrix of orderx n and | is the unit matrix of same order
then Al = IA = A

Note : AB = O (null) does not necessarily imply that A =0 or B =0 or
both =0.

0ol -10 1 10
Example :A = H‘l 1thOandB:Br 1B¢0

01 -0l 10 01-1 1-10 O 0O
PUABTHL HH HT B c T of

SOME MORE EXAMPLES

-2 p 4 00 2 3 r OO

Example 6.8 :Findp, q, 1, sif % 3 2 q = % 321 SE

Solution : When two matrices of the same order are equal, their corresponding
entries are equal.

Op=3,g=1r=4,s=3.
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Example 6.9 :Find the unknowns, b, c, d, x, yn the following matrix
equations.

Od+1 10+agd 02 2a+10
@ -2 a-4P"H-5 4c P

230 8.0
O He yP=H of

Solution : (a) Equating the corresponding elements of the two matrices, we
have

d+1 =2 10+ =2a+1
Od=2-1 a—-2a =1-10
O0d=1 a =-9
a =9
03b-2 =b-5
3b-b =-3
2b =-3
b :_§
2
0a-4 =& .. (1)
puttinga =9 in (1)
9-4 =4
c =2
4
Hence, a=9 b=—§ c=§ d=1.
, , 5 2
(b) Equating the corresponding elements of the two matrices, we have
X2 =4 y =9
Ox =x2 Oy =+3

Hence, x=+2, y=%3
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EQO4E [84—25 582 OE
Example6.101fA:% 2 8D,B=EP 2 O0gc-g0 2 -6p
B ae6d B 2 e H8 4 -10H
Compute the following :
@A+B (b)A-B (c)(A-B)+C
(d) 3A + 2B — 2C (e)A-B-C
E204E (B 4_28 5104 25
Solution : (a) A+B=Ep 2 8D+%) 2 0g_-pg6 0 8
460 2 2 64 H4 6 12
@ 0 45 B 4 -25
(b) A_B:%s 2 8D_Ep —2 0g
2 4 64 2 2 64
2 0 40 8 -4 20 [+6 -4 60
(28,00 2 0996 4 8
B 4 64 02 -2 -6 HO 2 oH
(c) A-B)+C
S_G -4 65
Weknowthat A-B =% 4 8]
HO 2 0f
o6 -4 60 08 2 0O
0 0 O 0
D(A—B)"‘C:DG 4 8|:|+|:|0 2 _6
Ho 2 o {8 4 —1oH
02 -2 60
o5 2
H8 6 -104

217



(d)3A+2B-3C

@ 0 430 B 4 -20 08 2 0O
O O O O
Solution : 3A+2B-3C = 3% 2 8D+2 -2 0 -30 0 2 6D

B2 464 R 2 GH Hs 4 -104

06 0 120 @6 8 -40 (24 -6 0O

_H8 6 249,00 -4 03,0 0 -6 189
H6 12 184 H4 4 12H H24 -12 3
32 2
_ e -4 42%
B4 4 60H

@ A-B-C

Solution :
E204E B 4_28 882 OE

AB_c=fp 28 -2 05 n02 -6

460 2 2 64 o8 4 -10]
2 0 40 (-8 -4 2\ 8 -2 0O
_b 28,0 2 of,00 -2 67
2 4 64 \-2 -2 -6) H8 -4 104
14 -6 60
e 2k
H 8 -2 104

B 70 D—3 20 ) _
Example 6.11 If A = % SE and B = 4 _]E. Find the matrix C if

2C=A+B.

_ 70 3 20 [
Solutlon:A+B:% 5E+E4 _19:% 4%
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2C 2 9%
. B 4t
90
C—l 0 QE_EP >0
T2t TR of
Example 612 1A= [ 0B=0 ‘Hc=0 A
xample 6.12 If A = = =
P c dr ar sC ng
Verify that A(B + C) = AB + AC
Solution :
Op qO Ok 1O
5+C = o0t oo
Op+k qg+l10O
+m s+nE

bOOp+k q+l10

A
AB+C) =%: dEE{+m s+nE

(ap+ ak+ br+ bm ag ak bs bn

AB+C) =Ln+ ck+ dr+ dm ca ok ds dni D
A bOOp qO0 0Oap+br agt+ bs]
A= dfHr sPTHp+rd oo+ dy
ool
S [c dL nc

Cak+bm al+ b
= Hok+dm cl+ dif
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Cap+br ag+ bsy [ak+bm al+ bri
AB+AC = Epp+rd cq+ d%+ Epk+ dm cl+ erE

fap+ ak+ br+ bm ag- ak bR bs
AB+AC =Loo+ ck+ dr+ dm cgr ok dr o8 @

From (1) and (2) we get
A(B+C)=AB+AC. Hence the result.

B 2 0O
SN
Example 6.13 If A = UShow that A—7A + 10, =0
0
B 2 0O
Sqution:HereAzELTl 4 OS
B 0 X
B 2 O3B 2 0O
[ [
pzaas=ib 4 G 4 0
B 0 HH 0 5

(Bx3+2x1+0x0 X 2+ X 4 8 0 8 0 2 © 0[5
_glx3+4x1+0xo X2 &4 8 0 aenem%

Mx3+0x1+5x0 2 & 4 5 0 8 & ¥ © B

9+2+0 6+80 O 0 @ 0Ol 14 @
_B+4+0 2¢16+0 o 0 f_D7 18 o

M+0+0 0+0+0 O & 25§ HO 0 25
0 A2—7A + 10}

%114 O [3208 m 0 o
-/ 18 (%-7%[ 4 0D+10%) 1 0%:
HO 0 28 H 0 & B 0

Which is true.

Brslg
o O O
in[s sl
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E le 6.14 1f A g2 -1 dB gt A
Xxample 6. : = [ ] an =0 U
P F1 2 114

does (A + Bj= A2+ 2AB + B hold ?

2 -10 01 40

H*H1 o

30
3

(|

Solution : A+B

[N

|
oo
N W

03 3003 30

2
A+BF =H, sHH2 3

I
[]

0(3x3)+ (3 (-2)) (3¢ 3¢ (¥ 3
H-2x3)+ (3x -2)) 2x 3y (% 3)]

09-6 9+ 90
He-6 -6+

03 180

2
A+BF =[5 3 @

02 -1o00d2 -

10
MTH i Af

[(2x2)+ ((1x-1) (-1 ¢ & 2))
H-1x2)+ (2x-1) € X~ 1 (X 2)]

04+1 -2-21 05 -40

“Ho-2 w4 Ha =

2 -
1

01
H1

(|

AB

1
00
mml]
amlal

221



[2x1)+ (-1x-1) (2 4¢ € X 1
= H-1x1+ (2x-1) € x 4y (2 1

02+1  8-10 03 70
“Hi-2 -4+ H Hs -2H

03 70 06 140

288 =23 0= He -4

01 4001 40

2 -
= H Hi
O@x1)+ (4x (1) (x4 (& 1
T H-x )+ ax €D) x4y (2]
O0l1-4 4+41 33 80
= Hi-1 -4+ H B2 -3
2 05 -40 06 140 3 80
A*+2AB+B =, 50+ He -aH* Ho -3
05+6-3 —4+ 14+ §]
= H4-6-2 5- 4 3
08 180
AH2ABHE =1y, o - (2

From (1) and (2) we see that
(A + By = A2+ 2AB + B’ does not hold.
(i.,e.,) (A+Bf # A2+ 2AB + BB
@ 30 +1 -30
#5007 4 -4r
Verify that (AB) = BT AT.

Example 6.15 If A =

2 301 -30

Solution: AB = [J 0oQ 0
4 SC 04 -4C
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D+ @A) (3 B) 4D
= Ha) D+ B)E4) (A)E 3y B)E 4

2-12 -6-120 [Fl4 -187
Ha-20 -12- 207~ Ho4 -3

LHS.=(ABY =Hos —3H= 018 -320 . Q)
A @ 30 @ 45
= |:| |:| =
% 50" st
! 30 1 -40
e - THe 4

(D@ @ € D@r € G T2-12 -4 200
= H-3)2)+ @) €3)@r €GP H6-12 -12- 2

. [Orla 240
OBAT =015 _30- @

From (1) and (2) L.H.S. = R.H.S.
O (AB)T=BTA.

(A hOxO
Example 6.16 Prove thatX ) Eh bE %,E = ax + 2hxy + by?

D O0xO
Solution : LHS. =& ¥y, %] bgz %’D_m%
Cax+ hyQd

= (X 91x2 a])(+ by%><l
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= [x(ax+ hy) +y (hx + by)]

= axt + hxy + hxy + by?

1x1

=axt + 2hxy+ by = R.H.S.

Example 6.17 :Solve forx, y

I
+ =
ﬁyzﬁ 3yr ~ 78C

X +4x0 5

Solution : %’2_6)/%: EI‘SE
Now X2+ 4x=5 O xX+4-5=0
x+5 &k-1)=0

x=-5o0r1l

Y-6 =-8 D y-&+8=0
0O y-4¢-2=0

y:4’y:2
Oy=4or?2.

O The values ok andy arex=-5o0r 1y =4 or 2.

E le 6.18 :Sol =z 1ED(E m%
xample o. >olve =
P E;l 2C %'[ %[

Soluti 2 1% D(E Px+ y%
olution : =
EILL 2r %'[ %HZYE

- [x+yO A0

By equation %sz[ = BC.)E
O2X+y=4;x+2y=5
rewriting, X+y—-4=0 ..(1)
X+2y-5=0 ..(2

using cross multiplication rule, we get

s X oo
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x y 1
-5+8  -4+10 4-1

_3 _68
X=3Y73
Ox =1,y=2.

EXERCISE - 6.2

. If Ais of orderm x n and B is of orden x p what is the order of the product matrix
AB, BA?

. A hasx rows and + 5 columns, B has y rows and 11-y columns. Both the products
AB and BA exist. Find, .

. IfA__and B_are two matrices (the subscripts indicate their orders), state the condition
when they are conformable for

(i) addition, (ii) multiplication, (iii) both addition and multiplication.
. Find the order of the product matrix AB if :
0] (i) (iii) (iv)
Type of A 3x4 4x3 6x7 1x4
Type of B 4x5 3x4 Tx2 4x1
. When are two matrices said to be equal ?

0 X x-yd 07 40

Cf %Hy Y ZE:ELO 2Efindx,y,z

. Find the values of, y, zfrom the matrix equation.
0O x-3 x-z0O (-2 0

(a)%xer+2 x+y+zE:£ ](b)[x y+z z-3]+fy 4 5]=[4 9 12]

5 6
® 10 0L 50

CIfFA = Eﬂ 3% and B :517 12% find the matrix X such that 3A + 5B + 2X = 0.

M 2 30 ¥ 6 30
.IfA:% 1 4EandB:%1 4 5Eﬁndthevalueof(a)B—4A,(b)5A—ZB.

@ 4 70 33 2 1O
.Finanninf2X+Y:B7 3 LlBandX—ZY:H1 -1 ZB

¥ OO 8 0O
.FinanninfX+Y:BZ SEandX—Y:B) SE.
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12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

L od

b0
IfA= EF dHandI:Eb 1HshowthatA—(a+d)A:(bc—ad)I

01 -10 10

IfA= % Dand B= Ep Dand (A + BY = A2 + B*find a andb.

Given the matrices A, B, C

21

@ 3 -10 Elrllj _
A=l g B = Bzﬁ'cz(l —2). Verify that (AB)C = A (BC)

o1 2 30 IZI456E| o0l -2 10

0 0 O 0
fa=0L 0 2qg-pgl 0 1Dandc 1 2 %
1 -3 -1 @2 1 2§ Q—l —2
VerifythatA(B+C):AB+AC.
03

If A= H‘l 2Hs,how that A-5A + 7 =0
. _ 01 0O O
Solve the matrix equation [ 1] H‘Z —3B %H =[0]
o -20
@ 3 -10 L0
Verify that (ABY = B'AT if A = %4 1 5Eand B= GH

O 200 020

sy SBRE" B

1 20x0 20

sve: [ 1BA" BB

05 6 -1 06 4 -20

Find X, given X +0, 5 ,0=H3 1 44
) . 3 -2 40 5 4 60
Find Y, glveng 5 ¢ —SE_ZY = E 3 -4 5%
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7. THEORETICAL GEOMETRY

INTRODUCTION

We have learnt geometry in the earlier standards as a branch of Mathematics
concerned with the properties and relationships between points, lines, planes and
figures. This geometry is nothing but Theoretical, in which we speak about
geometrical shapes on their general characters without actual measurements.
There is another branch of geometry, which deals with geometrical shapes with
their exact measurements and is referred as “Practical Geometry”. This is discussed
elaborately under Chapter 10 in this book. “Co-ordinate Geometry” is another
branch of geometry in which geometric relations are expressed in algebraic form as
discussed in Chapter 8 in this book.

Theoretical Geometry :

Definition : The geometry which deals with properties and characters of
various geometrical shapes with axioms/theorems without accurate measurements
is known as Theoretical Geometry.

Explanation : The relationship between points, lines, plane figures and solid
figures are obtained through theoretical geometry and it is explained using axioms
(without proof) and theorems (with proof). In this process, the length, area and
volume of the objects are derived with a rough sketch without exact measurements.

Applications : This being the basic concept in geometry, is applied practically
in other branches of geometry like Analytical geometry, Practical geometry, etc..

The concept of theoretical geometry also finds its application in other branches
of Mathematics like Trigonometry, Calculus, etc.

In this chapter, we shall deal with circle, chord and tangent of a circle and
similar triangles with respect to their properties and characters. This will enrich the
learners with the basic concepts of circle and enable them to distinguish between
chord and tangent and similar and congruent figures.
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7.1 INTERNAL AND EXTERNAL INTERSECTION OF CHORDS
OF A CIRCLE

Review :In class IX, we have learnt about chord of a circle. In this section,
we shall study theorems based on intersecting chords of a circle. Before this let us

recall the definition for a chord of a circle.
Chord of a circle :A line segment
joining any two points on a circle is called
a chord of the circle. A W B

7.1.1 Segments of a chord
Internal divisor : Let AB be a chord
of a circle. P be a point on the chord AB
inside the circle. Then P is said to divide A B
AB internally into two segments PA and PB. v

External Divisor : If Q is a pointon

the chord AB produced, then Q is said to .0
divide AB externally into two segments QA
and QB. ANL_ _“ B Q

7.1.2 Theorem

If two chords of a circle intersect inside the circle (or outside when produced),
the rectangle formed by the two segments of one chord is equal in area to the
rectangle formed by the two segments of the other chord. (Proof is not required).

Case (i) : Chords AB and CD
intersect at P inside the circle then

PA x PB = PC x PD.

Case (ii) :Chords AB and CD when
produced, intersect outside the circle at P
then PA x PB = PC x PD.

7.1.3 Theorem

Converse of theorem 7.1.2 :

If two line segments intersect internally (or externally, when produced) such
that the area of the rectangle formed by the two parts of one is equal to the area of
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the rectangle formed by the two parts of the other, then the line segments are the

two chords of a circle. (Proof is not required) A b

(i.e.,) Two line segments AB and CD intersect
internally at P such that AP x PB = CP x PD then AB
and CD are two chords of a circle.

Two line segments AB and CD A
intersect externally (when produced) at P ~~o
such that AP x PB = CP x PD then AB and s,
CD are two chords of a circle. -

7.1.4 Theorem c

If PAB is a secant to a circle intersecting it at A and B and PT is a tangent at
T, then PA x PB = PT (Proof is not required)

Example 7.1: Two chords AB and CD of a circle intersect each other
(internally) at P. If AP =4 cm, PB =6 cm and CP = 2 cm, find PD.

Solution : By the given data the
chords AB and CD intersect at P inside the
circle.

By theorem 7.1.2
AP xPB =CP x PD

4x6 =2xPD
O PD =12cm.

Example 7.2 Two chords AB and CD of a circle intersect each other at P
outside the circle. If AP = 10 cm, CP =6 cm, PD =5 cm, find PB.

Solution : Here the chords AB and D 6cm
CD intersect each other at P outside =
circle.
5 P

C
e
By theorem 7.1.2 A ~__~
10cm
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PA xPB =PC x PD
6x5
10 x PB =6 x 5] PB=T=3cm.

Example 7.3 ‘AB and CD are two chords which when produced meet at P
and if AP = CP. Show that AB = CD.

Solution : Given : AB and CD are two chords which when produced meet
at Pand AP=CP .. (1) C

To prove : AB = CD >
Proof : By the theorem 7.1.2 P
PA x PB = PC x PD X B
0 PAxPB =PAxPD (Since PA=PC)
O PB =PD .. (2)

(1)-(2)0 AP-PB =CP-POJ AB=CD
Hence proved.

Example 7.4 In the figure P is a point on the common chord RS produced
of two intersecting circles. AB and CD are the chords of the circles, they meet at P
when produced. Prove that PA x PB = PC x PD.

Solution : Two chords AB and RS of the first circle meet externally at P.
P

By theorem 7.1.2

PAXxPB =PRxPS ..(1)

Two chords CD and RS of the second
circle meet externally at P. B S

By theorem 7.1.2

PCxPD =PRxPS ..(2)
From (1) and (2)

PAxPB =PC x PD

Example 7.5 iIn the figure, AB is a diameter of a circle and PT is a tangent
to the circle. If PB = 2 cm, PT = 8 cm, calculate the radius of the circle.

Solution : PT is a tangent and ABP is a secant to the circle.
O PA xPB =PT
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O PAx2 =8 [ PA=32
But PA=AB + BP
0 AB=32-2=30cm

8cm

2 cm P

[EEN
os)

Hence, radius of the circle 5 (AB)

1
=5 (30) =15 cm.
Example 7.6 :In A ABC, AP 0 BC and BQU AC. AP and BQ intersect
each other at O. Prove that AO x OP = BO x OQ. A
Solution : JAPB =90 [since APOBC]
JAQB = 90 [since BQO AC] Q

These two angles are subtended by the same
line segment AB

B = c
andJAPB =AQB [angles in the same segment] P

Hence, the points B, P, Q, A are concyclic. (i.e.,) AP and BQ are the chords
of a circle intersecting at O.

By theorem 7.1.2, AO x OP = BO x OQ

Example 7.7 :A semi circle is drawn on AB as a diameter and two chords
AL and BM are drawn. They intersect each other at the point P. Prove that AB
AL x AP + BM x BP.

Solution : From the figure AB= AM? + MB?
= (AP2 = MP) + MB? P
= AP? + MB? - MP
= APZ + (MB + MP) (MB —'MP)
= AP2 + (MB + MP) x PB

= AP’ + MB x PB + MP x PB
=AP*+ MP x PB + MB x PB
=AP>+ AP x PL + MB x PB

[Since MP x PB = AP x PL]
= AP x (AP + PL) + MB x PB
= AP x AL + BP x BM

M L

@
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10.

EXERCISE 7.1

AB and CD are two chords of a circle which intersect each other internally at P.
(@ IfCP=3cm, AP =6 cm, PB =2 cm, find PD

(b) If AB =11 cm, BP =3 cm, CP =4 cm, find CD.

(c) If AP =12 cm, AB = 15 cm, CP = PD fnd CD.

(d) IfAP =5cm, BP =3 cm, CP = 2.5 cm, find DP.

AB and CD are two chords of a circle which intersect each other externally at P.
(&) If CD =2cm, DP =6 cm, BP = 3 cm, find AB.

(b) IfAB=9cm, BP =3 cm, CP =9 cm, find DP.

(c)IfAB=5cm,BP =3 cm, PD =2 cm, find CD.

AB and CD are two perpendicular chords of the circle. AD = 5 cm, AP = 3 cm,
PB =6 cm find CP where P is the point of intersection of AB and CD.

AB and CD are two chords of a circle intersecting at E. If E is the mid point of CD
prove that AE x EB = CE

ABT is a secant of a circle which intersects the circle at A and B and PT is a tangent
to the circle at P,

(@) If PT =5cm, BT = 2.5 cm, find AB.
(b) If PT =12 cm, AB =7 cm find BT.
(c) If AT =9 cm, AB =5 cm find PT.

In a trapezium ABCD, AB || CD and AD = BC. If P is the point of intersection of
diagonals AC and BD, prove that PA x PC = PB x PD.

In fig. PQR is a triangle in which P
PQ = PR. A circle through Q T
touches PR at S and intersects PQ S
at T. If S is the mid point of PR, A
show that 4PT = PQ. Q

In the figure : Two circles intersect each other at
points P and Q. If AB and AC are the tangents to
the two circles from a point A on QP produced,
show that AB = AC.

Q

In a right triangle PQR, the perpendicular QT on the hypotenuse PR is drawn. Prove
that (i) PR x PT = PQ(ii) PR x TR = QR

Two circles intersect each other at A and B. The common chord AB is produced to
meet the common tangent PQ to the circles at C. Prove that CP = CQ.
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7.2 COMMON TANGENT TO INTERSECTING AND
NON-INTERSECTING CIRCLES

Review :In Class IX, we have learnt about tangent to a circle. In this section
we shall study about tangent common to the two circles.

7.2.1 Common tangent to two circles

A line which touches two given circles is called a common tangent to the
circle.

There are two types of common tangent. (i) Direct common tangent and
(ii) Transverse common tangent.

7.2.2 Direct common tangent

If a common tangent is drawn to two circles and if the common tangent lies
on the same side of the centres of the circles, then it is called the direct common
tangent.

1_direct common tangent: 1 direct common tangent 1 direct common tangent

| direct common
tangent

| direct common 1 direct common
tangent tangent

7.2.3 Transverse common tangent

If the centres of the two circles lie on opposite side of the common tangent
then the tangent is called the transverse common tangent.

- Transverse tangent Transverse

$ tangent <

7.2.4 Intersecting circles

We know that two circles cannot intersect in more than two points. Therefore
either (i) two circles intersect at two points (or) (ii) they intersect at one point (or)
they do not intersect.

We shall discuss the circles intersecting in one point.
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7.2.5 Two circles intersect in one point
[(i.e.,) two circles touching each other]

Two circles are said to touch each other if they meet at a point and can have
a common tangent at this point.

Common
Point
Common tangent-
Common tangent-

When two circles touch each other, either they touch each other internally or
externally.

7.2.6 Two circles touching each
other externally

Two circles are said to touch each
other externally when they lie on the

. . Common tangent-
opposite sides of the common tangent. 9

7.2.7 Two circles touching each
other internally

Two circles are said to touch each
other internally when they lie on the same

side of the common tangent.
Common tangent-

7.2.8 Common tangents to different types of circles
We shall discuss some other types of common tangents to two circles.

1. Iftwo circles do notintersect, either two pairs of common tangents (one pair
of direct common tangent and one pair of transverse common tangent) can
be drawn or no common tangent can be drawn to the two circles (when one

circle is inside the other completely).
@(No Common tangent)
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2. Letthe two circles intersect in one point.

(i) If the circles touch externally, one pair
of direct common tangents and only one
transverse common tangent can be
drawn to the two circles.

(i) If two circles touch internally,
only one direct common tangent
can be drawn.

3. Iftwo circles intersect in two points,
one pair of direct common tangent
can be drawn.

7.2.9 Theorem

If two circles touch each other (internally or externally) the point of contact
lies on the line joining their centres. (Proof is not required)

(i.e.,) C(A,r,) and C(By,) are the circles touching each other at a point P,
then the points A, P and B are collinear.

Note : 1.When two circles touch each other externally the distance between
the centres is equal to the sum of the radii. (i.e.,) AB+,

Note : 2.When two circles touch each other internally, the distance between
the cetres is equal to the difference of the radii. (i.e.,) AB=¥,

P
(touch internally)
(touch externally)

Example 7.8 Two circles of radii 4 cm and 6 cm touch each other. Find the
distance between their centres when they touch (i) internally, (ii) externally.

Solution : Let the given radii of the circles lbg= 4 cm and, = 6 cm.
(i) When the circles touch internally.

Distance between the centresr,=r, =6 -4 =2cm
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(i) When the circles touch externally.
Distance between the centresr = r,=4 + 6 = 10 cm.

Example 7.9 :With the vertices of a triangle PQR as centres, three circles
are described, each touching the other two externally. If the sides of the triangle are
9 cm, 7 cm and 6 cm, find the radii of the circles.

Solution : By the given data
LetPQ=9cm, QR =7 cm and RP =6 cm.

ro+r, =7 . (D) ‘
r,+r, =6 .. (2 ‘Y‘
r,+r, =9 .. (3)

(1) + (2) + (3) we get
2(r,+r,+r) =22
ro+r+r, =11 .. (4)
Subtracting (1) from (4) we get, =4
Subtracting (2) from (4) we get =5
Subtracting (3) from (4) we gat, = 2
So, the radii of the circles are 5 cm, 2 cm and 4 cm.

Example 7.10 Two circles touch externally or internally at a point P. From
a point T on a common tangent PT, tangent segments TA and TB are drawn to the

two circles. Prove that TA = TB. A
. . . T
Solution : Let the circles touch externally. (or internally)

A |18 B
)9 A
P

We know that tangents from an
external point to a circle are equal in length.

OTA=TP . (D)

and TB = TP .. (2)
From (1) and (2) TA=TB
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Example 7.11 Two circles touch externally at a point P and a direct common
tangent touch the circles at A and B. Prove that AX

(i) the common tangent at P bisects AB
(i) AB subtends a right angle at P.

Solution : Let the point of
intersection of the direct common tangent
AB and the common tangent XY at P be T.

By the previous example. AT =TB

O The common tangent at P bisects AB
(i) Now join AP and BP

vY
In A ATP In APTB
TP = AT TB=TP

O OPAT =0OAPT ... (1) O OTBP =0OTPB ...(2)
@+©

OPAT +OTBP =0APT +0TPB
0 OPAT +OTBP =0APB
0 OPAT +0OTBP +0OAPB =0LAPB +APB
O 180 =20APB [Since inA APB sum of the three angles = $80
0 OAPB =90

O AB subtends a right angle at P.

Example 7.12 AB is a line segment and M is its mid point. Semi circles are
drawn with AM, MB and AB as diameters on the same side of the line AB. A circle
with centre O and radiusis drawn so that it touches all the three semi-circles.

1
Prove that = E AB.

Solution : Let AB =t units.
Let L, N be the mid points of AM, MB respectively.

Let C (0,) be the given circle which touches the semi circles with centres L,
M, N at P, R and Q respectively.

Now join OL and ON.
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By theorem 7.2.9
The points O, P, L are collinear and the points O, Q, N are collinear.

By similarity points M, O, R are collinear.

t
Here AL = LM = MN = NB :Z units.

[since M is the mid point of AB, L is the mid point of AM and
N is the mid point of MB]
Also OL =OP + LP

t t
=r+ - Si LP =—
r ) [Since 4]
and ON=0Q + QN
ON = +l
=r 2

0 A OLN is an isosceles triangle and M is the mid point of the base LN.
O OM OLN R

0 OMN is a right angled triangle.
0 ON? = OM? + MN?

0 ., od
ah H_(RM_r) als A L M N B
q,td ot b od
"2 B "H * Hf
t_ AB
DI’—EDI’—?

EXERCISE 7.2

1. With the vertices of atriangle ABC as centres, three circles are described each touching
the other two externally. If the sides of the triangle are 4 cm, 6 cm and 8 cm, find the
radii of the circles.

2. The sides oA PQR are 8 cm, 10 cm and 12 cm. Three circles are drawn with centres
P, Q and R each one touching the other two externally. Determine the radii of the
circles.

3. Three circles of radii 3.5 cm, 4.5 cm and 5.5 cm touch each other externally. Find
the length of sides of triangle formed by joining their centres.
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Find the distance between the centres of the circles when they touch (i) internally
(ii) externally if the radii of the circles are (a) 5 cm and 7 cm, (b) 2.5 cm and 4.5 cm,
(c) 8 cm and 10 cm.

Three circles with equal radii touch one another externally. Prove that the triangle
formed by joining their centres is an equilateral triangle.

Figure represents three circles with centres
F, G, H and radii 2 cm, 1.2 cm, 0.6 cm
respectively, touching one another.

(i) which of the contacts are internal ?
(ii) Find the lengths of GH, HF and FG.

In figure, let radii of bigger and smaller
circle ber, andr, respectively and is the

distance between their cenres then prove
that (i) length of direct common tangent

= Jd2~(r-1y)?

(i) length of transverse common tangent

= d?=(r+r)?

(i) Two circles of radii 16 cm and 9 cm touch each other externally. Find the length
of the direct common tangent.
(ii) Two circles of radii 25 cm and 9 cm touch each other externally. Find the length
of the direct common tangent.

Two circles with radia andb touch each other externally. Lebe the radius of the
3rd circle which touches these two circles as well as a common tangent to the two

$

1 1 1
circles. Prove that are\/? = Ja + b [wherea > b]

7.3 BASIC PROPORTIONALITY THEOREM AND ITS

CONVERSE
In this section, we will derive some results by using the basic proportionality

theorem and solve the problems based on it.

7.3.1 Proportion

Let us take 4 line segments. If the ratio of the lengths of the first two line

segments is equal to the ratio of the lengths of the other two line segments then the
four line segments are said to be in proportion.

a
Let the ratio of the lengths of the first two line segmentgtmd the ratio

o a ¢
of the lengths of the other two segmentsdoeThenB =4
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7.3.2 Basic proportionality theorem (or) Thales theorem

If a straight line is drawn parallel to one side of a triangle it cuts the other
two sides proportionally.

Given : A triangle ABC in which DE || BC and intersect AB in D and AC
in E.
to orove . AD _ AE
0 prove : DB - EC
Construction : Join BE and CD.

Draw EM O BA and DN CA.
Proof: InA ADE, EMOAD O EM is the height ofA ADE.

InABED, EMOAB O EM is the height oA BED. A
Now

1
Area of triangle ADE = (Base x Height)

l = S~ -~
(i.e.,) area ol ADE = 3 (AD.EM) / _->2 \
1 ° e
and Area of triangle BED > (Base x height)
. 1
(i.e.,) area oA BED = > (DB x EM)
1 (AD.EM)
area ofA ADE 2 AD
O P —— | = .. (1)
area ofA BED 5 (DB.EM) DB
1 (AE.DN)
o area ofA ADE 2 AE
Similarly, 3rea ofA DCE™ %(EC.DN) " EC - (2)

But A BED andA DCE are on the same base DE and between the same
parallels BC and DE.

O Area of A BED = Area ofA DCE .. (3)
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area ofA ADE area of A ADE

b area ofA BED™ area ofa DCE [Py using (1), (2)and (3)]
D _ AE
DB EC

Hence the theorem is proved.
The theorem is also known as Thales theorem.

Results :From the basic proportionality theorem,

Weh AD _ AE
e have DB - EC
Adding 1 both sid AD+1—E+1
ing 1 on both sides, we geEj—B =EC
AD +DB _ AE + EC
DB - EC
AB _AC
DB  EC
The above results can be summarised as follows :
~ AD AE DB EC __AB AC
) — =—= (i) —= = — (i) —= =—
DB EC AD AE AD AE
) AD _ AE AB _AC ) DB _EC
V) A8 = AC ™ bg T EC V) B T AC

The converse of the “basic proportionality” theorem is also true.

7.4 CONVERSE OF BASIC PROPORTIONALITY THEOREM

If a line divides any two sides of a triangle in the same ratio, then the line is
parallel to the third side. (Proof is not required)

(i.e.,) ABC is a triangle.

If a line " intersects side AB at D /\
d side AC at E such thape = o= «— |
and side at E suc %_EC
thenl is parallel to BC (i.e.,) DE || BC.

B C
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PS 3
Example 7.13 In A PQR, ST || QR an% =5 if PR = 6 cm find PT.

Solution : In A PQR, we have ST || QR.

By Basic proportionality theorem

P_S PT 6cm
SQ TR . A
PS  PT
U sQ “pPr-pT d R
Q3. PT
5 6-PT

0 3(6-PT) =5PT

9
O PT =4 " 2.25 cm.
Example 7.14 D and E are respectively the points on the sides AB and AC
of aA ABC such that AB = 2.6 cm, AD = 1.3 cm, AC =3 cm and AE = 1.5 cm,
show that DE || BC.

Solution - 1 AB _ 26 _
olution : Here AD —1- =
AC _ 3 _
AE 15
AB _ AC
AD ~ AE

By the converse of BPT
DE || BC.

Example 7.15 The line drawn from the mid-point of one side of a triangle
parallel to another side bisects the third side. Prove.

Solution : ABC be the given triangle. Let D be the mid point of side AB and
DE is parallel to BC meeting AC at E.
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To prove : E is the mid point of AC A
In A ABC, we have DE || BC

W
YEEL BB T EC
B C

AE
1= EC [since D is the mid point of AB] AD = DB]

O AE =EC. Hence E bisects AC.

Example 7.16 L be a point on the side QRAPQR. If LM, LN are drawn
parallel to PR and QP meeting QP, PR at M, N respectively, MN meets produced
QR in T prove that L= RT x QT.

Solution : In A MLT
We have NR || ML

TR TN P
By BPT, LT T™ .. (1)
M
In A MQT N
We have LN || QM
TL TN Q L R T
By BPT, E =TV .. (2)

T 2
Tq O TRXTQ=TL

0 TL2 = TR x TQ.
Example 7.17 iIn fig, DE || AQ and DF || AR prove that EF || QR.
P

Solution : InA PQA, ED || QA
BYBPT, o =2 @ v F
In A PAR, DF || AR, o

PD PF \/

pa ~FR P A
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FE _PF
EQ  FR
By the converse of BPT, EF || QR.

Example 7.18 :If three or more parallel lines are intersected by two
transversals, prove that the intercepts made by them on the transversal are
proportional.

[This result is generally referred to as the proportional intercepts property]

From (1) and (2),

t
Solution : Straight lined_, 1, andl, AT ' ﬁg’
are parallel to each other. > |,
These three parallel lines are cut by c/\@ \D _
the transversals andt, at the points. A, C, >,
E and B, D, F respectively. F
Now join AF, which meets CD at G. Bl \
In A AEF, CG || EF IM\ AFB, GD || AB
B BPT£-E 1 B BPT%-% 2
YBPT. g = Gr = YBPTEG =/ @
From (1) and (2 AC _BD
rom (1) and (2) CE - DF

Example 7.19 :Prove that the line segment joining the mid points of the
adjacent sides of a rhombus form a rectangle.

Solution : Let ABCD be a rhombus and P,
Q, R, S be the mid points of the sides AB, BC, R

Q
CD and DA respectively. T m
D / B
P

C

Now join PQ, QR, RS and SP. B
Now to prove : PQRS is a rectangle. SN
Now join DB, InA ADB, X
E—1and—P—1S' S and P are the mid points of AD and AB tivel
SD - PB [Since S an are the mid points o an respectively]
AS _ AP
SD PB
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By the converse of BPT SP || DB.
Similarly RQ ||DB O SP||RQ
Now join AC, similarly we can prove PQ || SR
0 PQRS is a parallelogram.
In this figure PNTM is also a parallelogram.
Here MTN = 9(r [since Diagonals of a rhombus afg
O 0OMPN=90 [since opposite angles of a parallelogram]
Similarly OPQR =0QRS =[JRSP = 90
O PQRS is a rectangle.

EXERCISE 7.3

In aA ABC, D and E are points on the sides AB and AC respectively such that DE ||
BC.

AD 3 .
@ If DB - 2 and AC = 15 cm, find AE.
(b) If AD =4 cm, AE =8 cm, DB =¢{— 4) cm and EC =x3- 19 findx.
(c) fAD=3cm, DB =2cm, AE = 2.7 cm find AC.

If D and E are respectively the points on the sides AB and AC of a triangle ABC such
that AD =3 cm, DB = 4.5 cm, AE =4 cm and EC = 6 cm then show that DE || BC.

The diagonals of a quadrilateral ABCD cut at K. If AK = 2.4 cm, KC = 1.6 cm,
BK = 1.5 cm, KD = 1 cm, prove that AB || DC.©

In fig, AC || BD and CE || DF.

() If OA =10.5cm, AB = 4.5 cm,
OD =7 cm, find CD. B A

(b) IfOA=12cm, AB=9cm, OC =8 cm, EF = 4.5 cm find CD and OF.

Prove that the line joining the mid points of two sides of a triangle is parallel to the
third side.

In fig, if AQ =6 cm, QH =4 cm, HP =5 cm,
KC = 18 cm, find AK and PB. [Here
PC || QK and BC || HK]

A F

B

In the given fig. if DE || BC and CD || EF,
prove that AB = AB x AF.
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10.

11.

12.

13.

Prove that the line segments joining the mid-points of the adjacent sides of a
guadrilateral form a parallelogram.

Prove that the diagonals of a trapezium divide each other proportionally. [Hint :
From the point of intersection of the diagonals, draw the line parallel to parallel
sides to meet one of the non-parallel sides in a point.]

ABCD is a quadrilateral. From any point P on AB a line drawn parallel to BC meets
AC at Q and the line through Q drawn parallel to CD meets AD at R. Prove that
PR || BD.

The side BC of a triangle ABC is bisected at D. O is any point in AD. BO and CO
produced meet AC and AB in E and F respectively and AD is produced to G so that
D is the mid point of OG. Prove that AO : AG = AF : AB and show that FE || BC.

Two circles touch each other internally at P. If
ACP and BDP are the lines meeting the two

PN
circles at A, B and C, D respectively. Prove ‘ﬁ 5
AP  BP
that — = —— ‘
B

InA ABC, OC is a right angle. P is a point on AB. PNCB. If AP = 3, PB = 4,

4
CN =x, PN =y show thay = — V9-x2

7.5 ANGLE BISECTOR THEOREM

In this section, we will prove angle bisector theorem by using the basic

proportionality theorem.

7.5.1 Angle Bisector Theorem

If the vertical angle of a triangle is bisected internally or externally, the bisector

divides the base internally or externally into two segments which have the same
ratio as the order of two sides of the triangle.

Given : Case (i) :A ABC in which AD is the internal bisector DfA which

meets BC at D.

BD _AB

DC AC

Construction : Draw CE || DA to meet BA produced at E.
Proof : Since DA || CE,

To prove :
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0 ODAC=0ACE .. (1) JE

/
/

[since alternate angles] 7/ |:

and  OBAD = JAEC . (2) N .:

[corresponding angles] !

Since AD is the angular bisectorGA. |

OBAD = [ODAC .. (3) ;'

From (1), (2) and (3) B 'C
In A ACE, OACE =0AEC

0 AE=AC .. (4) [since Sides opposite to equal angles are equal]

D

Now inA BCE, we have, DA|| CE

o o, 202
y " DC ~ AE
BD _AB . 4
DC - AC om (4)

Hence proved.
Case (ii) : A ABC, in which AD is the bisector of the exteriaiA and

intersects BC produced at D. «F
/
. 'BD _AB /'
o prove: J< = 1~ /,

Construction : Draw CE || DA meeting AB at
Proof: Since CE || DA and AC cuts th
UOECA =0CAD ...(2) [alternate angle
Also CE || DA and BF cuts them
OCEA =ODAF (2?
But AD is the bisector dfICAF 0 OCAD =0ODAF ...(3)
From (1), (2) and (3) OCEA =0ECA
In A ECA, OCEA =[JECA
O AC =AE ... (4) [since sides opposite to equal angles are equal]
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INnABDA,  EC||AD

oy oo, 2 %A

YEFL be T AE

0 @—Efm4
DC - AC om®)

Hence proved.

7.6 CONVERSE OF ANGLE BISECTOR THEOREM

If a side of a triangle is divided internally or externally which have the same
ratio as the other two sides, the straight line joining the point of intersection to the
opposite vertex bisects the vertical angle internally or externally. (Proof is not
required) «

B D C

B C D

(i.e.,) In a triangle ABC, if D is a point on BC

BD AB . .
such tha}f = A_C then AD is a bisector af A.

Example 7.20 :In A ABC, AD is the bisector of]lA if AB = 10 cm,
AC =6 cm, BD =5 cm find DC.

Solution : A ABC, AD is the bisector dflA.

A
. BD_nB
bC AC 10c 6cm
5 5w
DC 6
0 DC =3cm. B 5omD C
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Example 7.21 Check whether AD is the bisector[0f of A ABC in the
figure given. AB=4cm,AC=6cm,BD =1.6 cmand CD =2.4 cm.

o BD 16 2 A
Solution : Here, DC “24°3 @
4 cm 6cm
AB 4 2
E = g = 5 .. (2)
BD AB B 16cmD 24cm C
From (1) and (2) Yo = AC

By the converse of ABT, AD is the hisectorlo.
Example 7.22 The bisector of interidrlA of A ABC meets BC at D, and

CD

BD
the bisector of exteridil A meets BC produced at E. Prove tlﬁ = CE"

Solution : By the given data, i ABC
AD is the internal bisector aiA

BD _AB
DC AC

and AE is the external bisector0fA

- (1)

BE _AB
EC AC

- (2) B D Cc E

F 1 dZD@
rom (1) and (2) DC
BD
BE

BE
EC

co

CE"’

Hence proved.

Example 7.23 :ABCD is a quadrilateral with AB = AD. AE and AF are
bisectors of IBAC andJDAC respectively. Prove that EF || BD.

Solution : Given AB = AD
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AE is the bisector cflBAC .. (1) D

A

AF is the bisector of/ DAC .. (2)

Now join BD and EF F

From (1) From (2)

BE _AB || DF_AD

ec - ac ~© FC AC

B E C

D—F = E 4 i AD = AB
FC = AC ... (4) (since = AB)

DF CE _CF

BE
From (3) and (4)5 = FC O EB _ FD

In A BCD CE _CF
’ EB  FD

By the converse of BPT, EF || BD. Hence proved.

Example 7.24 O is the point inside a triangle ABC. The bisectar A00B,
0OBOC, OCOA meet the sides AB, BC and CA at the points D, E, F respectively.
Prove that AD.BE.CF = DB.EC.FA.

Solution : By the given data OE is the bisectoftBOC

A

BE _BO .

EC  OC - (1) .
Also, OF is the bisector i COA D

CF _CO ) 0

FA ~ OA - (2) !

C

OD is the bisector dflAOB. B E

AD _ AO 5

DB OB - (3)

x5 g BE CF AD _BO CO AO
(1) x(2) x (3) EC FA DB OC OA OB

250



BE CF AD _
EC " FA "DB
AD.BE.CF = DB.EC.FA
Hence proved.

Example 7.25 The bisector of the angle B and C of a triangle ABC, meet
the opposite sides in D and E respectively, if DE || BC, prove that the triangle is
isosceles.

Solution : By the given data

AD _ 1B

BD is the angular bisector 6fB [0 DC - BC . Q)

and CE is the angular bisectorlo€

A
AE _AC

05 = @
and DE || BC. E D

AE AD

AE _AD B c
By BPT, =00 ~©
From (1), (2) and (3) 2 =2 Ap=AcC

HenceA ABC is isosceles.

EXERCISE 7.4
1. InaA ABC, AD is the bisector oflA, meeting side BC at D.
(@ If BD=2.5cm, AB=5cm and AC =4 cm find DC.
(b) If AB =10 cm, AC =14 cm and BC = 6 cm find BD and DC/
(c) IfAB=3.6cm, BC =4.5cm, BD = 2.7 cm, find AC.

P
2. In fig. PS is the bisector of the exterior
ORPT meeting QR produced at S. If
PQ=10cm,PR=6cm,and QR =12 cm 10cm
find RS.

Q 12em R S
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3. Check whether in the following AD is the bisector A
of A of A ABC given in figure.

(@ AB=8cm, AC=24cm,BD =6 cmand BC =24 cm
(b) AB=5cm, AC=10cm,BD=25cmandCD=35¢c

A
B
4. Infi AB _BD d ’ ’
- Infigure, 7~ = 5= an
B =040, C =060 find OBAD.
B 5 C

5. Ifthe bisector of an angle of a triangle bisects the opposite side, prove that the triangle

is isosceles.

_ _ _ AB DA

6. The diagonal BD of a quadrilateral ABCD bisdéd® andID prove thaﬁ D"

7. A, B, C are points on sides QR, RP and PQ respectivaly RPR such that PA
bisectsOP QB bisectd]1Q and RC bisects§IR. If PQ = 6 cm, QR = 8 cm and
RP = 4 cm, determine PC, QA, RB.

8. D is the midpoint of side BC & ABC. DP bisect§]ADB meeting AB at P and DQ
bisectsTJADC meeting AC at Q. Prove that PQ || BC.

9. ABCD is a quadrilateral. The bisectorslaf and JC meet on BD. Prove that the
bisectors of 1B and(ID meet on AC.

10. Prove that the internal bisectors of the angle of a triangle are concurrent.
7.7 SIMILAR TRIANGLES

7.7.1 Similar Figures

Two figures are called similar if and only if they have same shape, not
necessarily the same size.

We use symbol ||| (read as similar to) to indicate the similarity of figures.
C

7.7.2 Equiangular R

Two polygons are said to be
eguiangular to one another if the angles of
the first polygon, taken in order, are

65°

polygon taken in the same order.

P Q A B
0 A PQR andAABC are equiangular.
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7.7.3 Similar Polygon
Two polygons are said to be similar to one another if
() the polygons are equiangular to one another

(ii) the ratio of any side of the first polygon to the corresponding side of the
second is the same. [(i.e.,) their corresponding sides are proportional]

Example : b
A

70

50°
60°

B 2cm C Q

4cm

From the figure,
OA=0P, OB=0Q, OC=0R

3
and = = =326

0O A ABC |||A PQR.
Note (i) : Polygons which are equiangular to one another need not be similar.

For example, consider a square and any rectangle. They are equiangular to
one another but they are not similar because their corresponding sides are not
proportional.

Note (ii) : Polygons in which corresponding sides are proportional need not
be similar.

For exampleConsider a square and a rhombus their corresponding sides are
proportional but they are not similar because the square and rhombus are not
eguiangular to one another.

(i..e.,) For similarity both conditions. [Corresponding angles are equal and
corresponding sides are proportional] should be satisfied.

But we will see about that, later.

Triangles are special type of polygons in which if one condition of similarity
holds, the other is true automatically. (i.e.,) (i) if two triangles are equiangular, then
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their corresponding sides are proportional (ii) if the corresponding sides are
proportional, then they are equiangular also.

Notation : Similar triangles and polygons should always be named so that
the order of the letters indicates the correspondence between the two figures.

(i.e.,)A ABC |||A XYZ means thaDlA = OX, OB =0Y, OC =0Z

AB _BC _CA

and < = V7 T 7x

Note : Two congruent figures are always similar, but the converse may not
be true. (i.e.,) two similar figures may not be congruent.
7.7.4 Theorem : [AAA Similarity]

If two triangles are equiangular to one another, then the two triangles are
similar.

Given : Two triangles ABC and PQR such thaa=0P,0B=0Q, OC=0R.
To prove : A ABC [||A PQR

AB BC AC

(i.e.,) To prove : PO “OR = PR
Proof :

Case (i) :When AB = PQ.
A P

B C Q R

In this case we have

OA =0P,0B =0Q, 0C =0R and AB = PQ.
O by ASA congruent rule

A ABC =A PQR
Corresponding sides are equal

AB = PQ, BC = QR, AC = PR.
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AB BC AC
9 PQTQrR T PR
By the definition of similarityA ABC |||A PQR.
Case (ii) :When AB < PQ. P
A

D E

Mark a point D on PQ and E on PR such that AB = PD and AC = PE. Join
DE. In triangles ABC and PDE.

AB = PD,0A = 0P and AC = PE.
By SAS criterion of congruence.

A ABC=APDE

0 0B = OPDE

But OB =0Q

O OPDE =0PQR

O DE || QR (since Corresponding angles are equal)
Pb _PE By BPT
AB _ AC

H PQ PR

- AB _ BC

Similarly, we can prove that,PQ = OR

AB BC AC

“PQ QR PR
HenceA ABC |||A PQR.
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Case (iii): When AB > PQ.
Mark a point D on AB and E on AC such that AD = PQ, AE = PR. Join DE.
A

In A ADE andA PQR P
AD = PQ
OA=0P 5 .
AE = PR 9 R
By SAS criterion of congruence B c
A ADE =A PQR
O OADE = 0Q ButOB =0Q
O LUADE =01B
O DE || BC [Corresponding angles are equal]
O A8 _AC (By BPT)
AD AE
AB AC
J PQTPR
AB BC

Similarly we can prove]§2 =OR
_AB_BC _cCA

PQ" QR RP
0 AABC |||]APQR

Remark : From the above theorem we conclude that two triangles are similar
iff they are equiangular.

Corollary : (AA similarity)

If two angles of one triangle are respectively equal to two angles of another
triangle, then the two triangles are similar.

Proof : Let A ABC andA PQR be two triangles such thaa = 0P,
0B =0Q.

In A ABC andA PQR we have
OA+ 0B +0C=180,0P +0Q +R =180
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O OA+0B+0C =0P +0Q +0R
0 0C =0R

OA=0P OB =0Q,0C=0R

A ABC [||A PQR (AAA similarity theorem)

7.8 Theorem [SAS Similarity]
If two triangles have one angle of the one equal to one angle of the other and
the sides about the equal angles proportional, then the two triangles are similar.

Given : ABC and PQR are two triangles such that = OP and

A
AB  AC P

PQ = PR

B C Q R
Construction : Mark a point D and E on AB and AC respectively such that
AD = PQ and AE = PR. Join DE.
Proof: InA ADE andA PQR, AD = PQJA =0P and AE = PR
Therefore by SAS criterion of congruence, we have

A ADE = A PQR.[0 OADE =0OPQR ;JAED = OPRQ ... (1) (c.p. c.t)

AB AC

Now % = PR (given condition)
L AB_AC

AD AE
O DE || BC (By the converse of BPT)
O OADE =0B andJAED =0C .. (2)
From (1) and (2),JPQR =0B andUPRQ =0C
Now OA=0P,0B=0Q,0C=0R

By AA similarity, A ABC |||A PQR.

Remark : If two triangles are similar, then their corresponding sides are
proportional and they are proportional to the corresponding perimeters.
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Proof : LetA ABC andA PQR be similar

., AB_BC_AC
Me" " PQ T QR T PR

AB BC AC AB+BC+AC , _
O PO~ OR - PR _—PQ+ ORr F,R(usmg ratio and proportion)

P erimeterofA ABC
~ PerimeterofA PQR

7.9 Theorem : [SSS Similarity]

If two triangles have their corresponding sides proportional then the two
triangles are similar.

Given : Two triangles ABC and PQR such that

AB _BC _AC
PQ QR PR

To prove : A ABC |||A PQR.
Construction : Mark a point D and E on
AB and AC respectively such that

A
AD = PQ and AE = PR. Join DE. P
Proof : We h AB_AC
roor . Ve have PQ_ PR D E
Q R
AB AC B c

D - AE [since AD = PQ, AE = PR]

O DE || BC [since By the converse of BPT]

O OADE =0B,UTOAED =0C ... ()

[since Corresponding angles of parallel lines]

In A ADE andA ABC. DA | dE _AC
n an : is common and" o = - =

O A ABC |||A ADE (By SAS criterion of similarity)
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AB _BC _AC )
AD DE AE - (1)

AB AB BC

But D - % = @ .. (2)

From (1) and (2), Be = Be
DE QR

(i.e.) DE = QR
O In A ADE andA PQR, AD =PQ, AE =PR, DE = QR
O A ADE = A PQR. (By SSS congruency)
O OA = 0OP,0ADE = OPQR,0AED = 0OPRQ . (1)
From (I) and (1), A=0P

0B =0Q

ac =0R

By AAA criterion for similarity, A ABC |||A PQR.

7.10 Theorem :

Similar triangles are to one another as the squares on their corresponding
sides. (OR)

The ratio of the areas of two similar triangles is equal to the ratio of the
squares of their corresponding sides.

Given : A ABC andA PQR such thath ABC [||A PQR.

Area of AABC AB? BC? CA?

Construction : A p
Draw AD [0 BC and PS1 QR.

1>< BCx AD
Area of AABC 2
Proof: ‘Areaofa PQR™ 1xqR xpPs : :
2 B D C Q S R
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BC AD L
=5 X —= .
QR = PS @
Now in triangles ADB and PSQ.

OB =0Q [sinceA ABC |||A PQR]
OADB = OPSQ [since Each 9D
Therefore by AA similarityA ADB |||A PSQ
AD _ AB ,
O PS - PQ .. (2)
AB _ BC
But PO - OR
AD _ BC 3) [f 2
PS - OR .. (3) [from (2)]
Area of A ABC BC BC
ThereforeArea of A POR ~ QR X OR [From (1) and (2)]
BC?
As A ABC |||A PQR AB _BC _CA 5
Areaof AABC AB? BC? CA?
Hence Areaof A PQR™ PO’ ~ QR - RP [From (4) and (5)]
Results (1) :

The ratio of the areas of two similar triangles is equal to the ratio of the
squares of their corresponding altitudes.

Given : LetA ABC andA PQR be the given triangles such that

A ABC |||A PQR and ALD BC, PMO QR. P
A
ul 1
B L M R
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Area of AABC pL?
To prove - ‘Area of A PQR™ PP

Proof : We know that, the ratio of the areas of two similar triangles is equal
to the ratio of the squares of any pair of their corresponding sides.

Area of AABC AB?
U Areaofa POR™ pg D

Now consider the triangles ABL and PQM
Here OALB = OPMQ =90

OB =0Q (-~ AABC [||A PQR)
By AA similarity, A ALB ||]|A PMQ

AB _ AL
PQ  PM
AB?  AL?

PQ2 = W (2)

Area of AABC L2
From (1) and (2)’Area of A PQR: PMVE

Result (2) : The ratio of the areas of two similar triangles is equal to the ratio
of the squares of their corresponding angle bisectors.

Given : Let A ABC andA PQR be the given triangles such that
A ABC |||A PQR and AD, PE are bisectorslof andJP respectively.

A P

D C
Area of AABC aAp? @ = R

To prove : ‘Avea of A PQR™ PR

Proof : We know that, the ratio of the areas of two similar triangles is equal
to the ratio of squares of any pair of their corresponding sides.
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Area of AABC AB?
U Areaof & PQR™ PQ - (1)

By the given data,
A ABC |||A PQR

0 OA = 0P

0 1 DA—l OP
2 2

O OBAD = OQPE

In A ABD andA PQE
OBAD = OQPE andIB = 0Q
By AA similarity, A ABD |||A PQE

5 AB _AD AB®  AD?
PQ PE © PQ T PR

Area of AABC Ap?
From (1) and (2), Area of A PQR: =

Result (3) : The ratio of the areas of two similar triangles is equal to the ratio
of the squares of their corresponding medians.

Given : Let A ABC andAPQR be the given triangles such that
A ABC |||A PQR and AX, PY are medians®ABC, A PQR respectively.

A

Y R
Area of AABC AXx?

To prove : ‘Avea of & PQR™ pv?

Proof : We know that, the ratio of the areas of two similar triangles is equal
to the ratio of squares of any pair of their corresponding sides.
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Area of AABC AB?

Area of A PQR™ PQ

By the given dataA ABC |||A PQR O

InAABP andA DEQ, OB =0Q

AB BX
and - ==

PQ QY

By SAS - similarityA ABX |||A PQY

AB  AX
g

Area of AABC aXx?

PQ =Py Y PF T py?

From (1) and (2),Area of A PQR: v

7.11 Theorem

PQ T QR T 2QY T QY
[sinceA ABC |||A PQR]

. (2

If a perpendicular is drawn from the vertex of the right angle of a right
triangle to the hypotenuse, the triangles on each side of the perpendicular are similar
to the whole (original) triangle and to each other. [Proof is not required]

(i.e.,) If ABC is a triangle right
angled at B and BDI AC, then

() AADB |||AABC
(i) ABDC |||A ABC
(iii) A ADB |||A BDC

C

Example 7.26 :In fig, A ABC |||A AQP. If BC = 8 cm, PQ = 4 cm,

BA =6.5cm, AP = 2.8 find CA and AQ.

P

Solution : By the given data) ABC |||A AQP B

AB BC AC

S A TPTap
AC _BC
H AP —op 0
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. AC _8 g 8.8
08 4 @ 4 - AQ
0 AC = 5.6 cm and AQ = 3.25 cm.

Example 7.27 :In fig, CA and DB are perpendicular to AB.
If AO=10cm, BO =6 cmand DB =9 cm, find AC.

Solution : In A OAC andA OBD
OOAC =0JOBD =90 D
OAOC =0BOD (vertically opposite angles) J 9 cm
By AA criterion of similarity A _10cm
A AOC |||A BOD

A0 _OC _AC A0 _AC
BO OD BD BO BD c

O 6cm pg

no_A 0 AC=15
6- 9 =15 cm.
Example 7.28 PQR is a triangle in which PQ = PR and Z is a point on the

side PR such that GR PR.RZ. Prove that QZ = QR.

Solution : Given : A PQR in which PQ = PR, Z is a point on PR such that
QR? = PR.RZ.

To prove : QZ = QR

P

Proof : Given: QR? = PR.RZ

QR _ PR z

H Rz OR
In A PQR and\ ZQR,
. QR _ PR © ¢
OR is common andﬁ = OR
PQ_QR_PR

APOR|IAQZR O 0z~ 7R - OR

PQ PR )

Q_Z = @ O QZ=QR (since PQ =PR)
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Example 7.29 The perimeter of two similar triangles ABC and PQR are
respectively 36 cm and 48 cm. If PQ = 16 cm find AB.

Solution : We know that the ratio of the corresponding sides of similar
triangles is same as the ratio of their perimeters.

HereA ABC ||| PQR.

AB _BC AC _36

H PQ QR PR 48
AB 36 AB 36
0 —_-=2 5 ==
PQ ~ 48 16 ~ 48
3
0 AB= 7 x16 0  AB=12cm.

Example 7.30 .L and M are points on sides AB and AC cA#BC. If
AL=2cm LB =4 cm and LM || BC prove that 3 LM = BC.

Solution : In A ALM andA ABC
Since LM || BCOALM = OABC andOJAML = JACB

(corresponding angles of || lines) A
OAis common 2
By AAA criterion,A ALM ||| A ABC L M
AL M _AM 4c
AB  BC AC . c
AL LM 2 LM
= O = 0 BC=3LM.

AB BC - 6 BC

Example 7.31 If two triangles are equiangular. Prove that the ratio of the
corresponding sides is the same as the ratio of the corresponding angle bisector
segments.

A D

Solution : Let the two given triangles be

ABC and DEF.

By the given data

OA=0D, OB =0E,0C =0F B L C E
E M
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Let AL and DM be the bisectors of A and D respectively.

Now to prove :

AB _AC BC _ AL
DE DF EF DM

By AAA - similarity, A ABC |||A DEF

g

OA
O NowOA=0OD O —/—

2

In A BAL andA EDM
UB =0E

UBAL = JEDM

AB _BC _AC
DE EF DF

. (1)

ub
Y 0 OUBAL = JEDM

(given)
(proved)

By AA similarity, A ABL |||A DEM

AB _ BL _
DE EM
AB _ AL
DE DM

AL
DM

- (2)

AB _BC AC AL

From (1) and (2), —

DE EF  DF DM
Example 7.32 :A ABC andA DEF are similar, the area & ABC is
16 sq.cm and thd DEF is 25 sg.cm. If EF = 4 cm find BC.

Solution : By the given conditionA ABC |||A DEF
We know that the ratio of areas of two similar triangles is equal to ratio of
squares of their corresponding sides,

Area of AABC B2
U Areaof A PQR ™ EP
- 16 _ BC’ . BC2_16><16
25 4 - 25

1
BC=— =3.2cm.
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Example 7.33 Prove that the area of the equilateral triangle described on

the side of a square is half the area of the equilateral triangle described on its
diagonal.

Solution : Let PQRS be the given square.

Equilateral triangle STR has been described on the side SR and equilateral
triangle PXR has been described on the diagonal PR.

In right angledA PSR
PR =PS + SR
= SR + SR (since PS = SR)
PR =2SR... (1)

Now equilateralA STR and equilater@l PXR are equiangular.
T
O A SRT [|A PRX

Area of ASRT gR?
Area of A PRX ™ pR? S R

2

= ZSSRR2 [from (2)]

1
O Area ofA SRT= > [area ofA PRX]

X
Example 7.34 ABCD is a trapezium with AB || DC. The diagonal AC and

BD intersect at E. IA AED |||A BEC. Prove that AD = BC.

Solution : By the given data ABCD is a trapezium and AB || DC.
In A ECD andA ABE, JEDC =0EBA

OECD =0EAB
By AA - similarity, A DEC [|[ABEA P N
DE _EC _DC 0 DE _EC
BE EA BA BE EA E
0 DE _ BE 1
EC ~ EA - (1) A B
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Also given A DEA |||A CEB
DE _ EA _ DA

CE-EB-CB 2)
From (1) and (2),B—E = EA
EA EB
O EB’=EA’ 0 EB=EA

Substituting EB = EA in (2) we get

EA DA

a=§ O DA=CB O AD=BC
Example 7.35 1n fig. DEFG is a square andBAC = 90. Prove that
(i) A AGF |||A DBG, (ii) A AGF |||A EFC, (iii)A DBG |||A EFC.
Solution : (i) In A AGF andA DBG

OGAF =0BDG =90
OAGF =0DBG (corresponding angles of parallel lines)
By AA - similarity, AAGF |||]ADBG A
(i) In A AGF andA EFC
OFAG =0OCEF = 90 G F
and OAFG =0 ECF
By AA - similarity, A AGF |||A EFC

From (i) and (ii) B D E C
AAFG ||[|[ADBG and AAGEF |||]AEFC
A DBG |[||A EFC.

Example 7.36 :In fig. ABC is a triangle, right angled at A and
AD OBC.IfAC=3cm, AB=4cm, BD = 3.2 cm, find AD.

Solution : In A ABC, OA = 90°

and ADOBC ¢
By theorem 7.11 D
3.2cm
A CAB |||A ADB 3cm
5 CA_ne_EC
AD DB BA 5
A 4 cm
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5 CA_mB
AD DB
. 3_4
AD 3.2
_3x%3.2
0 AD = 2 P
AD =2.4cm. B

EXERCISE 7.5

In fig. A ABC |||A AQP (i) if BC = 8 cm, 0
PQ =4cm, BA=6.5cm and AP = 2.8 cm, find
CA and AQ. (i) If BC =4 cm, PQ = 3 cm,

AP =5.7 cm, AQ = 3.6 cm, find AB and AC. ¢

A vertical stick 10 cm long casts a shadow 8 cm long. At the same time a tower casts
the shadow 30 m long. Determine the height of the tower.

InA ABC, X is a point on AB and Y is a point on AC such that XY || BC. Find the
length of XY if AX=1cm, XB =3 cmand BC =6 cm.

A ABC is a right angled triangle, right angled at B and BIAC. If BD = 8 cm,

AD =4 cm find CD. A 5

In fig. JABC = 90, and BDO AC.

() IfAB=75cm,BC=1m, CD=1.25nm,

find BD.

(ii) If AB =5.7 cm, BD = 3.8 cm,

CD =5.4 cm, find BC. B C
In the adjoining figure two triangles APQ and B

ABC are similar. If PQ and BC are not parallel

and PC=4cm, AQ =3 cm, QB = 12 cm and

BC =15 cm and AP = PQ calculate (i) the length

of AP, (ii) the ratio of the area df APQ and

A ABC. A C

P
If two sides and a median bisecting one of these sides of a triangle are respectively

proportional to the two sides and the corresponding median of another triangle then
prove that the triangles are similar.

Two poles of heighah metres andh metres argp metres apart. Prove that the height
of the point of intersection of the line joining the top of each pole to the foot of the

ab
opposite pole is given b¥+_b metres.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Prove that the ratio of the corresponding altitudes of two similar triangles is equal to
the ratio of their corresponding sides.

A ABC andA DEF are similar, the area AfABC is 9 sg.cm. and that & DEF is
16 sg.cm. If EF = 4.2 cm, find BC.

The areas of two similar triangles are 16 and 36 crirespectively. If the altitude
of the first triangle is 3 cm, find the corresponding altitude of the other.

A
In the figure, E is a point on side CB

produced of an isosceles triangle ABC with
AB =AC. If AD OBC and ER1AC prove F
thatA ABD |[||A ECF.

] C
In the fi ST R S 3 = B b
n the figure, | Q ar‘lg?g =5 b
calculate the value of
_ Area of APST  Area of trapezium STRQ s T
() Area ofa POR) ~ Area of A POR
Q R

The perimeter of two similar triangles ABC and PQR are respectively 36 cm and
24 cm. If PQ =10 cm find AB.

One angle of a triangle is equal to one angle of another and bisectors of these equal
angles divide the opposite sides in the same ratio, prove that the triangles are similar.

D, E, F are the mid points of the sides BC, CA and AB respectively of triangle ABC.
Determine the ratio of the areas of triangles ABC and DEF.

Prove that if the diagonals of a quadrilateral cut each other in the same ratio, the
quadrilateral is a trapezium.

Two circles touch at O straight lines AOP, BOS, COT cut one circle at A, B, C and
cut the other circle at P, S, T. Prove that are® ABC : Area ofA PST = AB : PS.

INAABC, PQ is a line segment intersecting AB at P and AC at Q such that PQ || BC

BP
and PQ dividedABC into two equal parts in area. Fi%.
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8. CO-ORDINATE GEOMETRY

8.1 INTRODUCTION :

Rene Descartes (1596 - 1650) is credited with the invention of co-ordinate
geometry, since he used a rectangular coordinate system to establish a relationship
between equations and curves. Descartes’ best-known work is a philosophical treatise
published in 1637, callel Discourse on the method of Rightly conducting the
Reason and Seeking Truth in the Science.

This publication had three appendices, the third of which is the famous La
geometrie. In this appendix Descartes deals with such topics as the solution of
eqguations of degree greater than 2 and the case of exponents to indicate powers of
numbers.

But what Descartes is best remembered for is his introduction of modern
analytical geometry iha geometrieand the Cartesian co-ordinate system is named
in his honour.

Although Descartes is credicted with the development of analytical geometry,
Pierre de Fermat, another great French Mathematician also formulated co-ordinate
geometry at the same period and made considerable contribution in this field.

The modern terms coordinates, abscissa and ordinate were contributed by
the German Mathematician, Gottfried Wilhelm Von Leibniz in 1692.

We have learnt the following. Let us recall them.
(i) Distance between two points &(y,) and B &, Y,) ;

d= (% =%)* +(y,~ W)? units.
(i) Mid-point formula : If M is the mid-point of the line segment joining

O + +y, [
A(x,y,) and B &, y,) then M is#,¥9 R (6, ¥)

8.2 AREA OF A TRIANGLE

LetP &, Y,), Q &,Y,) and Rk, Y,)
be the vertices of this POR.

1 P&y, Q (X, ¥)
The area of the triangle 3 X, (v, = Vo) + X, (Y, —Y,) +X, (¥, —Y,)] Sq.units
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There is a short-cut method to find the area of the above triangle.
Step 1 :Arrange the vertices as follows :

X, X, X, X,
yl>< Y, ><y3 >< Y:
1
Step 2 :Area =~ (%Y, + XY, +Xy) — (Y, + XY, + XY,

We have to take the vertices in the D (x, Y,)
anticlockwise direction. [Otherwise we will
get a negative value. Let us take it as
positive]

One advantage in using this shortcut
method is that we need not divide the
quadrilateral into two triangles, while A (x,y,)
finding its area. B (Y,

Area of the quadrilateral ABCD

X % % X X
=% Y ><y>< y><y><)/

4

C (X ¥y

= % [(Xl 2 + X2y3 + X3y4 + X4 1) - (Xzyl + X3y2 + X4y3 + leA)]

Of course, we have taken the vertices iratiteclockwise directionand that
tooin order. This method can be extended to any polygon.

If they are not given in order, we have to arrange them in proper order.

It is better, we plot them roughly on a diagram as shown in examples.

Example 8.1 :Find the area of the triangle ABC given A (6, 7), B (2, —9)
and C (-4, 1).
Solution : Let us take the order &sACB.

(6 42 6
Area of theh ABC = >< >< ?(I
7 WS Yy

% [(6 + 36 + 14) — (—28 + 2 — 54)]

1 1
5 [56 + 80] =5 x 136 =68 sq.units.
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1
Note :If one of the vertices is the origin, then the formula beco?eslyz—xzyl].

Example 8.2 [Find the area of th& POQ given P (3, 4), Q (7, 8). O is the
origin. A

Q
1
Solution:  Area =5 XY, —Xy,] P@3 4 (7, 8)

1
S (74— @8y

XY

(@)
1
> [28 — 24] =2 sq.units.

Example 8.3 :Find the area of the quadrilateral ABCD given A (1, 2),
B (-3, 4), C (-5, -6) and D (4, -1)

Solution : We can see that the points are taken in order anticlockwise.

O Area of the quadrilateral ABCD
Y 1 -3 -5 4 1
L3 X
A 73 X
2 —6 - 2

_%[(4+18+5+8) —(-6-20-24-1)]

Oy
I

<
I

1 1
> [35 + 51] =5 % 86 =43 sq.units.

Example 8.4 :Find the area of the quadrilateral PQRS given P (5, -2),
Q@3,4),R(4,-7),S(1,1).
Solution : Let us plot them roughly since the points are not in order.

Let us arrange them in anticlockwise order (i.e.,) P(5,-2), Q(3,4), S(1,1), R(4,-7)

1 3 1 4 5
Area of the quadrilateral PQRS; >< >< ><
70 2 4 1 - )

%[(2o+3—7—8)—(—6+4+4—35)]

1 41 .
R = 3 [8+33]= 5= 20.5 sq.units.
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Condition for collinearity of three points

Let us consider the three points %, §,), B (x,, y,) and C k,, Y,).
We know that the area of tiieABC is

1
A= E (Xl 2 + X2y3 + X3y1) - (Xzyl + X3y2 + Xl 3)]

If A, B and C lie on a line, then the area of hABC becomes zero.

Hence, the condition for the three points, to be collineapis{xy, + x.y,)
— (Y, F XY, T XY5) = 0.(00) &Y, + XY, Xy) = (Y, + XY, +X,Yy)

Example 8.5 Prove that the points (4, 5), (6, —1) and (0, 17) are collinear.
Solution : x, =4,y, =5,X,=6,y,=-1,x,=0,y,= 17
LHS © Xy, + %y, + Xy,
=(4x-1)+(6x17)+(0x5)=-4+102 =98
RHS Xy, +3y, + XY,
=(6x5)+(0x-1)+(4x17) =30+ 68 =98.
We see LHS = RHS.
Hence, they are collinear.

Example 8.6 Determine the value of’ such that 4, a), (2, 3), (4, -1) are
collinear.

Solution :x, =a,X,= 2,X,= 4y, =a,y,= 3,y,= -1
Condition for collinearity
XY, XY, XYy EXY, XY, XY,
3a-2+4 =2a+12-a
7a—a =12+2
7
6a =140 a= 3
EXERCISE 8.1
1. Find the area of each of the following triangular whose vertices are given :
(@) (8, 10), (8, 4), (-4, 4) (i) (-2, 4), (0, -3), (6, -1)

(iii) (4, 5), (1, 3), (0, —4) (iv) origin, (8, 0), (0, 10)
(v) origin, (4, 8), (6, 4)

274



Find the area of each of the following quadrilaterals whose vertices are :

(i) (6, -1), (5, -6), (2, 2), (4, 5) (i) 3, 4), (-1, 6), (-3, —4), (6, 1)
(ii) (6, 9), (7, 4), 4, 2), 3, 7) (iv) (-2, =3), (0, 4), (-4, 2), (0, -1)
Show that each of the following points are collinear.

(i) (4, -1), (=2, 17), (2, 5) (i) (2, 6), (-2, 2), (-1, 3)

(i) (12, 5), (6, 2), (2, 0) (iv) (-2, 1), (1, 2) 4, 3)

The vertices of somAs are given along with their areas. Filih each of the
following.

Vertices Area
() (2, 3), (6, -2), (-28) 6
(i) (3, 8), (4,a), (5, -2) 8
(i) (-2, -1), (2, 1), & -3) 5
(iv) (a -3), (3, 1), (-1, -5) 2
Find the value ofr’ in each of the following, given that they are collinear.
() (=38, 2), (-5, 6), 10 -2) (i) (5, 7), (9.m), (3, 6)
(iii) (1, 4), (7, m), (3, 5) (iv) (2, -3), (0, 1),n6, M)

Show that each of the following points are collineldm{ : Take two pairs of 3
points. Prove that they are collinear)

(I) (41 8)! (_41 0)1 (_3! 1)! (_71 _3)! (”) (2! 5)! (_21 1)1 (3! 6)1 (0, 3)

If the points (2, 5), (4, 6) and (8) lie on a straight line, find the value & .

If the points (-1, 3)0( —1), (0, 4) are on a line, find the value bof *

If the point &, y) is collinear with the pointsa( 0) and (0,b), then prove that
Xy

—+ - =1

a b Y 5
8.3 SLOPE OR GRADIENT OF A STRAIGHT LINE

Let a straight line cut the X axis at A. The

angled between the straight line and the positive
direction of the X axis when measured in the anti- 0
clockwise direction is called the angle of o A =X
inclination. The tangent of the angle of inclination

is called theslope or gradientof the line.

In the figure AB is the portion of the line above the X axis ahtkiAB = 6

then slope = tah The slope of the line is denotedry

Note : 1. The slope of the line parallel to the X axis is zero, Since’ta® 0
2. Ifaline is perpendicular to the X axis, its inclination is&t so its slope

is tan 90 which is not defined.
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8.3.1 Slope of a line joining two points

Let A (x,,y,) and B &, y,) be the two given points. L8tbe the inclination
of the line AB with positive direction of the X axis.

Draw horizontal and vertical lines parallel to X axis and Y axis respectively
through A and B intersecting at C. In right angledBC.
Y

A
g = BC _ BM-CM BOX,Y),
anb = — = S _ A
AC OM-0OL A3 Y=Y
=—C
m = Yo W s
o RTX A8
X7 L W™ > X
0 slope L or ho
P %% T x-x "
The following figures show different positions of lines and their slopes.
Y

AY

XI 4—0 A 9
X < » X
v lo AN
v
v
Slope = tar® Slope = tar®
sinced is acute, sincé is obtuse,
slope is positive slope is negative
8.3.2 Condition for two lines to be parallel %
A B D

Let AB and CD be any two parallel lines making
angles, ande, with the positive direction of X axis. Let
their slopes ben andm, respectively.

0 m, =tan6, andm, = tan6, /| i %
Since AB || CD§, =8, (corresponding angles)/ 0/ X
0 tan®, = tan@, (i.e.,)m =m, C

\ 8
Hence, if two lines are parallel, they have the same glope.
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8.3.3 Condition for two lines to be perpendicular

If the product of the slopes of two lines is —1, then the lines are perpendicular.
If m, andm, are the slopes of two lines which are perpendicularrihen = —1.

Y
A B
A/
D
X < 5 >
\ 4
v
Note :
1. Ifthe lineis parallel to X axis (perpendicular to Y axis), then the slgpe
is 0.

2. Ifthe line is perpendicular to X axis (parallel to Y axis), then the slgpe
is not defined.

—

3. Ifthe slope of a line is®, then the slope of the line perpendicular to

is ——.
m

Example 8.7 :Find the slope of the line, given that it makes {(j)i)) 45°
(i) 60° with X-axis.

Solution : He =
Slope =tan8=tan 0=0

(i) 8 =42
Slope =tan6 =tan 43=1

(i) 8 =60

Slope =tan6 =tan 60 = /3
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Example 8.8 :Find the angle of inclination of the line whose slope is (i) 1
(i) V3.

Solution : (i) Let 8 be the angle of inclination of the line

slope =1
tan6 =1
tan® =tan 45
0 =45
(ii) Slope =./3
tan® = ./3
tan® =tan 60
0 =60

Example 8.9 :Find the slope of the line joining the points (1, 3) and (4, 6)
Solution : Let A (1, 3) and B (4, 6) be the given points

Y

Slope _y2
P& T x-x

w

_6-3_3_,
_623_ 3,

[EEN

Example 8.10 Find the slope of a line which is (i) parallel to a line whose

1
slope iSE (i) perpendicular to a line whose slope is —3.
) ) ) ) 1
Solution : (i) Slope of the given line -—-é

1
O Slope of its parallel line i%

(i) m= Slope of the given line = -3

-1 1
Slope of its perpendicular line ﬁrﬁ =3
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Example 8.11 :Find the slope of a line which is perpendicular to a line
passing through (0, 6) and (-3, 1)

Solution : Let P (0, 6) and Q (-3, 1) be the given points.
Yo~ W 1-6 -5 5

Slope ofPQ = —x = 3-0~ 3" 3
. . -3 .
Slope of the line perpendicular to PQ—5= [Or line's slope]
Example 8.12 Finda if the slope of the line joining (-6, 13) and &}s
1
B
Solution : Slope = L)
' P = % -x%
S ~a-13
ope = 376
0 -1 _ a-13
3 9
O -9 =3a-39
0 a=10

Example 8.13 A triangle has vertices at (1, -1), (-1, 1) and (1, 1). Find the
slope of the median through C.

Solution : Let A (1, -1), B (-1, 1) and C (1, 1) be the given points.

0x, + +y,0 B(LY c(, 1
Mid point = X12X21y12y2 (1, 1)
_ _ _ M-1 -1+ 10
D is the mid point of AB :57 5 Ez (0, 0)
(mid point)
Y% 0-1
Slope of CD :H = 0-1

[Here C(1, 1); D(0, 0), Al 1)

x, =1y, =1;x,=0,y,=0]
Slope of its median CD =1
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Example 8.14 A straight line passes thorugh (3, —4) and (-4, 3). Another
line has slope 1. Are the lines parallel or perpendicular ?

Solution : Let the given points be P (3, —4) and Q (-4, 3).

2

X=X

m, = Slope =

Slope of PQ1f) = 34 = s =-1
-4-3 -7
Given that slope of another linej) = 1
mxm, =-1x1
=-1
Sincem, x m, =-1, the given lines are perpendicular.

Example 8.15 The line joining A (-2, 4) and B (3, -5) is parallel to the line
joining C (0, 4) and D (-3 find ‘y'.

Solution: Slo eofAB-i1r = _—9
: P “3+2 5

3 y—4 B y—4

Slope of CD =3.0- 3

Now Slope of AB = Slope of CD [Since AB || CD]

-9 y-4
. 5 -3
0 27 =5/-20

0 27+20 =¥

47
O y:E

Example 8.16 The line joining A (-4, 6) and B (-1, —3) is perpendicular to
the line joining C (0, —4) and D (8), find a.
-3-6 -9

-1+4 3

Solution: m, = Slope of AB =
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at4 a+4
m, = Slope of CD = =—5

3-0 3
m xm, = -1 [Since the lines are perpendicular]
Ca+40
SHs P
—a—-4 =-1
a=-1+4=3
0a=-3

Example 8.17 :Without using distance formula, show that the points
P (@3, 2),0Q(0,-1), R (-3,-2) and S (0, 1) are the vertices of a parallelogram.

Solution : P (3, 2), Q (0, -1), R(-3,-2) and S (0, 1) are the given points

Slope of PQ =~ 2 =3 _ 4
opeotPQ =53 =33 =
Siope of OR =271 _ 1 _1
opeofQR ==3—5 =3 =3
Slope of RS =2 =3 _4
ope o —0+3—3—
Slope of SP =+ = =
ope o —3_0—3
Slope of PQ =Slope of RS =1
0 PQ||RS.

1
Also, Slope of QR = Slope of SPé—- (Verify)
0 QR|| SP.
Since the opposite sides are parallel, the given points form a parallelogram.

Example 8.18 A (-1, 2), B (2, 1) and C (0, 4) are the vertices of a triangle
ABC. Find the slope of altitude of AB.

Solution : A (-1, 2), B (2, 1) and C(0, 4) are the vertices of a triangle ABC
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cml—\|H

0
ﬁ 3

Example 8.19 A (2, 3), B (0, 4), C (-5, 0) are the given points. Find the
slope of the line passing through B and mid point of AC.

Solution : Let the mid point of AC be D.

O
Slope of altitude of AB = = E

-5 3+ 00
Mid point of AC = H_ > E
. 03 30
D is BEZE
3 5
Y. W 5_4 _E 5
Slope of BD = = =< ==
X_
b~ X _§_0 _3 3
2 2

Example 8.20 Show that the points (-2, 3), (3, 4) and (8, 5) are collinear.
Solution : Let A (-2, 3), B (3, 4) and C (8, 5) be the given points.

Siope of AB =43 _1
ope o =3+2°5
Slope of BC =22 - 1
ope o 8-3-5

Slope of AB = Slope of BC.

OAB || BC. Since B is the common point, AB coincides with BC.
Hence A, B, C are collinear.

Example 8.21 if the points (4, 1), (-2, —3) and £5) are collinear, fing.
Solution : Let A (4, 1), B (-2, —3) and C (x, —5) be the given points.
-3-1 -4 2

Slope of AB ﬂ % = 3
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S| fgCc =23 . 2
ope o TX+2 0 x+2

Since the points are collinear, slope are equal.
Slope of AB = Slope of BC

2 _ 2
3 x+2
2X+4 =—-6
Ox=-5

Example 8.22 :The vertices of & ABC are A (-3, 3), B (-1, —4) and
C (5,—2). M and N are the mid points of AB and AC. Show that MN is parallel to

1
BC and MN =§ BC.

ution : Mid boi _0-8-1 3-40 _D2_1D
Solution: Mid point of AB = BT —2 E O Mis Er ' 2E
. _ _F3+5 3-2( . 10
Mid point of AC _BT’ N El O Nis % 2
1 1
272 1
Slope of MN = 1+2 ~ 3
Slope of BC _erd4_2_1
P “5+1 6 3
Since the slopes are equal, the line segments MN and BC are parallel.
0 MN || BC

N J“*Z’* - T @
BC = [(5+1F+ -2+ 4} = (6 +(2F = V40 = 210

1
Thus MN = > BC.
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10.

11.
12.
13.
14.

15.

16.

17.

EXERCISE - 8.2
Find the slope of the line whose inclination with X axis is
(i) 307, (ii) 45°, (iii) 60°, (iv) 9C¢° (V) a
Find the slope of the line joining the points
) ) S [ 50 b 30
(@) (4, 5) with the origin, (ii) (1,4) and (2, -3), (||%, égand Eé EE
(iv) (3, \/§) with the origin. (v) (sirB, —cosB) and (-sirB, cosb)

OB and OC are two straight lines through the origin O, making anglesd8060
with OX. What is the slope of the bisector@BOC.

Find the slopes of PQ and RT with the points P(-1, 2), Q (-8, 2), R (4, -1) and
T(-3, 5).

A (2, 3), B (0, 4), C (-5, 0) are three given points. Find the slope of the line through
B and the mid point of AC.

Show that the points A, B and C are collinear when the coordinates are

() A@4,1),B(-2,-3),C(-5,-5)

(i) A (-2, 5),B (0,-1),C (1, -4)

If the three points (), (4, 6) and (8, 8) are collinear fird

If the three points (3, —1)x,(3) and (1, —3) are collinear find

A triangle has vertices at (3, 4), (1, 2) and (-5, —6) find the slope of its median.
Show that the following points taken in order form the vertices of a parallelogram.
(i) (-2,-1), (1, 0), (4, 3), (1, 2), (i) (1, -2), (-1, 4), (5, 8), (7, 2).

Find the slope of the line parallel to the line joining the points (3, 5) and (5, 8).
Findp if the slope of a line joining (-5, 15) and (3},is —1/9.

The line joining A (-2, 3) and B (-1, 5) is parallel to C (0, 5) and Dy{;-Znd y.

The line joining A (-1, -2) and B (5, 6) is perpendicular to C (4, 2) and
D (0,y) findy.

P, Q, R have co-ordinates (-2, 1), (2, 2) and (6, —2) find (i) Gradient of the line
parallel to PQ. (ii) Gradient of the line perpendicular to QR.

Find the slope of the perpendicular bisector of the line AB where A and B are the
points (-2, —3), (4, 5) respectively.

What is the slope of the line perpendicular to the line joining A (5, 1) and M where
M is the mid point of the segment joining (4, 2) and (-6, 4).
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18. The vertices of a triangle are A (1, 8), B (-2, 4) and C (8, -5) M and N are the mid
1
points of AB and AC. Show that MN is parallel to BC and MNé:BC.

19. The vertices of a triangle ABC are A (3, 2), B (4, 5) and C (-2, —4). Find the slope of
the line EF where E and F are the mid points of AB and AC respectively. Prove that
EF is parallel to BC.

20. The vertices of a triangle ABC are A (1, 2), B (-4, 5) and C (0, 1). Find the slope of
the altitudes.

8.4 EQUATION OF A LINE

8.4.1 Equations of coordinate axes

The x coordinate of every point on OY is 0.
Therefore equation of OY is= 0.

They coordinate of every point on OX is 0.
Therefore the equation of OXys= 0.

<V

o]

Equation of a straight line parallel to X axis. YA

Let AB be a straight line parallel
to the X axis and at distanck’ from
X-axis. Thery coordinate of every point
on AB ish.

The equation of AB ig=b

A

Equation of the line parallel to X v
axis isy = b.

>

Equation of a straight line parallel to y
the Y axis.

Let CD be a straight line parallel to A
Y axis and at a distance’‘from Y axis.
Then X coordinate of every point on CD is

‘

a. < » X
(0]

The equation of CD is=a. Equation
of the line parallel to Y axis ix =a.
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Intercepts

If a straight lind meets the X axis at A and
Y axis at B, then OA, the distance of A from the
origin is known asX-intercept and OB, the
distance of B from the origin is known as
Y-intercept.

8.4.2 Slope-intercept form

A

b\

B

AN »X

To find the equation of a straight line when sloperh’ and Y intercept ‘c’

are given.

Let AB be a straight line which makes an arigleth OX and cuts OY at Q.

Let OQ =c. Slope of the line taB =m

Let P &, y) be any point on AB, through P, draW PM perpendicular to X axis

and QL perpendicular to MP.

/B

ThenOPQL =6 (corresponding angles) PKY)
From right angled PQL y—c
ang = PL
an® = -
QL S ALEE -
-C
Slope op Al ¢ ¢
X X < ® > X
O mx =y—c ¥ XM
A
mx+c =y

U Required equation of a lineys= mx+c.

8.4.3 Slope-point form

To find the equation of a line passing through a pointq, y,) and with

given slope m'.

The equation of the line having slopd isy=mx + ¢

. (1)

wherec is an unknown constant. Since the line (1) passes through
(X, , y,), the coordinates(, y,) will satisfy the equation.

Oy, =mx+c
Subtracting (2) from (1)

y—y, =mx+c-mx —c
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y—y, =mx —mx
y=y, =m{x-x)
Required equation of a lineys-y, =m(x —x))
Result : Equation of thetraight line passing through the originand having
slopemisy = mx.
8.4.4 Two-points form

To find the equation of a straight line passing through two pointsx(, y,)
and (X, Y,).

Let the straight line passes through two fixed pointsxA ;) and

B (X, ¥,)-

. Yo W
Slope of the line AB ISH =m

0 Slope of the line im, it passes through A y,)
Equation of line iy -y, =m(Xx—x))

Oy, -y, O

DYZ Y1

O(x —
B -xg& =%

Y-y,

Y- XX
Yo% %X
0 Equation of the straight line passing throughy() and &, y,) is
Y% XX
Yo% N X=X

8.4.5 Intercepts form

X
Equation of a straight line which A
makes interceptsa and b on the \
Q(0, b)

. Xy

coordinate axesis- + — =1
a b

Let PQ be the given line which P 0)
intercepts the X axis at R,(0) and the [e \ > X
Y axis at Q (0,b). OP is called the X
intercept and OQ is called the Y intercept
of the line PQ.
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0 Required equation is the equation to PQ.

Hen tion of P g0 x-a
ence, equation o Qlﬁ—o_a
y _x-a
. b ~ -a

y X
= = —— 4
O b a 1

X
O a + % = 1is the equation of straight line in intercept form.

Example 8.23 Find the equation of a straight line whose (i) slope is 4 and
y intercept is =3. (ii) Inclination is 3@ndy intercept is 5.

Solution : Slopem) =4
yintercept€¢) =-3
Equation of alineig =mx+c
y =4x-3
Equation of aline isxd—-y—-3=0

(i) =30, yintercept =5
slope =taf

1
m :tan30=ﬁ

Equation of alineig =mx+c

1
y =ﬁx+5
J3y =x+5J3

Equation of a line ix— /3y + 5,/3 = 0.

Example 8.24 :Calculate the slope anyl intercept of the line
2X—-3y+1=0.

Solution: 2x-3y+1 =0
y =2+1
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V=3 "3
Comparing with y =mx+c, we get
_2 .1
m 3'¢73
2

. 1
y intercept =3

Example 8.25 Does the straight linex4- 3y — 8 = 0 pass through the point
(2, 0)

Solution : If the line & — 3y — 8 = 0 passes through the point (2, 0) then
x = 2,y = 0 must satisfy its equation.

Whenx=2,y=0

4x-3y -8 =4(2)-3(0)—-8=8-8=0
O (2, 0) satisfies the given equation.
O The line pass through the point (2, 0).

Example 8.26 ‘A straight line passes through (1, 2) and has the equation
y =2 +kfind k.

Solution : If the line passes through (1, 2) then 1 andy = 2 must satisfy
the equatiory = 2x + k.

2 =2(1) +k
Ok =0
Example 8.27 Find the equation of a straight line passing through (-4, 5)

2
and having slope?

2
Solution : Slope ==

Point is (-4, 5)
Equation of the line isy(~y,) =m(X—x)

w

5_3 +4
y-— ——3(x )
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3y—-15 =-Xx-8
O Equation of a line is2+ 3y—7 =0

Example 8.28 If a line passes through the mid point of AB where A is
(3, 0) and B is (5, 4) and makes an angfevith X axis find its equation.

o oo DX Yt Y0
Solution : Mid point —BT, >
_ _ [B+5 0+ 40
Mid point of AB = BT TE: 4,2

0 =60
Slope =m =tan 60 = /3
Equation of a line isy(—y,) =m (x—x,)
y-2 =43 x-4)
y—-2 =./3x-43
Equation of a line is/3x-y+ 2 —4/3 =0.

Example 8.29 [Find the equation of the straight line passing through the
points (3, 6) and (-2, 5).

Solution : Equation of the line is “A _2Th
= Yo=Y %X
-6 x-3
5-6 -2-3
y-6  x-3
_1 - _5
5y—-30 =x-3

Xx-5%-3+30 =0
Equation of alineigs—5/+27 =0

Example 8.30 A (-5, 2), B (4, —6) and C (1, 7) are the verticeA 8BC.
Find the equation of the median drawn from A to BC.

Solution : Let D be the mid point of BC.
_ _ _A+1 -6+ 70
Mid point of BC = BT > E
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. B 10
D ISB£15E

Y™ Y X—
Equation of the median AD i§, ’ 5
2

Vi %X
-2 N X+5
1—2 §+5
2 2
y-2 x+5
O 23 15
2 2

-2 X+5
0 y

-1 5
O 5-10 =—x -5
O x+5-10+5 =0
O X+5 -5 =0
Equation of the medianis+ 5y—5=0
Example 8.31 Find the equation of the straight line joining the points (7, 5)
and (9, 7). Hence show that the points (4, 2) (7, 5) and (9, 7) are collinear.

Solution : Let A (7, 5), B (9, 7) and C (4, 2) be the given points.

: YN X=X
Equation of the line @
2

-V T XX
Equation of the line AB ig-— = X =7
quation of the line '?5 = 9_7
y-5 _x—7
H 2 2
O y—5 =x-7

O x-y-7+5 =0
Equation of the line is—y—-2=0
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Substitutingx = 4 andy = 2 in this equation —y—-2 =0
Nowx-y—-2=4-2-2=0

O The equation is satisfied.

Hence (4, 2) lies on the line joining (7, 5) and (9, 7).

O The given points are collinear.

-4 3
Example 8.32Find the equation of the line cutting off intercep:;'s and 2

on the X and Y axes respectively.

-4
Solution : X intercept &) = 3
, 3
Y interceptf) = 2
, Xy
Equation of the lineis- + — =1
a b
L L =1
4T3
3 4
-3x 4y
s "3 7t
-9+ 16y =12
Ox—16/ =-12

Equation of the line isX0- 16/ + 12 =0

Example 8.33 [Find the equation of the line passing through (5, —3) and
whose intercepts on the axes are equal in magnitude but opposite in sign.

Solution : Let the intercepts b&and a.

X
Equation of the line i% + Y- 1

b
X
O —+l =1
a -a
0 X—-y =a
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The line passes through (5, —3)
U5+3 =a
a=28
Required equation is—y—8 =0
Example 8.34 Find the intercepts cut off by the line23y +5 =0 on
the axes.
Solution : x intercept : puty=0
O02x+5 =0

X =5 This is thex-intercept

yintercept: putx=0
-3y+5 =0

5
O vy =3 This is they-intercept

Example 8.35 The intercepts made by the line-45y = 20 on the X axis
is ‘a’. Find a.
Solution : Equation of the line isx¢ 5y = 20
This line intersects the X axis, whgcoordinate is zero.
04-0 =20
X =5
x-intercept =5
But x-intercept isa
Oa =5

Example 8.36 Find the equation of the line which passes through the point
(3, 4) and makes intercepts on the axes such that their sum is 14.

X
Solution : Equation of the line isé + % =1

Sum of the intercepts =14
at+tb =14
b =(14 -a)
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X
Equation of the line isa—l + 1

14-a
(14-a)x+ay =a(l4-a) .. (1)
This line passes through (3, 4)
(14 -a)3+4 =a(14 -a)
0 a?—-1a+42 =0
O @-7@-6) =0
a =7ora=6
Substitutinga = 7 in (1)
(14-Tx+7% =714-7)

0 7x+7y =49
0 X+y =7
Sub.a=61in (1)
(14 -6)x+6y =6(14-6)
0 8x+6y =48
O Ix+3y =24

Equation of the lineig+y—7=0o0r 4+ 3y—24=0.

EXERCISE - 8.3

1
Find the equation of the straight line whose (i) slopg iandy intercept is 2.

5
(i) Slope is 4 and intercept iSE

(iii) inclination is 6@ andy intercept is 2.

Find the slope and the y intercept of the following lines xit23y — 5 = 0,
(i) 3x = 2.

Find the equation of the line having an inclinatiohwBh the positive direction of
X axis and cut off an intercept of 4 on the positive side of Y axis.

Prove that the point (1, 0) always lies on the %ireky — 1 = O for all values df.

Find the equation of a line whose slope %&nd passing through (1, —2).
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10.
11.
12.
13.

14.

15.

16.

A line passes through the mid point of the join of (2, —3) and (-2, 1)) and is inclined
to the X axis at the angiewhere taf = 3/4 find the equation of the line.

Find the equation of the line passing through the points (-2, —5) and (0, 6).

A (2,-4), B (3, 3) and C (-1, 5) are the vertices of triangle ABC. Find the equation
of the median of the triangle through A.

Find the equation to the line passing through the points (1, 4) and (3, —2). Hence
show that points (1, 4) and (3, —2) and (-3, 16) are collinear.

Find the X and Y intercept of the ling 2 3y — 12 = 0.
A linex + 2y = 2 cuts the coordinate axes at A and B, find the length of AB.
Find the equation in intercept form of the line joining (4, —3) and (-2, 6).

Find the equation of the line passing through (3, —4) and making equal intercepts on
the axes.

Find the equation of the line passing through (-3, 10) and making intercepts a, b on
the X, Y axis whose sum is 8.

A line intersects X axis at (=2, 0) and cuts off an intercept of 3 from the positive side
of Y axis write the equation of the line.

A straight line AB cuts the coordinate axes X and Y at A and B. If the mid point of
AB is (2, 3) find the equation of AB.

8.5 GENERAL FORM OF A STRAIGHT LINE

The linear equatioax + by + ¢ = 0 always represents a straight line. This is

the general form of a straight line.

Slope of the lineax + by + =0 :

ax+by+c =0

by =-ax-c
-2, ¢
Y= b 7b

Comparing this with the form=mx + c

-a
Slope of the line =5

Coefficient of x
Coefficient of y

Ingeneral, Slope =
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8.5.1 Condition for parallelism of two straight lines

We know that two straight lines are parallel, if their slopes are equa). If
andm, are the slopes of two parallel lines then= m,.

The equation of all lines parallel to the liae+ by + ¢= 0 can be putin the
form ax + by + k= 0 for different values di.
8.5.2 Condition for perpendicularity of two lines

We know that two lines are perpendicular if the product of their slopes is —1.
If m andm, are the slopes of two perpendicular lines, tmes m, = —1.

The equation of all lines perpendicular to the bixet+ by + ¢= 0 can be
written as bx—ay + k = 0 for different values df.

Example 8.37 Find the slope of the linex4= 3y — 2

Solution : 4x— 3y + 2 = 0; Slope =

_ Coefficient of x _ _(i) _4
Coefficient of y -3) 3
Example 8.38 Show that the line joining (-2, 2) and (-5, —6) and the line
joining (4, —8) and (7, 0) are parallel.
Solution : Slope of the line joining the points (-2, 2) and (-5, —6)

_6-2_=8_8
1 5+2 -3 3
Slope of the line joining the points (4, —8) and (7, 0)

_0+8 8
M =7°2473
Sincem =m,, the two lines are parallel.
Example 8.39 Are the lines 5+ 3y + 3=0and 8— 5 + 7 = 0 perpendicular?

m

Coefficient of x
Coefficient of y

Solution : Slope = -

-5
Slope of the line %+ 3y+3=0=(n) = 3

3 3
Slope of the line8-5+7=0= () = —(_—5) =5
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-5 3
Thusmx m, :3 XE =-1

Sincem x m,= -1, the given lines are perpendicular.

Example 8.40 If mis the slope of a line parallel ta 3 4y + 7 = O find the
value of 16r7.

_ Coefficientofx _ 3

Coefficientofy 4

Solution : Slope =

O Slope of its parallel linem= 7

16n7 -16D_3ﬁ -16D9 D-9
“*°HaH 7 Hel"
16n? =9
Example 8.41 :Find the equation of a line parallel to X axis and passing
through the point (-4, 7).

Solution : Equation of a line parallel to X axisys=b . (D)
Since it passes through (-4, 7)
07 =b ..(2
from (1) and (2), we get=7
O Equation of the required lineys= 7.

Example 8.42 1f 3x— 2y + 4 = 0 anchx + 4y + 3 = 0 are parallel lines, find
the value ofa’.

3 3
Solution : Slope of the line8-2y+4=0= ) = -(_—2j =5

-a
Slope of the lin@x+ 4y + 3 =0 (n) = "

Since the two lines are parallel, =m.,.

3 _-a
2 4
0a =-6
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Example 8.43 Find the equation of the line through the point P (-3, 1) and
parallel to the line joining the points Q (6, —1) and R (-2, -5).
-5+1 -4 1

Solution: Slope of QR :T—G =53

1
Slope of line parallel to QRE

This line passes through P (-3, 1)
Equation of a line isy(—y,) =m (X —x,)

1

O y—1 =- (x+3)
2

0 2y—2 =x+3

O X—2+5 =0
Equation ofalineigs—2y+5=0
Example 8.44 :Find the equation of the line passing through (-2, 3) and
perpendicular to the line joining the points (6, 7) and (0, —1).
: L -1-7 4
Solution :Slope of the line joining (6, 7) and (O, —1)m = 3

O Perpendicular line's slope ;71_

-3
O Required equation passes through (-2, 3) whose sloae is

-3
g Equationisy—-3 = n x+2)

U X+4-6 =0
Example 8.45 A (4, 1), B (7, 4) and C (5, —2) are the verticeA &BC,
find the equation of the altitude through A.

Solution:  Slope of BC = o = —> =3
olution : ope o =57 =5 "

1
O Slope of the altitude through A =§—
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It passes through (4, 1)
Equation of the altitude -y, =m (x—Xx)

g y—-3 =x+4
O x+3-7 =0
Equation of the altitude s+ 3y — 7 = 0.

Example 8.46 Find the equation of the perpendicular bisector of the line
joining the points A (-1, 2) and B (3, —4).
Solution : Let D be the mid point of AB.

] ] +1+3 2- 40
Mid point of AB :BTTE
D is(1,-1)
Slope of AB =2 -8 _3
OPEOIAB =341 =2 ™2

2
Slope of perpendicular bisector§=

It passes through D (1, -1)
Equation of line iz —y, =m(x—x)

2
+ = — —
O y+1 3 x-1)
O 2x—3y—5=0 which is the equation of the perpendicular bisector.

Example 8.47 Write down the equation of the line parallekte2y + 8 =0
and passing through the point (1, 2).

1
Solution : Slope of the linxk—2y+8=0 is_—2 =3

1
O Slope of its parallel line iz

This line passes through (1, 2)
Equation of required line iy ¢y,) =m(x—x)
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O 2—1 1
y-— —2(x—)

O 2y—4 =x -1
O x-2+3 =0
Aliter : Any line parallel tax— 2y + 8 = 0 is of the forx— 2y +k =0
This line passes through (1, 2)
1-22)+ =0
Ok =3
Equation of required line is— 2y + 3 =0.

Example 8.48 is the line through (-2, 3) and (4, 1) perpendicular to the line
3x—-y—1=0 7? Does the linx3y — 1 = 0 bisect the join of (-2, 3) and (4, 1).

Solution : Let A (-2, 3) and B (4, 1) be the given points

Slope of AB =+— = 2 =
opeo =1+2- 6 =m, (say)
-1
m, 3

-3
Slope of the given line =
m, =3
— _1 —
m xm, = 3 x3=-1
Sincem xm, = -1, the lines are perpendicular.

Mid point of AB = ﬁ_ﬂ13;1D= [l21 i1rD= 1,2
2 2P H 2
Substituting (1, 2) in the equatior3y—1=0
X-y-1=3(1)-2-1=0
(i.e.,) The equation is satisfied.

O The given line bisects the join of two points.
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Example 8.49 The foot of perpendicular from (1, 2) on a line is the origin,
find the equation of the line.

Solution : Let A (1, 2) and B (0, 0) be the given points

S| fAB =272 =)
ope o “0-1°

1
Slope of its perpendicular line i&z—

This line passes through (0, 0)

Equation of aline ig—y, =m (X -x))

1
O y-0 = (x—=0)

O x+2y =0 whichis the required equation.

Example 8.50 :Find the equation of the straight line perpendicular to the
line 4x — 3y + 2 = 0 and which passes through (-2, 3).

Solution : Equation of the straight line which is perpendicular to
4x — 3y + 2 =0 is of the form®B+ 4y + k = 0.

This passes through (-2, 3)
O0-6+12+4 =0
Ok =-6
O The required equation of the line is 84y — 6 = 0.

EXERCISE - 8.4
1. Show that the straight linex 2 5/ + 1 = 0 and 8— 15/ = 4 are parallel.

2. Show that the straight lineg #y + 6 =0 and 8+ 21y + 11 = 0 are perpendicular to
each other.

If 4x — 5y = 3 andbx — 4y = 2 are perpendicular to each other, find the value of

Lines X — by + 5 = 0 andax + 3y = 2 are parallel. Find the relation connecting
andb.

5. Write down the equation of a line parallel to-34y — 5 = 0 and passing through the
point (2, 3).
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10.

11.

12.

13.

14,

15.

16.

A line passes through the point (-3, —2) and (5, —1). Find the equation of the straight
line parallel to it and passing through (2, 5).

Write down the equation of the line perpendicular xo+38y = 12 and passing
through the point (-1, -2).

If the coordinates of A, B, C are (1, -2) (3, 1) and (-2, 3) respectively. Find the
equation of the perpendicular from A to BC.

The vertices A, B, C of triangle are (2, 1), (6, —1), (4, 11) find the equation of the
altitude through A.

Find the equation of the perpendicular bisector of the line joining the points
() (-2, 3) and (2, -1) (i) (1, 3) and (-2, 2), (iii) (0, 0) and (6, 4).

Find the equation of the line at a distance
() 4 units from X axis and parallel to it.
(ii) =3 units from Y axis and parallel to it.

Find the equation of the line given that it passes through the point (-3, —4) and
parallel of X axis.

Show that the line+y — 2 = 0 is perpendicular bisector of the line joining the origin
and (2, 2).

Find the equation of the line which cuts the Y axis at a distance of 6 units from origin
and perpendicular tox2+y = 8.

The foot of the perpendicular from the point (1, 1) to a line is the point (-3, 4). Find
the equation of the line.

Write down the equation of the line AB through (3, 2) perpendicular to the line
3x— 2y +5=0. AB meets the X axis at A and the Y axis at B. Calculate the area of
triangle OAB where O is the origin.

8.6 INTERSECTION OF TWO STRAIGHT LINES

We know that the two lines if not parallel in a plane intersect in a unique

point. Thus if the equation of two lines are given we can find the point of intersection
by solving these equations simultaneously¥@ndy and then their point of
intersection is the ordered pair, §).

Example 8.51 :Obtain the coordinates of the point of intersection of the

lines x-y+5=0ank+y+1=0.

Solution : 2xX-y =5 .. (1)
x+y ==1 ..(2)
1)+ @0 33X =-6
g x =-2



Substitutex = -2 in (2)
—2+y =-1
y =1
Point of intersection is (-2, 1).
ANOTHER METHOD :

We use rule of cross-multiplication to solve equations. The working rule is
given below.

X y 1
—><5 2><—1
1 1>< 1 1
X oy 1
-1-5 5-2 2+1
e S J
_3_—’y_3_

O Point of intersection is (-2, 1).

Example 8.52 Find the equation of the line passing through (3, 4) and the
point of intersection of the lines+ 2y =3 and 2 -y = 1.

Solution : x+2y =3 .. (1)
-y =11 .. (2)
1) 0 x+2y =3
(2) x 20 k-2 =2
Adding % =5
x =1
Substitutex = 1 in (1) we get 1 +y@2=3
Oy =1

Point of intersection is (1, 1)
Given point is (3, 4). Required equation is the line joining (1, 1) and (3, 4)
y-1  x-1

4-1 3-1
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y-1 _x-1
R
O 2y-2 =%-3
O 3x—2y—1 =0isthe required line.

Example 8.53 Find the length of the line segment which joins the point of
intersection of the lines— 2y + 3 =0, X— 3y + 4 = 0 and the mid point of the line
joining the points (3, 6) and (5, 4).

Solution : Point of intersection of the two lings- 2y + 3 = 0 and
2-3y+4=0is(1, 2) [Verify yourself]

6+ 40
> 0=(4,5)

A [B+5
Now Mid point of (3, 6) and (5, 4) ﬂT

Length of the line segment joining (1, 2) and (4, 5)((:4—1)2 + (5- 2f

= /(3?2 +(3)* = /18 units.

Example 8.54 Where does the linex3 2y = 8 meet (i) the X axis, (ii) Y

axis.
Solution : 3x+2y =8
3x 2y 8
H 8t %8 T8
XY
Hogizty T

8
Thus its intercepts ar§ and 4.

B .0
O The given line meets X axis % OEand Y axis at (0, 4).
Example 8.55 ‘A line joining the points (2, 3) and (-1, 2) meets the line
3x—4y + 11 =0 at A. Find the co-ordinates of A.
Solution : Given points are (2, 3) and (-1, 2)
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Y~ ¥ X
Equation of a line joining (2, 3) and (-1, 2)>i/s L _ -
2

-Y
y-3  x-2
2-3  -1-2
y-3 _ X—2
-1 -3
0 3y—9 =x-2

0 x-3+7=0
O Alis the intersection of the linex3- 4+ 11 =0ank -3y +7=0
X—4 =-11 ... (1)

Xx—=3 =-7 ..(2
1) O -4 =-11
(2) x 30 X-9Y =-21
B ®H  ®
5y =10
y =2
Substitutey = 2 in (1)
Xx-8 =-11
33X =-3
x =-1

Thus the coordinates of the point A is (-1, 2).
Example 8.56 Find the foot of the perpendicular from (3, 1) on the line
Xx+y+2=0.

Coefficient ofx

Coefficientofy ~ %

Solution : Slope of the line =

Slope of its perpendicular line = 1
Given pointis (3, 1)
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Equation of a line isy(—y,) =m (X —x)

y—-1=1¢-3)
y—1=x-3
Xx-y—-2=0

X—-y= 2 . (1)
X+y =-2 .. (2)
 x=0

x=0

Substitutex = 0 in (2)
y =2

O Foot of the perpendicular line is (0, —-2).

Example 8.57 Find the equation of the line through the intersection of lines
33X+ 2y=8,5%-1ly + 1 = 0 and parallel to the linex& 13y = 5.

Solution : X+2y =8 ...(1)

5x—1ly =-1 ... (2)
Point of intersection of (1) and (2) is (2, 1)
Any line parallel to 8 + 13y — 5 = 0 is of the form»6+ 13y +k =0
This passes through (2, 1)

012+13+k =0
0Ok =-25

O Equation of the required parallel line 613y — 25 = 0.
Example 8.58 Find the equation of the line through the point of intersection

of the lines ¥ — 6y = 1, X + 2y + 5 = 0 and perpendicular to the line
3x—-5/+11=0

Solution : 5x—-6y =1 ... (1)
X+2y =5 ...(2)
Q) O 5« —6y =1
(2) x 30 x+6y =-15
14x =-14
x =-1
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Substitutex = -1 in (1)
5-)-¢ =1
O Point of intersection is (-1, —1)
Any line perpendicular toX3- 5y + 11 = 0 is of the form

Bx+3y+k =0

This passes through (-1, -1)
-5 -3+ =0

Ok =8

O The required equation ix53 3y+8=0

Example 8.59 :Find the equation of line parallel to Y axis and passing
through the point of intersection of the lines-34y — 9 = 0 andk — 4y— 2 = 0.

Solution: Givenlines3—-4-9 =0 .. (1)
X—-4-2= 0 .. (2)

By rule of cross multiplication

X y 1
-4 ><—9 3 >< -4
-4 —2>< 1 -4
y 1

X
8-36_ -9+6  -12+4
x oy _ 1
28 -3 - -8
(= 8_1r. . _=_3

~ g 2Y" 8738

. . . .gr 30
O Point of intersection |$, éE

Equation of line parallel to Y axis js= a.

07 30 7
It passes througlai, EE 0a= >
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Equation of a line ig = >
Equation of a line is2— 7 = 0.

EXERCISE - 8.5

. Find the point of intersection of the lines

(i) 2x—-y+5=0andx+y+1=0
(i) 2x—3y—-4=0and2+3y—-8=0
(i) x+y—-5=0and8-y+1=0

. Find the equation of the straight line joining the point (2, 3) to the meet of

3x+4/-7=0and§— 9 + 4 =0.

. Find the equation of the straight line joining the intersection of the line§2= 10

andx + 2y = 12 and the origin.

. The lines  + by — 25 = 0 and %+ 4y — 20 = 0 are diameter of a circle. Find the

radius of the circle which passes through the point (3, 4).

. Find the length of the line segment joining the point (3, 4) and the point of intersection

ofthelinesx+y—-6=0and2+y-3=0.

. Where does the line— 3y + 7 = 0 meets (i) the X axis, (ii) Y axis.

7. Where do the lines— 5 = 0 and/ = 4 meet ?

10.

11.
12.

13.

14.

. Find the length of the line segment which joins the point of intersection of the lines

2Xx+y—-3=0and %+y— 6 =0 and the mid point of the line joining the points
(7, 2) and (3, 2).

. Find the equation of the straight line joining the point of intersection of

3X—-y+9=0and 2 + x— 4 = 0 to the point of intersection ok 2 y = 4 and
2y =x+ 3.

A point is collinear with the points (7, 5) and (1, 1). It also lies on theXinrely +
2 =0 find the coordinates of the point.

Find the foot of the perpendicular from the origin on the line 3y = 13.

Find the equation of the line parallel to Y axis and passing through the point of
intersection of the linesx3-4/—9=0ank -4 -2 =0.

Find the equation of the line through the intersectiorxof 2 = 8, 3 — 7 =y and
parallel to 4 +y = 11.

Obtain the equation of the straight line passing through the intersection of the lines
X+ 3y=1andx— 2 + 4 =0 and parallel tox3+ 4y = 0.
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15. Find the equation of the line passing through the point of intersection of the lines
2Xx+y—-3=0and %+y— 6 =0 and perpendicular to the line joining the points
(1, 2) and (2, 1).

16. Find the point of intersection ok4 3y = 10 and & + 5y = 13. Obtain the equation
of the line passing through the point and perpendicular to the latter.

17. Find the equation of the line through the point of intersection of the lines
2x+y—-5=0ank +y- 3 =0 and bisecting the line segment joining the points
(3, -2) and (-5, 6).

8.7 CONCURRENCY OF THREE LINES

Condition that the linesux + by + ¢, = 0,ax + b,y + ¢, = 0 and
ax+b,y +c, = 0 may be concurrent.

First let us find the point of intersection of the limes+ by + ¢, = 0 and
ax+hby+c,=0.

X y 1
b b
o> e >
X y 1
bc,-be T ca,-ca - ab-ah

Db ca-ca
“ab-ah'YT ab-ah

Hence, the point of intersectiongbl(‘? 56 686 a}%
e p b -ah’ ab- abr
The given lines are concurrent if this point liesagn+ by +c¢,=0
O The required condition is

(b,c,-bgU (c,8,-cal

O+*—220 2 —220+c =
aBDaibz_aztlD-l-bSDaibz_aztlD-'-cs 0

(ie,) a,(bc,—bc)+b,(ca-ca)+c, (ab,—ab)=0

Example 8.60 :Show that the linesxX2+ 3y -1 =0, -y + 2 =0 and
7x + By = 0 are concurrent. Find the point of concurrency.
Solution: 2x+3y -1 =0 .. (1)
AX-y+2 =0 ..(2
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x_ 1 d y _ 1
5 -11 an 7"
_ -5 d _7
=11 an Y 11

-5 70

Point of intersection iﬂl_l’ TlE

.. 5 70,
SubsUtutmgHE’ TlE in7x+5 =0

o7 0

050
LHS =70 0+50;F

—35+3—5—0—RHS
B

-5 70
The equation is satisfied. SEE PEl lies on % + 5y = 0. Hence the

lines are concurrent.

: 05 70
Point of concurrency 'ﬂﬁ’ TlE

Note : For getting the point of intersection of two straight lines, the rule of
cross-multiplication or elimination method can be used.

Example 8.61 :Find the value oA sothat 3 +y =2, 5% + 2y = 3 and
ax—y = 3 are concurrent.

Solution : X+y =2 ... (1)
5x+2y =3 ... (2)
(1) x 20 6x+2y =4
2 O 5x+2y =3
B 6 6
Subtracting X =1
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sub.x=1in (1)
3(Q)+y =2
y =2-3
Point of intersection (1, —-1)
Since the three lines are concurrent, (1, —1) will li@ory = 3

a(l)-(-1) =3
a+l =3
a =3-1=2

Example 8.62 Find the equation of a line passing through the point (3, 4)
and concurrent with the linest 2y =3 and -y = 1.

Solution : X+2y =3
2x-y =1
() x10 Xx+2y =3
(2) x 20 Ix—-2 =2
5x =5
x =1

sub.x=1in (1)
1+2 =3
y =1

point of intersection is (1, 1)
O equation of a line joining (1, 1) and (3, 4) is

y-1 _ x-1
4-1  3-1
y-1 _x-1
. 3 2
O 2y—-2 =%-3
O 3x—2y —1 =0 which is the required equation.

Example 8.63 Find the equation of the line which is concurrent with lines
X-y—2=0, X+ 4y+15=0and also with the lings- 3y + 3 =0 and 2 + y=8.

Solution : The line concurrent with two pairs of lines means that it passes
through the point of intersection of both the pairs.

Now the point of intersection af—-y—2 =0 and 8+ 4y + 15 = 0 is given
by
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X _ y B 1
-15+8 -6-15 4+3

x _ vy _ 1

-7 21 7

x 1y 1
7 "7 @i 5177
X =-1, y=-3

Point of intersection is (-1, —3)
Also point of intersection of — 3y + 3 =0 and 2+y = 8 is given by

X Yy 1
24-3  6+8 1+6
x _y_1
21 14 7
x _1 y_1
21 7 14 7
X =3, y=2

Point of intersection (3, 2)
Equation of the line joining (-1, =3) and (3, 2) is

y+3 _x+1

2+3  3+1

y+3 _x+1
H 5 4
O 4y+12 =%+5
O 5x—4—7 =0

Equation of aline isXo—4y—-7=0

Example 8.64 Find the equation of the line which is concurrent with the
lines X+ 4y =1, X -y =4 and parallel to the linex3-y + 7 = 0.

Solution : Point of intersection oo+ dy=1and 2-y=4
is (1, -2) [Verify yourself]
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Any line parallelto 8—y+7=0is3-y+k=0
This line passes through (1, —2)
31)-(-2)+k =0
k =-5

Equation of the line isx3-y— 5= 0.

Example 8.65 Find the equation of the line which is concurrent with the
linesx+3y—-5=0,&—- 74+ 16 =0 and is perpendicular to the liney + 3 = 0.

Solution : The point of intersection of the given lines 3y — 5 = 0 and
2x— 7+ 16 =0 is given by

X _ y : 1
48-35  -10-16 -7-6

x _y _1

13  -26 -13
We h x _ 1 d y _1
enave, 13 ~ 13 "% 26 713
-1 _ 26
T Y713

Point of intersection is (-1, 2).
Any equation which is perpendiculantey + 3 = 0 is of he forrt +y + k=0
This passes through (-1, 2)
O0-1+2+k =0
k =-1
O The required equationisty—1=0
Example 8.66 Obtain the equation of the line which is concurrent with the
linesx—y—2=0and8+ 4y + 15 = 0 and is perpendicular to the line joining the
points (2, 3) and (1, 1).
Solution : Point of intersection of the given lines is (-1, -3)

1-3 -2
Slope of the line joining the two points (2, 3) and (1, ]?—_&2 =] 2

1
Slope of its perpendicular line iSE_
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Required line isy(—y,) =m(x—x)

1
y+3 =— (x+1)

2y+6 =-x-1
X+2y+7 =0
Equation ofalineig+2y+7=0

(i) Circumcentre, Centroid and Orthocentre

We have learnt that thgerpendicular bisector of the sides of a triangle
are concurrent.

The point of concurrence is calleicumcentre.

Let us use coordinate geometry to find this point.

Example 8.67 :Find the circumcentre of the triangle whose vertices are
A(4, 2), B(3, 1) and C(3, 3).

Solution : Let D and E be the mid-points of the sides AB and AC respectively.

Mm+3 2+ 10 A4, 2)

DisB— 5 Ele)Bé ZE

The co-ordinates of E are

4+3 2+ 30 b E

H2 "2 E('e)BE 2E

2-1 1
Slope of AB =2-3°1° 1 B(3, 1) C(3, 3)
O Slope of the perpendicular bisector of AB is —1.

O Equation of the perpendicular bisector of AB

-3 =1f-30
O 2y-3 =-X+7
0 x+y-5 =0
Slope of the perpendicular bisector of side AC is 1.
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O Equation to the perpendicular of ACD —§D= 1D 10
a Perp L et A1
O 2y-5 =x-7
O 2x-2-2 =0
O x-y-1 =0
The point of intersection of the perpendicular bisectors of AB and AC.
X y 1

-1 -1 1 -1
X y
“1-5 © B+l -1-1
O Point of intersection is (3, 2).
O The circumcentre of the triangle is (3, 2).

Ox=3y=2

(ii) Centroid of a triangle

We have learnt that the medians of a triangle meet at a point. This point is
known as centroid.

Using this idea we shall learn how to find the centroid of a triangle.

Example 8.68 In aA ABC, the equation of ABis—2y+ 8 =0, BC is
x—3y +10=0and CAig—y+ 2 =0 find the centroid of the triangle.

Solution : Let us find the co-ordinates of the vertices A, B and C.
The point of intersection of AB and CAis A.
Solving x—2+8 =0

X—y+2 =0 wegetAas(4,6)
The point B : Solve foxandy inx—2y+ 8 =0 andk - 3y + 10 = 0.
O Bis (-4, 2).
Solvingx—3y+10=0ank-y+2=0we get Cis (2, 4).

A
X + X, + + v+ v[]
Centroid isHXl );2 )%, L ;/2 %

4-4+2 6+2+4) F E

O Centroid ofAABC |s( 3 ) 3

G

rd
os}
(@]

- 54
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(i) Orthocentre of a Triangle

We have learnt in theoretical geometry, the altitudes of a triangle meet at a
point. This point is calledrthocentre.

Let us find the orthocentre of the given triangle using co-ordinate geometry.

Example 8.69 Find the orthocentre of the triangle ABC whose vertices are
A (-2,-1), B (-1, -4) and C (0, -5).

Solution : Let us find the equation of the altitude AD which is perpendicular
to BC.

-4+5 1
-0 171t
O Slope of AD is 1.
O Equationof AD iy +1 =1 g+ 2)
x-y+1 =0 ..(1)
Let us find the equation of BE which is perpendicular to CA.

Slope of BC i

Slope of CAls -t = 4 = {
ope o IS 5 =5 =-
1 E
O Slope of BE isé
. . 1 (6
Equation of BE iy + 4 =5 (x+1)
L] c

Xx—-2-7 =0 ..(2) B D
The altitudes AD and BE intersect at O. O is the orthocentre. Solving (1) and
(2) we get (-9, -8).
O The required orthocentre is (-9, -8).

EXERCISE - 8.6

1. Show that the following set of lines are concurrent. Find their point of concurrency.
(i) 3x + 4y = 13, X-H+1=0, %-y=14
(i)3x—-4+5=0, %-8+5=0, &+5/ =45
(i) x—+3=0, X+1¥-12=0, 2+y=1.

2. Find the value o for which the lines are concurrent.
() x-3y+2=0, X—6/+3=0, x+ay=0
(i) 3x—4+5=0, %-8&+5=0, 4&+ay-45=0.

3. Show that the straight linex2 3y + 19 = 0 passes through the point of intersection
of the straight lines2+y+5=0and 8+y+ 4 =0.
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10.

11.

12.

13.

14,

15.

. Find the equation of the line which passes through (1, 1) and is concurrent with the
linesx+y=7and & +y = 16.

. Obtain the equation of the line which passes through the origin and is concurrent
with the linesx—y—4=0and x+y+ 20 =0.

. Find the equation of the line which is concurrent with lizesy — 2 = 0,
3x + 4y + 15 = 0 and also with the lings- 3y + 3=0ank -2+ 1 = 0.

. Find the equation of the line parallel to the kney — 2 = 0 and concurrent with the
linesxX+y—-3=0ank—-2+1=0.

. Find the equation of the line which is concurrent with the §nes<andy = 2 —x
and is perpendicular to the lije= 4x + 5.

. Find the equation of the line through the point of intersection of the lines
2x—-5/+1=0and 8+ 2y — 8 = 0 and cutting off equal intercepts on the axes.

Show that the lineg = mx + ¢, y = mx + ¢, andy = mx + c, are concurrent if
m, (¢,—¢) +m, (¢, —c) +m, (¢, ~c) = 0.
Find the equations of the lines through the intersectiorxaf 2y — 1 = 0 and

3x— 4y — 6 =0 and (i) parallel to the lin&k5y — 2 = 0 and (ii) perpendicular to the
linex+2y—1=0.

Find the circumcentre of each of the following triangles whose vertices are
HP(5,3),Q(4 4),R(42)

Find the centroid of each of the following triangles whose equations of the sides are :
@)x—F+9=0,4+y+10=0,5-2-7=0

(b) dx-y-19=0x-y-4=0x+2+11=0

Find the orthocentre of each of the following triangles whose vertices are

(a) (_21 1)! (_11 _4)1 (01 _5)7 (b) (_11 _3)1 (_41 0)1 (_71 _3)

Find the equation of the line which is concurrent wth the {imesandy = 2 —x and
is perpendicular to the ling= 4x + 5.
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9. TRIGONOMETRY

INTRODUCTION

The Science of trigonometry (from Greek words meaning triangle - measure)
originally developed as a means of computing unknown sides and angles of triangle
and related figures. This aspect of trigonometry was investigated extensively by
early Greeks, especially by Hipparachus (180 - 125 B.C) who because of his work
in astronomy actually developed spherical rather than plane trigonometry.

Computational trigonometry is still an indispensable tool of the surveyor
and developed the scope of trigonometry. The language and methods of trigonometric
analysis find a place in nearly every branch of science and engineering. We will
find them used extensively in calculus; we will also make use of them when we
study wave motion, vibration, alternating current and sound to mention a few areas
of applications.

Role of angles in Trigopnometry

The concept of angle is one of the most important concepts in geometry. The
concepts of equality, sum and difference of angles are important and are used
throughout geometry. But the subject of trigonometry is based on the measurement
of angles.

Trigonometry depends on angle measurement and quantities determined by
measure of an angle. Trigonometric ratios such as sine, cosine and tangent are
used in computations in Trigonometry. These trigonometric ratios relate
measurements of angles to measurements of associated straight lines. (i.e., sides
of right triangle)

Measurement of Angles

Angles : The figure obtained by rotating a given ray about its end point is
called an angle. The original postition of the ray is called the initial side of the
angle, whereas the final position of the ray is called the terminal side of the angle
and the end point is called the vertex of the angle.
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Consider a ray OP. If this ray
rotates itself about its end point O and
takes the position OQ, then we say that
the angldJPOQ has been generated.

The initial position OP is called
the initial side and the final position OQ Vertex

\ 4

is called the terminal side of the angle ¢ Initial P
OPOQ. The end point O about which side

the ray rotates is called the vertex of

the angle.

Systems of Measuring angles
There are two commonly used units of measurement of angles.
1. Sexagesimal system
2. Circular system.
1. Sexagesimal System
In this system, the unit of measuring an angle is a degree.

If the circumference of the circle is divided into 360 equal parts, the angle
subtended by a part at the centre is one degree. One degree is denéted by 1

One degree is divided into 60 equal parts, each part is called a minute. One
minute is denoted by 1'

One minute is further divided into 60 equal parts, each part is called a second.
One second is denoted by 1"

O 1 degree = 60 minutes [ (i.e.9460]
1 minute = 60 seconds [ (i.e.,) 1' = 60"]

2. Circular System

Radian : An angle subtended at the centre Q
of a circle by an arc equal in length to the radius
of the circle is called one radian. One radian is
denoted by 4

In the figure,JPOQ made by the arc PQ
which is equal to the radius PQ is one radian.

(i.e.,)JPOQ = % (1 radian)

319



Relation Between Degree and Radians.

In a circle of radius units, arc of units subtends*ht the centre. Therefore
arc of 2t units subtendst® at the centre.

We know that arc of @ units makes 36t the centre.
O 2mradians = 360

mtradians = 180

(180r]

¥ =B h
om0
and ? =%B

22
wherertis a real constant. To ten places of decimaB.14159265367

Note : The value oftis derived as the ratio of the circumference of a circle
to its diameter.

Radian measures of some commonly used angles.

Angles in Degrees °0 3 45° 60 e[03
Angles in Rad o| = | 5 | 2|3
ngles in Radians 5 2 3 >

Remark (1) : When the angle is measured in the circular measure, then the
word ‘radian’ with the angle is generally omitted.

oo _ong m
For example The angIeE radians can also be written %35 or simply a&z .

Note : 1.For the time being we’ll only consider angles betweeand 360
but later, in your higher studies you will learn the angles greater tharaB60
negative angles. (i.e.,) There is neither lower limit nor upper limit for the magnitude
of an angle.

Note : 2. Angles will often be designated by Greek letters tik@lpha),
B (beta),y (gamma)p (theta), @ (phi), Y (chi).

Note : 3. Algebraic operations with angles.

Scalar multiplication : Let 0 be the given angle, then scalar multiplication
of the angle i®, = A8 whenA is any scalar.
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T T

Example: (1) 2 x 30° = 60° (2) 2 xé = 3

We can not add or subtract a scalar from an angle.

Addition (or Subtraction) of two angles :The addition (or subtraction) of
two angle®, and6, is given by6 =6,+6,

LS IO |
- 0 0 = QQO° _ ==
Example: (1) 30° + 60° = 90 (212- 376

Review : In class IX, you have learnt some elementary concepts of
trigonometry which include trigonometric ratios, finding out other trigonometric
ratios if one trigonometric ratio is given, trigonometric ratios of some specific angles.

We would like to repeat the same before we continue further study of
trigonometry.
Trigonometric Ratios (T - Ratios) of an acute angle of a right triangle

In XOY-plane, let a revolving line OP starting from OX, traceloMOP=6.

From P &, y)draw PMU to OX.

In right angled triangle OMP.

OM =x(Adjacent side); PM ¥y (opposite side); OP =(hypotenuse).

Length of opposite side  y

sin® =" angth of hypotenuse =

Lengthof adjacent side § Pk, 9
€os® =" ength of hypotenuse ~ t

.

Length of opposite side  y Y
t@and = ongth of adjacent side™ x L 8 >

Length of hypotenuse side r X
cose® = "\ anath of opposite side™ y vy

Length of hypotenuse side ¢
sec® = " ength of adjacent side™ x

Length of adjacent side X
cotO o

~ Length of opposite side™ y
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Reciprocal Relations

1
sin6 = cosed cosed® = %
cosf = @ secO = o
tand = EETN tg= ——
anv = ote CotY = tane
Quotient Relations
ang = Sin® q 0= cosd
anv = o A" cO%=Sine

Remark 1 : sin@ is read as the “sine of andg} and it should never be
interpreted as the product of ‘sin’ ar@i

Remark 2 : Notation : (sin8)? is written as sitB (read “sin squar@”)

Similarly (sin@)" is written as sih6 (read “sinn™ power6” ), n being a
positive integer.

Caution : (sinB)2 should not be written as 983 or as siA6?

Remark 3 : Trigonometric ratios depend only on the valuéand are
independent of the lengths of the sides of the right angled triangle.

(i.e.,) Trigonometric ratios are same for the same angle, irrespective of the
length of sides.

From the figure
A OPQ ||A ORS
Here OP<OR,PQ<R&d OQ<OS

Here the corresponding sides are proportional

4 OP_PQ_0Q >
OR RS OS o
PO _Rs J
T 0S 8
oQ ~ os o g
p R
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In right angledA OPQ In right angledd ORS

o PO ne= RS
sinB = 00 sinB = 0S
This result shows that the value of 8iis independent of length of sides.

Trigonometric ratios of Complementary angles

sin (90 -6) = cosb, cos (90 -0) =sin6
tan (90 -8) = cotH, cot (90 -9) =tan@
Sec (90 -8) = cosed, cosec (908) =sech.

Trigonometric ratios for angle of measure.

0°, 300,45, 60 and 90 in tabular form.

0 0° 30 45 60 90
_ 1 I EVE
sin® 0 > NA > 1
N R !
cosO 1 > NA > 0
1 .
tan® 0 7 1 J3 Not defined
0 defined -
cot Not defined | /3 1 Ne 0
2 ,
secd 1 NE J2 2 Not defined
@ defined -
cose Not define 2 J2 NE 1

9.1 TRIGONOMETRIC IDENTITIES

An equation involving trigonometric ratios of an angle is said to be a
trigonometric identity if it is satisfied for all values 6ffor which the given
trigonometric ratios are defined.
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lllustration : cos B =2co0%6 — 1 is a trigonometric identity, because it holds
for all values oB. [Verify yourself]

9.1.1 Fundamental Trigonometric Identities
Identity 1. sif@ + cos$6 =1
Identity 2. setB —tart6 =1
Identity 3. coset® — cot6 =1

[We have to prove the above identities for acute angles. But these identities
are true for any angkin which the trigpnometric ratios are defined]

Proof : Let OMP be a right angled triangle right angled at M. P

Let OMOP =6
(By Pythagoros theorem)
OP = OMW? +PM? (1)
o= PM _ OM 0
sin® = op’ coso = oP £ |—M
pPMOd oM
i 2 2 =
Now (sinB)? + (cosB) %H + %E
: (PM)* + (OM)*
O siB+cog6 (OPY
. OF
O sirt6+cosHo o - 1 [from (1)]

(2) To provethat seéd —tarf6 = 1
From the right angled OMP

g2 PM 5. OP
an —OM, SEC—OM

gopd  oPmf

seGé 0 —tart 6 :BWH_B(WB
OF? - PM
O sec 0 —tarfd —W
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_ OM?
e VE

=1 [from (1) OP=OM + PN 0 OF — PM = OM.

0 seé¢ 6 —tartf =
(3) To prove coseéb —cot 6 =1.
From the right angled OMP

D= E t0 = %
cosed = PM’CO ~ PM
popd  pom
2 _ 2 = —
Now (cosed®)?— (cot6) PmH ~Hem H
P - OM
0 coseéf—cotb = %
PM
_ Pv [from (1) OP = OM? + PMR]
Ve B
00 coseéb—-cotb =1

Corollary (1) : From the identity, s#B + co$ 6 = 1, we deduce that
sifk6=1-co360 and co30=1-sid®b.
Corollary (2) : From the identity, sé® —tarf 0 = 1, we deduce that
seé0=1+tad® and taRB=seéb - 1.
Corollary (3) : From the identity, cosé® — cot 6 = 1, we deduce that
coseéB =1+cot®d and cotb =coseéd — 1.
Example 9.1 Simplify (i) sin® (cose® — sinb)
(i) (secH + tanB) (1 — sinB)

1+ tarf 0
(||) at29

Solution : (i) sin 8 (cose® — sme)

sme Ell sir? eD
=sinB K E sine U~ H sin@
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=1-siA6 [since 1 — sifB = cog 0]
=cos 6
(ii) (secB + tanB) ( 1 — sinB)

01 sin6 O (L+sin6 0
=0—=*+ 0 (1 - sing) = H coss P (1 —sind)
T [cos®  cod ] “Hecow P
1-si’e _
= o [since @ +b) (a—b) =a?-b7
cos 0
S [since 1 — sifiB = cos 0]
= cosH
1+tarf 0 sec¢ 0
(i) 1+cof® ~ coseé®d
IS
_cogp _SNY _
= 1 = CO§ 9~ tart 0.
sin’0

Example 9.2 Prove that tathp +tarf @ = seé¢ ¢ — seé @, for 0°< 6 < 90°
Solution :
tarf@ +tarf @ =tarf @ (tarf@+ 1)
=tarf@ (seé @) = (seép- 1) (set @)
=sel@ — seéq.
Example 9.3 Prove the following identities :

(i) cog 6 +

1+cofB

(i) secB (1 — sinB) (sech + tanB) = 1

Solution :

() cog 06 + 1 =cog0+ 1 [since 1 + cGtO = coset ]
1+cof' 8 cosedo

=cog0+sirrB6=1 [since sihB +cosO =1]
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(i) secH (1 — sinB) (sech + tanB)
1 g 01 N sinB
= o 1 75M0) Hoss ™ cosl

(l-sinB0 (L+sinB

:Bcose EHCOS@E

_1’-sin’® _cos6
~ co$®  co¥B

Example 9.4 :Prove the following identities.

sed+1 sed+1  sind
se®-1 tan®  1-cod

(i) Jcot?6- cogp = cotb cosb

\/se(ﬂ—1+\/se(ﬂ+ 1, cosed
W) \sed+ 1" Vse@—1_ 2 Ccose®

(i)

Solution _\/secﬂ+ 1_ [sed+1 sef+ 1
olution () \ Se@— 1~ V'sed- 1 seb+ 1

(sed+ 1§

sec¢b-1

,/% [since se6 — 1 = taA ]
sed+1 sed+1 1
e (1)

1

3 cose+1 _1+co¥ y 1-co¥
~ sin@  sind 1-coH
coso
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1> - cos O
sin@ (1- co® )

. [se®@+1  sin’8 _ sin@ )
sedd-1 sSin6(@1-cod) = 1-coP - (2)

From (1) and (2) we get
sed+1  sinB  sed+1
\se®d-1 ~ 1-cos ~ tan®

(i)  JcoO-cogo = .26-00529

g d=simo) (1-sin’0)

J""“Es.n— - Jeogo oo

- [C0S8.CO%0 e 1 sif0 = cog ]
sin“ 0

cos 0

= \/cot’0 cosH [since ; 7~ = cot 6]
0 cot?8-cogB =cotb cosb

o |sed-1 sed@+ 1
(iii) +
sed+ 1 sed®d-1

_ \/sece 1 se8- 1 \/secﬂ+ 1 seB+ 1

secﬁ+1 sef - 1 sed@-1 seb+ 1

B \/(secﬂ— 1 (sed+ 1j
= _ 4 - 7
seé¢f-1 seé¢f-1

B \/(secﬂ— 1 L [(sed+ 1
“\ tar®6 tan? 8
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sed - 1+ sed®d+ 1
tan@ tan@

2

_sed-Hk seB+ 1 2sed oo
- tano ~ tan® ~ sin®
coso

=— = 2 .
<ino cosef

Example 9.5 Prove the following trigonometric identities.

2tang

0) m = 2 sing cos@

1+sing Cosp
cosp "1+ sing

(i) =2 seqp

... _COsp sing
(i) 1-tang - cot

= cos@ + sing

2sing

_ _ 2tang cosp _ sing
Solution : (i) 1+ tarf ¢ = S o [since tanp = @p]

cos @

1+

2sing
cosp

cos @+ sirf @
cos @

2sing

12tta:zp ) Cols(p [sin? @ + cos ¢=1]
+tarr @

cos @

= 2 sin@ cosQ
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1+sing CoSsp
cosp T 1+ sing

(ii)

_ (1+sin@y + cos @
cosp (1+ sinp)

_ 1+sit @+ 2sinp+ cody
cosp (1+ sinp )

2+ 2sing

= m) [since sid @+ cog @=1]

_ _2(1+sinp) 2
cosp (I+ sinp) cosp

=2 sem
co sin .
iy 0%, SN cosp sing
1-tang " 1-cotp _sing = _cosp
cosp sing

cosp sing
cosp- sirmp  sing-— cosp
cosp sing

cos @ sin® @
cosp- sinp * sing- cosp

__cosg sin? @

~ cosp- sinp ~ cosp- sinp

_ cos o= sife

~ cosp- sinp

_ (cosp+ sing ) (cosp - sirp )
- (cos@ - sing)

= cos@ + sin@
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Example 9.6 Prove the following identities.

. tanB+sind  sed+ 1
M tan@-sid  sed- 1

(i) sinb- 2sin' 6 ~ tanb
2coS0- co®
sinB+cod  sinB-cod 2 2

(if SiN0—co® | sinB+co® _ 2sifB-1_ 1- 2c020

,y LSy + (- siBy (+si60

(iv) cog 0 =2 E—sinzeg

sin® N sin@
tan® + sind
Solution : 0= <irp = (;?r?g 1
tan® — si —sind
cosd

sin@+ sin® co$®
sin@—sinb co®

sinB (1+ cod )
~ sinB (1-co®)

1+coh sed+1
1-co® ~sed- 1

sinB-2sif® _ sin® (1- 2sirf6)
2c0$0- co® ~ cosB (2co86 - 1)

(if)

0 1-2sife 0O

= (5 - sire)-

[1-2sirfe0
=tanb G _ ZsinZeE: tan®.
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sin® + coH N sin@ - coP
sin@—coPH  sinb+ cob

(i)

_ (sinB+ cod §+ (si®— coB ?)
(sin@— coN )(sid+ coB )

(sin®8+ cosO+ 2si® co8 4 (siB+ cé8- 24n dbs )
- (sin®®-cog0)

1+2sin@ cod+ + 2siA cds
= sin?0—- co$90

2
= sime-co2e @

2 2
T sin8-(1-sirf8) T 2sirPe-1

sin® + coH N sin® — coH N 2
sinf—co®  sinB+codH  sin*6-cogo

From (1)

) 2 2
" 1-co$06- cod6 1-2cos6

_ (1+sin@f+ (1-sirp§ 2 (1+sifO)
(V) COSZG - 1—sin29

[since @ +b)2+ (a—b)? =2 @ +1?)]

M+sinfe 0

=20 sirel

Example 9.7 ‘Prove that

R S T 1
cosecA- CotA™ sinA ~ sinA cosecA+ cotA
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Solution :

1 1 1 cosecA+ cotA 1
LH.S.= cosecA- cotA™ sinA ~ cosecA- cotA™ cosecA+ cotA~ sinA
cosecA+ cotA
= coseé A- cot A~ COSECA.
=cosec A + cot A—cosec A
1
L cosecA- cotA sinA Cot A )
.t
RHS = sinA ~ cosecA+ cotA
1 1 cosecA- cotA

= sinA ~ COSecAt+ cotA>< cosecA- cotA

cosecA- cotAl
= Ccosec A _&os eé A- cot AE

= cosec A —cosec A + cot A.

1 1
SinA ~ cosecA+ cotA ™ COLA - (2)

1 1 1

From (1) and (2)cosecA- cotA” SinA ~ SinA  COSECA* COtA

Example 9.8 :Show that

(i) sift® + co$ B —2sirt 6 cog0=1-4siAb cos O
(i) 2 (sif®+co$B)—3(sitB+cogB)+1=0
(iiyseccO=tarf6 + 3tari6 seé6 + 1

Solution :

(i) sin*fB + co$ 6 — 2sirf B cog 6
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= sir? 0 sirf 6 + cos 6 cos 0 — 2sirt 6 cos 6

=sirt 6 (1 — cos80) + cos 6 (1 — sirt) — 2sirt 6 cos 6

= sirt 0 — sirf 6 cos 0 + cos0 — sirf 6 co$6 — 2 sirt 6 cos 6
=Sirf0 +cos$ O —4siri6 cos 0

=1-4siA0b cos 0

(i) 2 (sif® +co$B) —3(siftB+codB)+1=0

Consider sih6 + co$ 6 = (sir? 8)% + (co$ 6)°
= (sirf8 + co$ 8)*— 3 sirt 6 cog O (sirt 6 + cos 0)

[sincea® + b® = (@ + b)® — 3ab (a + b)]
=1-3siABcogO [sincesiiB+cosb=1]

Now sirf@+cos0 =(sirf0 + cog0)2— 2sirt6cosHo

[sincea? +b? = (a+b)? - 2ab]
=1-2siAB cog 0

02 (sirf6+co8B)—3(sirt6+cosh)+1
=2[1-3siABcogB]-3[1-2siABcog 0] +1
=2-6siABcosO —3+6siABcogO +1
=0.

(ii) sec®d =[seé0]®=[1 + tari 6]°
=1+taf0+3tafb+3tariO
=1+tafi®+3tarib (1 +taridb)
=1+taff0+3taribseéHd

(0seéb =tarf6+3taibseéO+1

Example 9.9 (i) If A + B = 90 then prove that

=tan A.

tanAtanB+ tanAcotB sih B
sin A secB cos A

(i) If A, B, C are the interior angles of a triangle, prove that

B+CQO

OA O
tan HTE =COtB§E
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Solution : Here A+ B =900 B=90-A

sin A secB cos A

_ \/tanAtanB+ tanAcotB sih B
i

_ [tanAtan (90- A} tanAcot(96 A) sih (98 A)
- sinA sec (96- A) cos A

tan A cotA+ tanA tanA  cos A
sinA cosecA cos A

[1+tarf A _ 1
= | — -1 = - =
1 [since tan A cot A = tan Am 1

[[V sin A cosec A =1]

= Jtar A = tan A.
(iilHere A+B+C =180
0O B+C =180-A

. B+C — g A
)

B+CO 900—5

H tanBTE =tan >

B+CQO

OA O
g tan BTE :COtHEE

Conditional ldentities
Identities which are true under certain conditions are called conditional

[since tan (99-0) = cotf]

identities.
cosa

e SO _ _
Example 9.10 (i) If cosB =mand sing =n show thatif¥ + n®) cos 3=n?

(i) If x=r sin A cos By =r sin A sin B andz =r cos A prove that

I'2=X2+y2+22.
(iii) If x=asecO +btanb,y=atanb + b sech prove that® —y?> =a? —b?
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(toga . codal
Solution : (i) (M? +n?) co$ B = E’C?B+Si—'ﬂ5ECO§ B

B (oS a sifp+ coda coPU

- E sin’B cog ECO§ B
sin° B+ co$pU
=coga Elmgcoé B

_ cosa _Ebosuﬁ_ ,
T osi’B T EsinB% =N

(i) X2 +y?>+ 22 =[r sin A cos Bf + [r sin A sin B} + [r cos A}
=r?sirt Aco$ B +r2sirf Asire B +r2cog A

=r2sirt A [cog B + sirf B] + r2 co$ A

=r2[sin? A + cos A] [since co8B + sirF B = 1]
=r2

(iii) x> —y? =[asech + b tanB]? - [atanb + b secB]?

=a?se€ 0 +b?tarf 6 + 2ab secb tan0
— [a?tar? 6 + b? seé 6 + 2ab secB tan 6]

= a2 (se@ 6 —tart 6) —b? (se@ 0 — tart 0)
za’-b? [since setb —tarf 6 = 1]

EXERCISE - 9.1

1. Prove the following identities.

) Sme-cosd ii) (1+ cof6) (1—cosd) (1 +cosd) = 1
() Se-coZe - (i) (1+ cotB) (1-cosd)(1+cosB)=

. 1 _
1 (iv) cog6 + 1+ col o =1

1
L B
(ii)sin2 0 + Trtare -

(v) (cosed — sinB) (secb — cosO) (tanb + cotB) = 1
(vi)(se¢ 6 —1) (cosetb—-1)=1
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cot’ 0 1+coshH- siiO

2.() 1+ 1+ cosec - cosed (i) m = cotf
. (1+tarf@)(coB) tarf @
(i) T cosedd - tan® (iv) seqpt 1°- =secp-1
tan - 1
(v) —tan(p— 1° seé @+ tang

1+sin® 1-sin® _ 1+ se 1-co¥
3()\/ sin \/ S 2 sed (||)\/ €0 €0 =2 cosed

1-sin6 1+sin® 1-codd 1+ cosH
. sinB N l1+cosd 5 8 (i sin® N tan® 5 BHcoto
(i) 1+ cod sing -~ 2cose (iv) 1= cod t 1+ cosp ~S€CH cose cot
sin® sin®
v) cot0+ cose® ~ 2+ cotb - cose®

sed® - tard

M) sed+ tard =1-2se®tanb + 2tari O

cosf sin®
(vii) 1—tarm® T 1-cot8 = cosB + sind

_ tan® cot6
(vili) 1-cotd * 1-tand

=1 +tan + cotb = 1 + sed cosed

1 11 1
secA+ tanA  cosA ~ cosA secA- tanA

4. ()

(1+ cotA+ tan A) (sin A- cosA)
se¢ A- coset A
5. (i)cos A—cod8 A=sint A—sirf A

(ii) coseé 0 =cof 6 + 3 cot O coseéb + 1.
(iii)sin® — co$ 6 = (sirf® — co$6) (1 — 2 siA B cos0)
6. (i) (sinB + sechH)? + (cosO + cosed)? = (1 + sed cosed)?
(i) (1 + tana tan)? + (tana — tanB)? = seé a seé 3
(i) (tan a + cosed3)? — (cotP — secn)? = 2 tana cot (cosea + secP)
7. (i) If cot® + tanB = x and sed® — cosb =y prove that y)¥® — (xy?)?* =1
(i) f sin @+ sirt0=1, P.T. co%0 + cog 0 = 1.

(ii) = sirf A cog A.
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(i) If sin © + sirf 8 = 1, find the value of
08?0+ 3cofB+3co80+cos8B+2cod6+2cod80-2.
Wi % coso+ 2 sinb=1,and * sine— L cose=1.PT. 5 + L =2
(iv) acos bsm—,anasm—bcos—...az b =2
9.2 Trigonometric table for standard angles [0, 3®, 45, 6(, 90

In class IX, you have already learnt about the values of trigopnometric ratios
of O°, 3C, 42, 60 and 90. These values are also given in section 9.1 for ready
reference. In this section we shall be using these values for evaluating expressions
involving trigonometric ratios as illustrated in the following examples.

Example 9.11 if A= 30°, verify the following (i) SirfA + cos’A =1
(i) Se¢A —tarrA =1, (iii) coseéA — cotA = 1.
Solution :(i) sinfA + cog A = sirf 30 + cos 30
= (sin 30)? + (cos 30)?

(i) seC A—tart A =seé 30 —tarf 3¢
= (sec 302 — (tan30)?
2d D1
aVej= V]
(iii) coseé A —cot A = coseé 30 — cot 30.
=2-(J3)?=4-3 =1,
Example 9.12 1f A = 30° verify that

_4 1.8
3 373"~

Oac

) sin 2A= 2 sin A cos A (i) cos 2A 22T A (i tan 24 = 2LNA
s =2sinAcosA. (i) cos 1+tarFA()a -

1+ tarf A
Solution : (i) LHS = sin 2A =sin 2 (39 = sin 60

=§ - (1)
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_ _ mp V30
RHS = 25|nAcosA=ZS|n3(¢0530=ZB§EE?E
V3
=— ...(1
, @
From (1) & (2), sin 2A = 2sin A cos A.
(i) LHS = cos 2A =cos 2 (3= cos 60
_1 .
=3 .. (1)
e
1-tarf A 1-tarf 30 J3
RAS=  1itaf A = 1+tarf 30 ", (1 2
+ | ——
)
_1 )
1-tarf A

From (1) & (2) cos 2A 1+ tarf A

tan 2A = 2tanA
(iii) an =t A
LHS = tan (2A) =tan 2 (3) = tan 60
=3 .. (1)
RHS = 2tanA  2tan30
~ 1-taf A 1-tarf 30
02 0O
_ DLD 5
2tan A

From (1) and (2) tan (2A) m
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Example 9.13 :If A = 30°, B = 60 verify that
(i) sin (A+B) =sin Acos B + cos A sin B
(i) cos (A+B) = cos A cos B-sin Asin B
Solution : (i)
LHS = sin(A+B)=sin(30+60)=sin90=1 (D)
RHS = sin A cos B + cos A sin B = sin 3060s 60 + cos 30sin 60

1D1D \E,Dfﬂl 3 _

et o

from (1) & (2) sin(A+B) =sinAcosB +cosAsinB

(ii)) LHS = cos (A+B) = cos (30 60°) = cos 90=0 . (D)
RHS=cos A cos B —sin A Sin B = cos%3bs 60— sin 30 sin 60

fmmlﬂfﬂf@

2 H2 " 4

=0 .. (2)
From (1) & (2), cos(A+B)=cosAcosB-sinASinB

. 3
Example 9.14 (i) Evaluate when cosp= >

2seap
1-tarf @
3cosp - 4sinp
(i) Evaluate :m when 3 cotp=2

where 0< @< 90

NE

Solution : (i) Given : cos@= > O ¢=3C

2sed  2sec(30)
1-tarf@ ~ 1-tar? 30

e

0 4

T,.01d =§=2ﬁ
3 3



2
(i) By the given data 3 cap=2 [J cotp= 3
300 _ 4
3cosp — 4sinp SIng

2coxp+ sip - 294
sing

[Divide the Nr. and Dr. by sigq]

32H 4
3cotp — 4 ﬂ
= 2cotp+1° 2%%1 -7
Example 9.15 Using the formula sin (A — B) = sin A cos B — cos A sin B,
find the value of sin 1%5
Solution :Let A=43,B=30then A-B =15
sin (4% — 30) = sin 43 cos 30— cos 45sin 30

s ok V11
Sin = \/E © — \/E D
V31 B-1 -2
T2 T2d2 T 22 T4
2tand
Example 9.16 :Using the formula tan@= 1-tarf g find the value of

1
tan60, given that tan 30= ﬁ

_ _ _ 2tand
Solution : Puttingd = 3@ intan B = 1-tarfg e get

2tan30
tan 2(30) = 1-tarf (30 30)

|

5 1

o
[ |

tan (60) =
(60) = _

O

1

3
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e

tan (60) = =3

3
Example 9.17 :Using the formula cos®= 2 co%0 — 1 find the value of

cos 60, given that cos 30= g

Solution : Puttingd = 3C® in cos D = 2co8 0 — 1, we get
cos2 (39 =2co830r-1
O cos(60) =2cod830-1

2
3
O cos 60 =2(7] -1

-1

NIFR Nlw

0 cos60 =

Example 9.18 Using the formula cos2= 1 — 2 siA0, find the value of

1
cos 60 being given that sin 3G PE
Solution : Putting =3¢ in cos B =1-2 siAb

O cos 60 =1 —2sid 30
1\
O 00560:1—25

=

1
H
|
N~

O cos 60
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1 1
Example 9.19:If tana = > and tanp = 3 by using the formula

tana + tarf
tan(a+B)=mprovetha’a + B =45.
byt 1L 1 _ tana + tarp
Solutlon.Puttlngtam—E,tanﬁ—é|n tan(x+B)—l_tam tarp
1.1
23
tan(o(+ﬁ) = 1_|:|1§(|:|1|:|
12H HsH
3+2 [BO
e B
T 6-1 [bO
6 Bf
Otan@+p) =1 [since tan 45= 1]
Ooa+p =47

2tanB
Example 9.20 Using the formula sin@ = 1+tarf 6 find the value of

1
sin 60, given that tan 30= ﬁ

2tan®
Solution : Putting,6 = 3¢ insinB= """ 275
| _ 2tan@d)
we get sin 2(39 = 1+tar? (30°)
o[ L 2
NE V/3
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N[ &

O sin 60 =

1
SPSICEN
1

Example 9.21 When co® > 0 solve the following equations.

cos9 cosP
— + — =4
1-sin6 1+sinB

() 2 cog0 = % (ii)

Solution :
) 1
() 2cog0 = >
1
O cos 0 = 2
1 )
cosO = > since co$9 >0
0 =60
coso cosH

(ii)

— + — =4
1-sin6 1+sinB

cos (I+ sirb }+ co8 ( sib )_4

1-sirf®
cosf+ co® si@+ cdB- cds In
=4
cos 0
0 203 =40 cose-1
coff "2
] 1
0 0 =60 [since cos 60= E]

EXERCISE 9.2

Find the value of each of the following expressions.
(i) 4 cot48— seéb( + sirf6(° + cog9Cr
(i) sin 6 cos 30— cos 60sin 30+ 3cos O+ 5 sin 90

_ tar® 60 +4sif 45 +séc 30 +5cbs 90
(il cosec (30 ¥ sec (60 cot 30

344




9.

Verify that
(i) sin 9C = sin 60 cos 30 + cos 60sin 30
(ii) cos @ = cog 45 + sir? 45

If @ = 30 verify that
(i) sin 3p=3sing—4 sit@
(i) cos 3p=4 cos$p— 3 cosp

(i) Using the formula cos (A + B) = cos A cos B — sin A sin B, evaluate ¢os 75

(i) Using the formula sind + B) = sina cosP + cosa sin B, show that
J3+1
sin (718) = ——=
9= 50
tana - tanf

m find the value of tan P5

(iii) Using the formula tand —pB) =

. i co$ 6 - 3co$ + 2
Solve the following equation foP& 6 < 9C°, S 6 =

When 0< 6 < 9C, solve the following :
(i)2cos®=1, (ii)2co% +sinb-2=0

2coD- 3sird

() If 4 tanB = 5, evaluatem

i) If cot 6= 2 find the value of = S0
(ii) If co —b,ln evaueocos@+sirﬁ'

2sir’ ¢+ 3cotg
4 (tarf - cod@ )~ 2.

If coseap = /2, show that

Findx from the following equation : tdd5 — co$ 60° =x . sin 48 cos 45 cot 30

9.3 TRIGONOMETRIC TABLES

In the previous chapter, we have mainly used the trigonometric ratios of

some standard angles viz.°30%, 6, 9C.

For applying the results of trigonometry to different practical situations, we

need trigonometric ratios of different angles other than the standard angles. The
values of different trigopnometric ratios have been computed for different angles
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from @ to 9Q° correct to three or four places of decimals and are presented in
tabular form. These tables are known as the Trigonometric tables.

We know that 1 =60
,_o1d
. 1= HsoH
- & =18 0
~ HeoH]
O 6' = (0.1y
O (0.1 =6'

Degrees may be further divided into minutes and seconds, but that division is
not as universal as it used to be. Parts of a degree are now frequently referred to
decimals. For instance seven and a half degree is now usually writteh Ba¢lb
degree is divided into 60 equal parts called minutes. So seven and a half degree can
be called as 7 degrees and 30 minutes, writtef 3@ 7

O (7.5 =730 [since (0.9=6']
Note :
1. As the measure of angle increases, the sine value increasés till 90

. . 1 1
Example: 45>3C 0O sin4%>sin30 O N > 5

2. As the measure of angle increases, the cosine value decreases till 90

1
Example : 45 >300 cos48<cos 30 [ E < \/25

3. As the measure of angle increases the tangent value increases to infinity
till 90°.

1
Example :45>3C¢ [0 tan43>tan 300 1>ﬁ

4. As the measure of angle increases, the cosecant value decreases till 90

Example : 45> 30 [ cosec 45< cosec 301 .2 <2
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5. As the measure of angle increases the secant value increases
till 90°

2
Example: 4%>30 [ sec45>sec 300 ﬁ>ﬁ

6.As the measure of angle increases, the cotangent value decreases
till 90°

Example :45>30 [ cot43<cot30 0 1<.3

9.3.1 Trigonometric Tables

Trigonometric tables are those which provide the values of sines, cosines
and tangents of all the acute angles approximately. The learners shall refer
Mathematical tables for Natural sines, natural cosines and natural tangents. These
tables give the values, correct upto three or four places of decimals of the three
trigonometric ratios for the angles from © 90 spaced at equal intervals of
6'=(0.1y

Each trigonometric table is divided into 12 columns. The first column from
the left contains degrees frot0 89%. Then there are ten columns headed by 0, 6/,
12',18', 24', 30', 36', 42', 48' and 54' respectively. The twelfth column is the column
containing the mean differences and is subdivided into five columns headed by 1/,
2', 3", 4" and 5' respectively.

The working rule to find the value of the required trigonometric ratio of a
given angle from the table is as follows.

Step (1) : Select the angle for which the trigonometric ratio has to be found.

Step (2) : Check whether the number of minutes in the given angle is a multiple of
6. If not, convert it to the nearest multiple of 6. [e.g., 26" = 24" + 2]

Step (3) : Let the angle bg° (6p + q)'
wherep=0,1,2,3,...,98=0,1,2,3,4,5.

Step (4) : Select the trigonometric table required for the given ratio.

Step (5) : Move vertically down the first column of the table to regtciind then
horizontally to reach the column headed bpy) (65et the number at
intersection of rows and columns.

Step (6) : If g=0, then the number obtained above is the value of the required
trigonometric ratio.

Else, proceed further.
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Step (7) : Move further horizontally to reach the mean difference column headed
by d'. Get the number at the intersection of row and column.

Step (8) : (i) If the trigonometric ratio is sine (or) tangent theatd the mean
difference obtained above with the value obtained in step (5).

(ii) If the trigonometric ratio is cosine thenbtract the mean difference
obtained above from the value obtained in step (5).

Example 9.23 Find the value of (i) sin €3 (ii) sin (5 18" (iii) sin (? 50"
Solution :

Natural sines Table.

Degree | O 6’ 12’ 18 24 30 36 | 42° | 48° |54’ Mean difference
(0.0)°| (0.1)°| (0.2)°| (0.3)° |(0.4)°| (0.5)°| (0.6)°|(0.7)°((0.8)° [(0.9°| 1] 2 |3[4 |5
3 - ]0.0523

5 0.0924

7 0.1357 6

(i) Look in the first column of the trigonometric table of natural sines‘for 3

The number at the intersection of the row containihgvigh 0' column
(because there are 0 minutes) is 0.0523.

Hence sin (3 = 0.0523.
(i) sin (5° 18"
Look in the first column of the trigonometric table of natural sinesor 5

Then move horizontally to arrive at a column headed by 18'. The number at
the intersection of the row containingyaihd the column headed by 18'is 0.0924

Hence, sin (518" = 0.0924.
(iii) sin (7° 50")
We have 750'= 748" + 2'
Look in the first column of the trigonometric table of natural sines%or 7

Then move horizontally to arrive at a column headed by 48'. The number at
the intersection of these two is 0.1357.

348



Further move horizontally to arrive at a column headed by 2' in the mean
difference column. The number at the intersection is 6 [(i.e.,) 0.0006] This number
is added to 0.1357 to get the required value as shown below

sin (P48 =0.1357
Mean Diff. for 2 = 0.0006
O sin (50 =0.1363

Example 9.24 Using Trigonometric tables, write the values of each of the
following.

(i) cos (37) (ii) cos (39 30") (iii) cos (42 35"
Solution :

Natural Cosines

Degree| O 6 12’ 18 24 30 36 | 420 | 48° |54’ Mean difference
(0.0)°| (0.1)°| (0.2)°| (0.3)° |(0.4)°| (0.5)°| (0.6)°|(0.7)°({(0.8)° 0.9)° | 1] 2 |3|4 |5

37 -~ |0.7986

38

39 = 0.7716

40

41 0.7490 10

(i) cos (37)

Look in the first column of the trigonometric table of natural cosines for 37

The number at the intersection of the row containingwdth 0' column
(because there are 0 minutes) is 0.7986

Hence cos (3} = 0.7986.
(i) cos (39 30"
Look in the first column of the trigonometric table of natural cosines for 39

Then move horizontally to arrive at a column headed by 30'. The number at
the intersection of these two is 0.7716.

Hence cos (380" =0.7716
(i) cos (42 35"
We have 4135' =42 30' + 5'
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Look in the first column of the trigonometric table of natural cosines for 41

Then move horizontally to arrive at a column headed by 30'. The number at
the intersection of these two is 0.7490

Further move horizontally to arrive at a column headed by 5' in the mean
difference column.

The number at the intersection is 10 [(i.e.,) 0.0010]
This number is subtracted from 0.7490 to get the required value
cos (4230) =0.7490 —
Mean difference for 5' = 0.0010
O cos (42 35 = 0.7480
Example 9.25 Using Trigonometric tables, write the value of tarr283
Solution : tan (28 26")
We have 2826' =2824'+2'
From the table of natural tangent,
tan (28 24") = 0.5407 +
Mean diff. for 2' = 0.0008
tan (28 26") =0.5415

Example 9.26 Using Trigonometric tables, write the value of cot’(2®)
Solution :
We know that cot (2019") = tan (90— 20 19"
=tan (6941

From the table of natural tangents

tan 69 36' = 2.6889

Mean difference for5° = 0.0119

O tan (6941") = 2.7008

Example 9.27 :Using Trigonometric tables, find the value of each of the
following.

(i) sec (50 26") (ii) cosec (2515

1
Solution : (i) sec (5026" =m
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cos (50 24") =0.6374 —
Mean difference for 2' = 0.0004
0.6370

1
O sec (5026") = W): 1.56985 = 1.5699

(i) cosec (2515" =m

sin (2% 12") = 0.4258 +
Mean difference for 3' = 0.0008
0.4266

1
O cosec (2515") = 0.4266 - 2.3441

9.3.2 The angle for a given trigonometric ratio

If the value of the trigonometric ratio is given, then we can easily find the
corresponding angle with the help of the trigonometric table.

Example 9.28 Find the angl® in each of the following cases :
(i) sin © = 0.8988 (ii) tar® = 0.5058 (iii) coH = 0.7951
Solution : (i) We have sir® = 0.8988

From the table of natural sines, we find that the number 0.8988 is
corresponding to sin 64

Hence the required andgbe= 64
(i) We have tar® = 0.5058

From the table of natural tangents we find that the number nearest to 0.5058
is 0.5051 which is corresponding to tan(28') (i.e.,) tan (2648') = 0.5051

The difference between the given value 0.5058 and the value 0.5051 is 0.0007.

From the mean difference column of the row headed bywasfind that
0.0007 corresponds to an increase of 2' in the angle.

Hence the required angle =°2B"' + 2' = 2650

(iii) We have co® = 0.7951

From the table of natural cosines we find that the number nearest to 0.7951
is 0.7955 which is corresponding to cos°(83")
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(i.e.,) cos (3718") = 0.7955
The difference between the given value 0.7951 and the value 0.7955 is 0.0004

From the mean difference column of the row headed By & find that
0.0004 corresponds to an increase 2'in the angle

Hence the required angle =°3B' +2' = 3720’

9.3.3 Solution of a right triangle

A triangle consists of six parts viz. three sides and three angles. These six
parts are known as the elements of the triangle. From the plane geometry, we know
that if three of the six elements of a triangle are known, (atleast one of which must
be a side), then other three elements can be determined. The process of finding the
remaining three elements of a triangle when its other three elements are given is
called the solution of the triangle.

Regular Polygon :A polygon is a regular polygon if its all sides are equal in
length and all its interior angles are equal.

Note : 1. Each interior angle of a regular polygon wfsides is

equal toﬁn;—zxwog

2. If an n sided regular polygon is inscribed in a circle, then
the each central angle subtended by each of its side is

B60[]
equal toBTB
Example 9.29 Solve the right triangle ABC in whidiC = 90, JA = 3¢
and AB =8 cm.

Solution : We know that, I\ ABC A

OA+ 0B +0C=180
30 + 0B + 90 = 180 8cm *
0B =180 - 120

0B = 60° ; d_
InA ABC sin 30 = BE
' AB
1 BC

> = 8 O BC=4cm
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AC

and cos 39

AB
V3 _AC
2 8

Hence B = 6Q BC = 4 cm, AC = 4/3 cm.

Example 9.30 :Find the length of a side of a regular polygon inscribed in a
circle of radius 1 m if it has 24 sides. Give the answer in cm

Solution : We know that

If the polygon has sides, then the angle
subtended by each side at the centre of the circle i

(@]
B B600 AN
®=Hn F 2
A C B
360c] \\

Heren =24 [ e:BﬂBD 6 = 1%

In the figure , OCJ AB.
In A OCB [right angled triangle]

PO BC
sin &E = ﬁ
sin E%SE = BlC [since OB =1m.]
sin (7.5y =BC
0 BC =sin(?30) [since (0.3)=301
BC =0.1305
Now AB =2 BC =2 (0.1305)
AB =0.2610 m
AB =26.1cm

O The side of a regular polygon inscribed in a circle is 26.1 cm.
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Example 9.31 Find the area of an isosceles triangle with base 10 cm and
vertical angle 6%

Solution : Let PQR be the given isosceles triangle in which PQ = PR and
Base QR =10 cm.

Draw PSOQR O QS =SR =5cm
[since PS is the median to QR & PS is the angular bisecfo&R]

1 67°
0QPS =7 DQPR="_- = (33.5)

2

=33 30 p
In A PQS We have
OPQS +0QSP +OSPQ = 180 o

OPQS + 90+ 33 30' = 180
OPQS = 180- 123 30' = 56 30'
In right angledA PSQ. 630° -
tan (56 30") = gz Q 1OScm ¢
1.5108 :ES
5

1.5108 x5 = P&l PS =7.5540

1 1 75.54
Now area oA PQR :5 x QR x PS =§ x 10 x 7.5540 = 5 = 37.77 crh

EXERCISE 9.3

Using trigonometric tables, find the values of the following :

1. (i) sin 32 (i) sin 5@ (i) sin 43 18
(iv) sin 72 32' (v) sin (12.9) (vi) sin (43.1)

2. (i) cos 458 (ii) cos (48 18" (iii) cos (22 24"
(iv) cos(48.79 (v) cos (88 44" (vi) cos (2655

3. (i) tan 50 (i) tan (17 30 (iii) tan (49 12
(iv) tan (15.2) (v) tan (10 34) (vi) tan (72 20"
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4. (i) cosec 65 (i) cosec (7715 (i) cosec (2019")

(iv) cosec (7548")  (v) cosec (30.8) (vi) cosec (51.4)
5. (i) sec 40 (i) sec (40 36" (i) sec (6810
(iv) sec (72 15" (v) Sec (15.3) (vi)sec (21.79
6. (i)cotl2 (i) cot (43 36") (iii) cot (42 35"
(iv) cot (21.3y (v) cot (70.5) (vi) cot (13 18"
sin 40 +cos20

7. () tan (5215) + cot (2518) (i) — 1 5518y

8. Solve the triangle ABC in whichA = 25 30',00B = 9¢ and AB = 10 cm.

Find the area of a right angled triangle with hypotenuse 8 cm and one of the acute
angle 57.

10. Find the area of an isosceles triangle with base 10 cm and vertical emgle 47

11. Find the length of the chord of a circle of radius 6¢cm, subtending at the centre an
angle of 144

12. Find the radius of the incircle of a regular polygon of 18 sides each of length 60cm.

13. Compare the lengths of chords of a circle with radius 3cm subtending andles 108
72 at the centre of the circle.

9.4 HEIGHTS AND DISTANCES

One important practical application of trigonometry is to find the heights of
objects and the distances between them without actual measurement.

Many times we are required to find the distance between two objects and to
measure the height of a mountain, building, tower, width of a gulf etc.It is practically
impossible but we can determine those by using trigonometric ratios. Here
trigonometry helps us in finding out the heights of objects or distances between
inaccessible regions.

The problem of finding heights and distances is solved by observation of
angles subtended by those objects at the eye of the observer.

In section 9.2 we have learnt that in a right triangle if one side and another
part (side or angle) are known, we can find the remaining parts of the triangle.

Suppose we wish to determine the height of a tower without actually measuring
it. We could stand on the ground at a point P at some distance say 8m from the foot
Q of the tower. Suppose the measurél@PR = 30. Then we can find the height
QR of the tower by using trigonometric method
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In right angledA PQR.

R
tan 30 = S_Q
1 QR _8
NCIE:! DQR_@m <o

P

. 8
O The height of the Tower IS\E m.

Thus we are able to find the height of the tower using trigonometric ratios.
Before we proceed to solve problems of the above type, let us first define a
few terms.

9.4.1 Line of sight

Suppose we are viewing an object standing on the ground. Clearly the line of
sight (or line of vision) to the object is the line from our eyes to the object.

Q Object

Line of sight

Horizontal line

Ground
level

9.4.2 Angle of Elevation
If the object is above the horizontal level of the eyes (i.e., if it is above the eye
- level) We have to turn our head upwards to view the object.
In this process, our eyes move through an angle. Such an angle is called the

angle of elevation of the object.
Q Object

Line of sight

S Angle of elevation

. > .
Horizontal line

Ground
level
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Let O be an eye of an observer and Q Object
OP be the horizontal line drawn through O.

Let Q be an object then Q is above
OP as in figure[JPOQ is called the angle

of elevation of Q. o Angle of elevation
9.4.3 Angle of depression Vs Horizontal fine ©
Suppose a boy standing on the roof Horizontal line
_)

of a building, observes a ball lying on the

ground at some distance from the building.
In this case he has to move his head
downwards to view the ball.

In this process our eyes move through
an angle. Such an angle is called the angte
of depression of the object.

Object
Let O be an eye of an observer and—y2 Horizontal line
OP be the horizontal line drawn through O.
Let Q be an object. HeféPOQ is called
the angle of depression of Q.

>

Angle of depression

Note: Obviously, the angle of «
elevation of a point A as seen from a point
O is equal to the angle of depression of O « Line of sight
as seen from A.

o Angle of elevation

Example 9.32 From a cliff 150 m above the shore line the angle of depression
of a ship is 1930'". Find the distance from the ship to a point on the shore directly
below the observer.

Solution : Let OB be the cliff of height 150 m and A be the position of the
ship. The angle of depression of the ship B3M® ThenJABC = 19 30'.

B
0 OOAB =1930 4-5“-59:35.“
In right angledA AOB, cot (19 30' _OA _OA
nrignt angle : cot( )= OB 150 Cliff
0 OA =150 cot (1930 150m
= 150 tan (99— 19 30') A o
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= 150 tan (7030
= 150 (2.8239) = 423.59 m.

Example 9.33 A kite is flying with a thread 200 m long. If the thread makes
an angle of 50with the horizontal, find the height of the kite above the ground,
assuming that there is no slack in the thread.

Solution : Let A be the position of the kite at a height AC. Here AB =200 m

OCBA =50

A
In right angled triangle BCA.
: _AC 200m
sin 50 = AB
_AC 50° [
0.7660 =500 B c
O AC =200 x 0.7660
AC =153.2

O The height of the kite = 153.2 m.

Example 9.34 The measure of angle of depression of the bottom of a building

on a level ground from the top of a tower 50 m high #si86w far is the building
from the tower ?

Solution : Let AB be the tower and CD be the building
Here AB =50 m.

Horizontal line

The angle of depressianCBE = 60

O OBCA = 60 . Tower
Building 50m
In right angledA CAB, tan 60 = AB
9 9 ’ - AC A
50 50
\Eg = AC O AC = NE

_ 50x4/3  50x1.732
AC=JBxV3™ 3

= 28.9 m (approx)

358



Example 9.35 A pole being broken by the wind, the top struck the ground
making an angle of 3@nd at a distance of 10m from the foot of the pole. Find the

whole height of the pole.
Solution : Let ABC be the pole.

When broken at B by the wind, let its top #rikes the ground so that
OCAB=3Cand AC=10m

BC A
In righ [ ACB = —
n right angledA ACB, tan 30 AC
i . % broken part
V3 T 10 B
10
0 BC =*3 m
Al 30 = AC
SO cos = AB c
3 _ 10
2 AB
20

O AB = ﬁ m
The height of the pole = AB + BC
20 10
RN E
=17.32 cm (approx)

Example 9.36 A vertical pole is 15m high and the length of its shadow is
20 m. What is the angle of elevation of the sun.

Solution : Let AB be the pole and AC be the shadow.
Here AB =15m.; AC =20 m. B
In right angledA BAC, letdJACB =6

AB 15 15m

Dtan9=rc=§) 5

A 20 m C
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tan6 =0.75
0 6 =36 53" (from the trigonometric table).

100
Example 9.37 A tower isE metres high. Find the angle of elevation if

the point of observation is 100 metres away from its foot.

100
Solution : Let AB be the tower of heigh% metres and C be a point at a

distance of 100 metres from foot of the tower.
Let 6 be the angle of elevation of the top of the tower from point C.

100 B
Inrt. ACAB, tan6 = 2(8: = 1_\{350 = \/1;"3 100
3
ade =3O)=l6T 6
¢ 100 A

Hence the angle of elevation of the top of the tower from a point 100 metres
away from its foot is 30

Example 9.38 A person standing on the bank of a river observes that the
angle of elevation of the top of a tree standing on the opposite barkVggth he
was 40m away from the bank he finds that the angle of elevation t¢ bEig€
(i) The height of the tree (ii) The width of the river, correct to two decimal places.

Solution : Let CD =h be the height of the tree and BQ be the breadth of
the river. From the figurelDAC = 30 and[IDBC = 60

DC h
In right angledA BCD, tan 60 = —— 0 ./3 = ~ O h={3x..(1)

BC
From the right angled ACD, D, .
tan30= "
=== ac
h
p " h =40 2
B = =40 +Xx....
BT a0ex 0B X()Aw o
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Substituting the value ¢fin (2) we get

J3(xy3) =40 +x
U 3xX =40 +x
0 x =20
from (1) we geh = /3 (20) = 20 (1.732) = 34.64.
O height of the tree = 34.64 m.
width of the river = 20 m.

Example 9.39 As observed from the top of a light house, 100 m high above
sea level, the angle of depression of a ship, sailing directly towards it, changes from
30( to 43. Determine the distance travelled by the ship during the period of
observation.

Solution : Let AB = 100 m be the height of the light house.
Let C and D be the two positions of the ship.

Let CD =x be the distance travelled by the ship during the period of
observation.

AB
In right angledA ABC, tan 48 = BC

AB , :
1= Bic [0 BC=AB[] BC=100 A Horizontal line >

AB
Inright angledA ABD, tan 30 = _ =  100m

BD
1 AB
J3 T BC+CD

BC+CD =AB.3
100 +x =100./3
x =100,/3 — 100

=100 (\/§ -1
=100 (0.732)
X =73.2

O The distance travelled by the ship from D to C is 73.2 m (approx)
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Example 9.40 From the top of a building 60 m high the angle of depression
of the top and the bottom of a tower are observed toten8i60. Find the height

of the tower.

Solution :Let AD = h be the height of the tower.

BC be the height of the building. Here BC =60 m

From the figure ODCF =30 0 OEDC =30

and UACF =60 0 OUOBAC =60 . c
D 56 " BECS
In A DEC tan 30 = E—C (60-h)
’ - DE D 5 .
i _ 60—h Towe h
V3 ~ DE -
A B
0 DE = (60 -h) /3
In right ledh ABC tnﬁe—ﬁ—@
right angle , a = 8 -~ DE
60
- V3= (60-h)/3
0 3(60-h) =60
O 180-3& =60
O 120 =3 O h=40

O height of the tower is 40 m.

Example 9.41 From the top and bottom of the tower the angle of elevation
of the top of a cliff with height 400 m are observed to Ifea8d 60 respectlvely

Determine the height of the tower.
Solution : Let AE be the tower,

C1400m

E 30
AE =h
Let BD be the height of the cliff. h
Here BD = 400 m. °e
A

From the figure[JBAD = 6(° andJCED = 30
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In right angledA ABD

tan 60 = o2
an _AB
400

0 V3 " AB
AB_LOO
5 e

In right angledA ECD

t 30-D—C
an = EC
- 1 400-h
V3 T EC
_ 400-h
- AB
1 400-h
J3 7 400
J3
0 400 = 3 (400 -h)
3h =800
h =266.67 m

O Required height of the tower is 266.67 m.
Example 9.42From a window, 20 m above the ground the angle of elevation

5
of the top of a tower ix° where tane = > and the angle of depression of the foot

1
of the tower ig® where tane = 2 Calculate the height of the tower in metres.

Solution : Let A be the window, CE be the height of the tower.
Here AB =20m.00 CD=20m
ODAE =x°andDAC =y 0 OACB =Yy (alternate interior angles).

In right angledA ADE

tanse = 2F

an _AD

§-ED DE—EAD

2  AD T2
5

Here DE =§AD

In right angledA ABC

anye = B
any’= gc
1_20
4~ BC , K% -
00 BC =80 y
20m
7 y° C

B
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5
=35 BC (since AD = BC)

5
=, (80)

DE =200
Height of the tower = CD + DE = 20 + 200 = 220 m.

Example 9.43 An aeroplane at an altitude of 500 m observes the angles of
depression of opposite point on the two banks of a river to ©bE83and 4012’
respectively. Find in metres, the width of the river.

Solution : Let A be the position of the aeroplane and CD be the width of the
river.

From the figure UDAP =32 18' [ [JADB = 32 18'
andJCAQ =40 12' 0 UACB =40 12' (alternate interior angles).

In right angledADBA P s
cot (3218") = bB
~ AB
[0 DB =AB cot (3218 5 §218 ! c
= 500 tan (90— 3218") In right angledA ABC
BC
=500 tan (5742 cot (4012") =——
AB
=500 (1.5818) BC = 500 tan (90 4012")
DB = 790.9 = 500 tan (4918")
=500 (1.1833)

O Width of the river DC = DB + BC
=790.9 + 591.65
=1382.55 m.

Example : 9.44At the foot of a mountain the elevation of its summit i% 45
after ascending 2 km towards the mountain up a slopé€ infcBfation, the elevation
is found to be 60 Find the height of the mountain.
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Solution : Let A be the foot and B be the summit of the mountain AOB
B

In right angledd AOB, CJOAB =45

UABO =48

O AO = OB =h (say).

In right angledA ACP A C o
in30 = pe Al 30 = AC
sin = AP so cos 30 = AP
1 PC AC
S =, 0PC=1 ﬁ =
2 2 2 2
0 DO =1 0 AC = .3

Nowh = OB = OA = OC + CA
0 h=0C+J3 0O OC=h-.3

0 PD=h-.3
In right angledA PDB

D BD h-1

B
tanGG—ED \f—h\/éﬂf—h_\/é

0 J3h-3 =h-1
0 J3h-h =2
2
= &1
2 J3+1
= X
J3-17 J3+1

J3 +1=1.732+1=2732.

Hence the height of the mountain is 2.732 km.
365



Example 9.45 An aeroplane flying horizontally 1 km above the ground is
observed at an elevation of°6@fter 10 seconds, its eIevaBion is observed to be

3. Find the speed of the aeroplane in km/hr. B
Solution : Let O be the point of
observation and A be the position of the
aeroplane such th&tAOC = 60 and . ‘
AC = 1 km. Lhkm }1km
After 10 seconds, let B be the
postion of the aeroplane such that
0BOD = 30 and BD = 1 km. ALY
. C D
In right angledA OCA, In right angled ODB,
tan 60 = AC tan 30 = BD
an = oc an = oD
1 1 1
B = oc 3 = op
1
0 OoC = NE O oD =./3
Now CD =0OD-0C
1 _2
BRCIRNE NG
2
Distance covered by the aeroplane in 10 se\}‘gtkm.
- _ - _ 1
Time taken = 10 sec. 3600 hrs = 360 hr.
Distance
Speed of the aeroplane =
time
2
Nz 2
_ N3 _ &
= 1 =3 x 360
360
_ 720 _ 72003
T J3 T 3x43



10.

11.

12.

13.

_720V3
-3
= 415.68 km/hr

=240 x1.732

EXERCISE 9.4
. Determine the angle of elevation of the sun when the length of the shadow of a pole
is \/3 times the height of the pole.

. An observer 1.5 m tall is 28.5m away from a tower 30m high. Determine the angle of
elevation of the top of the tower from his eye.

. A kite is flying at a height of 75 metres from the level ground, attached to a string
inclined at 60 to the horizontal. Find the length of string.

. Atree 12 m high is broken by the wind in such a way that its top touches the ground

and makes an ang% radians with the ground. At what height from the bottom of

the tree is broken by the wind ?

. The angle of elevation of a ladder leaning against a wall’iar@Dthe foot of the
ladder is 9.5m away from the wall. Find the length of the ladder.

. A bridge across a river makes an angle 6fwith the river bank. If the length of the
bridge across the river is 150 m, what is the width of the river ?

. From the tower 80 metres high, the angle of depression of a car on the ground is
found to be 3012'. Find the distance of the car from the foot of the tower.

. The shadow of a tower, when the angle of elevation of the suf is #bind to be
10 metres longer than when it is°6Bind the height of the tower.

. The angle of elevation of a tower at a point i Afier going 20 metres towards the
foot of the tower the angle of elevation of the tower become£alculate the height
of the tower.

The angle of elevation of a Jet plane from a point P on the grount! i&fg® 15
seconds, the angle of elevation changes fo IB@he Jet is flying at a speed of
720 km/hr, find the height at which the jet is flying.

From the top of a tree, the angle of depression of an object on the horizontal ground
is found to be 60 On descending 20 ft from the top of the tree the angle of depression
of the object is found to be 30~ind the height of the tree.

The angle of elevation of a cloud from a point 60 m above a lake am8@ngle of
depression of the reflection of cloud in the lake i5 Bthd the height of the cloud.

There are two temples, one on each bank of a river, just opposite to each other. One
temple is 40 m high. As observed from the top of this temple, the angles of depression
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14.

15.

16.

17.

18.

of the top and the foot of the other temple are32and 2148' respectively. Find in
metres, the width of the river and the height of the other temple approximately.

From an aeroplane flying horizontally above a straight road, the angles of depression
of two consecutive kilometer stones on the road are observed t&® lmd30
respectively. Find the height of the aeroplane above the road when the kilometer
stones are (i) on the same side of the vertical through the aeroplane (ii) on the opposite
sides of the vertical through the aeroplane.

A man standing in the field observes a flying bird in his north at an angle of elevation
of 30 and after 2.5 minutes he observes the bird in his South at an angle of elevation
of 6. If the bird flies in straight line all along at a height of @ metres, find its
speed.

If the angle of elevation of a cloud from a point h metres above a |@karis the

angle of depression of its reflection in the l&ke Prove that the height of the cloud

~ h{(tang, + tarB, )

'S (tane, - tarp, ) -

Two vertical lamp - posts of equal height stand on either side of a roadway which is
50 m wide. At a point in the roadway, between the lamp - posts, the elevationsof the
tops of the lamp - posts are°@hd 30. Find the height of each lamp - post and the
position of this point.

A boy is standing on the ground and flying a kite with 100 m of string at an elevation
of 3C. Another boy is standing on the roof of a 10 m high building and is flying his
kite at an elevation of 45Both the boys are on opposite sides of both the kite. Find
the length of the string that the second boy must have so that the two kites meet.
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10. PRACTICAL GEOMETRY

INTRODUCTION
Geometry = Geo + Metry.

‘Ged meangEarth and Metry meandMeasure This is derived from Greek
which means “Measure of the Earth”.This is one of the earliest branches of
Mathematics.

Geometry can be broadly classified into Theoretical Geometry and Practical
Geometry. The former deals with the principles of geometry by explaining the
construction of figures using rough sketches, without using any geometrical
instruments. On the other hand, the later deals with constructing the exact figures
using geometrical instruments. We have learnt about theoretical geometry in
Chapter 7. Now in this section we shall learn about practical geometry.

History of Practical Geometry :

In the 3" century BC, the Greek historian Herodotus affirmed the yearly out
flow of the Nile river in Egypt and used Geometry practically to determine its
boundary year after year. Egyptians recorded down some geometrical problems
and their methods of solutions in 1650 BC.

On Philosophical grounds, it was said that, nature is mathematically designed
and that its core is geometrically designed. Plato’s assertion was that “God eternally
geometrizes”. Thus the Greek approach towards this field was different from
Egyptians and Babylonians. The entire Greek contribution to geometry was extensive
and it dominated Mathematics during1700 BC.

Likewise, the Chinese, Persians and Indians contributed much to this branch
of Mathematics bringing about the birth of modern Science.

This concept is used by architects, carpenters, navigators of aeroplanes, ships
and spacecrafts, photographers and others.

Review :

We have already learnt about tangent to a circle and its properties in
chapter 7. Now, we are going to learn the construction of tangent to a circle. Before
this, let us recall the definition for tangent and its properties.
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Tangent to a circle : A

A tangent to a circle is a line that tangent

touches the circle in exactly one point. The
point is called the point of contact of the .O

tangent. - Point of contact

of a tangent
Note : 1.Only one tangent can be
drawn at any point on the circle.

2. Two tangents can be
drawn from an external point to the circle.

10.1 CONSTRUCTION OF TANGENT TO A CIRCLE

10.1.1 Introduction
Tangent to a circle at a given point can be constructed in two ways ;

(i) By using the centre of the circle The basic principle for this method of
construction is that the tangent is perpendicular to the radius passing through the
point of contact and its converse.

(if) Without using the centre of the circle :This method of construction is
based on “Angle in alternate segment theorem”.

10.1.2 Type 1 : (a) Construction of a tangent to a circle (using its centre).
Rough Diagram

Steps of Construction :

Step 1: Take a point O on the paper and draw a circle with centre as O and of
given radius.

Step 2 : Take a point P on the circle.
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Step 3 : Join OP. Here OP is the radius.
Step 4 : At P, construct an angléOPT = 90

Step 5 : Produce TP to To get the line PT. TPT is the required tangent to the
given circle at the point P.

Proof : From the figure
OOPT =90

and OP is the radius of the given circle. We know that a line drawn through
the end point of radius and perpendicular to it, is a tangent.

O TPT is a tangent to the given circle at the point P.

Example 10.1 Draw a circle of radius 2.5 cm. Take a point P on this circle
and draw a tangent at P. (using the centre)

A Rough Diagram
T
-~ A
2 5cm O 25cm P
{T
\4
\4

Steps of Construction :

Step 1 : Mark a point O. With O as centre and 2.5 cm as radius draw a circle.
Step 2 : Take a point P on the circle.

Step 3: Join OP.

Step 4 : At P, construct an anglBOPT = 90

Step 5 : Produce TP to To get the line PT. TPT is the required tangent to the
given circle at the point P.
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10.1.3

Type : | (b) : Construction of a tangent to a circle at a given point on
the circle, without using its centre.

R ‘ Rough diagram
Q

*0

A
\ 4

D P T
Steps of Construction :
Step 1 :Draw a circle with centre O and of given radius.
Step 2 :Take a point P on the circle.
Step 3 : Draw any chord PQ through the given point P on the given circle.
Step 4 : Take a point R either in major arc or in minor arc and join PR & QR.
Step 5: ConstructJQPT equal taJPRQ on the opposite side of the chord PQ.

Step 6 : Produce TP to To get the line ‘PT. Here TPT is the required tangent to
the circle at P.

Proof: By the converse of “Angles in alternate segment” theorem.

T'PT is a straight line which is drawn at the end of the chord PQ and
OQPT =UPRQ .

O TPT is a tangent to the given circle.
Following example illustrates the above procedure.

Example 10.2 :Draw a circle of radius 3 cm. At a point P on it, draw a
tangent to the circle without using the centre.

R ‘ Rough Diagram
Q

*0

A
\ 4

\ 4
e

A
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Steps of Construction :

Step 1 : Draw a circle with radius 3 cm.

Step 2 : Take a point P on the circle.

Step 3 : Through P, draw any chord PQ.

Step 4 : Mark a point R either in major arc or in minor arc.
Step 5: Join PR and QR.

Step 6 : At P, constructlQPT equal td] PRQ on the opposite side of the chord
PQ.

Step 7 : Produce TP to To get a straight line' PT. The line 1PT is the required
tangent to the circle.

10.1.4 Construction of tangents to a circle from an external point.

Two tangents can be drawn from an external point to the circle.

Type : 1l (a)

10.1.5 Construction of tangents to a circle from an external point, using
its centre A

Rough Diagram

<
COIN

Steps of Construction :

Step 1: Take a point O. With O as centre, draw a circle of given radius
Step 2 : Mark the given external point P. Now join OP.

Step 3 : Draw perpendicular bisector of OP, intersecting OP at L.

Step 4 : With L as centre and OL = LP as radius, draw a circle to intersect the
givencircle at T and T'.
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Step 5 : Join PT and PTo get the required tangents.

Here PT & PTare the two tangents from an external point P to the given
circle.

Proof : Join OT & OT (radii of the given circle) Since OP is a diameter of the
2nd circle and angle in a semi circle i$.90

0 OOTP =0 OTP = 90
But OT is a radius of the given circle an@®TP = 90
O TP is a tangent to the circle at T.
[any line through the end of the radius and perpendicular to it, is a tangent to the circle.]
Similarly TP is also a tangent to the circle at T
Thus PT & PTare the two tangents from P to the given circle.

Note : The lengths of the two tangents from P are equal

(i.e.) PT=PT=_/OF - r2 where OT = OT=r (radii of the same circle).

Example 10.3 Draw a circle of radius 2cm. Take a point P at a distance of
4.5 cm from its centre. From P, draw two tangents to the circle (using the centre).
Calculate the lengths of the tangents and verify it.

Solution ;

Rough Diagram

2cm

Steps of Construction :
Step 1 : Take a point O. With O as centre and 2 cm as radius, draw a circle.

Step 2 : Mark the given external point P at a distance of 4.5 cm from its centre
Now join OP.

Step 3 : Draw perpendicular bisector of OP intersecting OP at L.
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Step 4 : With L as centre and OL or LP as radius, draw a circle to intersect the
givencircleat Tand T

Step 5 : Join PT and PTo get the required tangents.

Here PT and PRre the two tangents from an external point to the given
circle.

On measuring, we observe that PT =P% cm.
Verification : In right angledAOTP
OP =0T?+ PP

0 PT = /O - OF = /(457 - 2
= J(45+2) (45- 2 =/(65 (29

PT —,/GSX 25 DS'OGX 554 03 cm
"V 100 & 10 ~—

Similarly PT U4.03.
O PT = PT= 4cm (approx)

Hence verified.

Type : 1l (b)
10.1.5 Construction of tangents to a circle from an external point,
without using its centre.

Given : A circle and a point P outside the circle.

Required : To draw (two) tangents to the circle from P (without using its
centre).

Rough diagram
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Steps of Construction :
Step 1 : Draw a circle with centre O and of given radius

Step 2 : Through the given external point P, draw a secant PQR to intersect the
circle at Q and R.

Step 3 : Produce QP to a point S such that QP =iRS)(P is the mid point of
QsS.

Step 4 : Draw a semi-circle with RS as diameter.

Step 5: Draw PMUO RS, intersecting the semi circle at M.

Step 6 : With P as centre and PM as radius draw arcs to intersect the given circle
at T and T.

Step 7 : Join PT and PTThen PT and Pre the required tangents.

Proof: PM is the mean proportional of RP and PS
0O PM? =RP x PS
O PT? =RP x QP [since PM =PT ; QP = PS]

PT _ QP

RP  PT
Now join RT and QT.
O LP is the common angle &PQT andA PTR.
O APQT ||APTR
0 0OQTP = UOPRT

By the converse of angle in alternate segment theorem,

PT is a tangent to the given circle. Similarly BTlso a tangent to the given
circle.

Example 10.4 :Draw a circle of radius 4 cm, Take a point P outside the
circle. Without using the centre of the circle, draw two tangents to the circle from
the point P. Measure the length of the tangents and verify it.

Given : A circle with centre O and radius 4 cm and an external point P.
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Required : To draw two tangents to the circle from P.

A Rough Diagram
20
M
T
Ke
}/P S
T
N4
\ 4

Steps of Construction :
Step 1 : Draw a circle with centre O and radius 4 cm.

Step 2 : Through the given external point P, draw a secant PQR to intersect the
circle at Q and R.

Step 3 : Produce QP to the point S such that QP =ileS) (P is the mid point of
QsS.

Step 4 :Draw a semi - circle with RS as diameter.

Step 5 : Draw PMU RS, intersecting the semi circle at M.

Step 6 : With P as centre and PM as radius, draw arcs to intersect the given circle
atTand T

Step 7 : Join PT and PTThen PT and Pre the required tangents.
On measuring, we observe that PT =Pq.4. cm

Verification : PT2 = PR x PS
=75x26
PT =./195 = 4.4 (approx)
Similarly, PT' = 4.4 cm. (approx)

O PT =PT = 4.4cm.

EXERCISE 10.1

1. Draw a circle of radius 4 cm. Take a point P on it. Using the centre of the circle, draw
a tangent to the circle at the point P.

2. Draw a circle of diameter 9 cm. Take a point A on it. Using the centre of the circle,
draw a tangent to the circle at the point A.
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Draw a circle of radius 3.6 cm. Take a point P on it. Without using the centre of the
circle, draw a tangent to the circle at the point P.

Draw a circle of diameter 8 cm. Take a point Q on it. Without using the centre of the
circle, draw a tangent to the circle at the point P.

Draw a circle of diameter 8 cm. Take a point P at a distance of 5.5 cm from its centre.
Using the centre of the circle, draw two tangents to the circle. Measure the length of
the tangents.

Draw a circle of radius 3 cm. Take a point at a distance of 5.5 cm from the centre of
the circle. From the external point draw two tangents to the circle. (using the centre
of the circle) Calculate the length of the tangents and verify it.

Draw a circle of diameter 9 cm. Take a point P outside the circle. Without using the
centre of the circle draw two tangents to the circle from the point P. Calculate the
length of the tangents and verify it.

Draw a circle of diameter 4 cm. Take a point A outside the circle. Without using the
centre of the circle draw two tangents to the circle from the point A. Calculate the
length of the tangents and verify it.

10.2 CONSTRUCTION OF TRIANGLES

In the lower standards, we have learnt construction of a triangle in some
cases. In this section we shall learn about the construction of a triangle with base,
vertical angle and altitude (or) the median on the base (or) the point on the base
where the bisector of the vertical angle meets the base. We shall construct the

triangle with the help of “Angle in alternate segment” theorem.

10.2.1. Construction of a segment of a circle on a given line segment
containing an angle equal to a given angle.

E
o/g
<
A\%/B
¥
C
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Given : Let AB be a given line segment afithe a given angle.
Required : To describe on AB, a segment of a circle containing the &gle

By using alternate segment theorem, we can draw the required segment
containing an angle.

Steps of Construction :
Step 1: At A, maked BAC =6
Step 2 : Draw ADOAC
Step 3 : Draw the perpendicular bisector of AB meeting AD at O.
Step 4 : With O as centre and OA as radius, draw the circle AEB
Here AEB is a required segment containing the afigle
Proof: Here ADOAC [0 O CAO =90 and OA is the radius of the circle.
O AC is a tangent to the circle at A.
By alternate segment theorem.
OBAC = angle in the alternate segment AEB.
O The segment AEB contains an angle

10.2.2. Construction of a triangle when its base and vertical angle are
given.

Given: Base PQ, vertical ang

Required : To construct a triangle PQR with base PQ and vertical ahgle=6.

Rough Diagram

R RS S
0 0
R, fe) R,
0 0 P Q
P L6 Q
N
\ 4 T
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Steps of Construction :
Step 1 : Draw a line segment PQ (base)
Step 2 : Below the line segment PQ, make an ang@PT =6.
Step 3: Draw a line PS1 PT at the point P.
Step 4 : Draw the perpendicular bisector of base PQ meeting the line PS at O.
Step 5: With O as centre and OP = OQ as radius, draw a circle.
Step 6 : Take any point Rlor R,or R, or R,...] on the circumference of the circle
on the same side on which O lies.
Step 7 : Join PR and QR.
A PQR is the required triangle.
Remark : In the circumference of the circle on the same side on which O lies, there
are infinitely many points namely R, R, ...
Consequently, infinitely many triangleSFQR, APQR, APQR,, ...] can
be drawn with the given base and vertical angle.
Proof : A PQR has the base PQ anilPR Q =6 [Since itis an angle in the
segment which lies on the same side of O]
Thus,APQR is the required triangle.
The following example illustrates the above procedure.
Example 10.5 :Construct a triangle with PQ = 6 cm and vertical angle is
50°. How many such triangles are possible ?
Solution : Given :Base PQ =6 cm, Vertical andlePRQ = 50
Required : To construct a triangle PQR with base PQ = 6 cm vertical angle
OPRQ =50

S Rough figure
R, R
R3
> &
50
R, O, R,
50| 5
P 6cm Q
PXY [ 6em”Q
'S
\ 4 T
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Steps of Construction :

Step 1 : Draw the line segment PQ =6 cm.

Step 2 : Below the line segment PQ, make an ang@PT =50

Step 3 : Draw a line PS] PT at the point P.

Step 4 : Draw the perpendicular bisector of base PQ meeting the line PS at O.
Step 5: With O as centre and OP = OQ as radius, draw a circle.

Step 6 : Take any point Rlor R,or R or R,...] on the circumference of the circle
on the same side on which O lies.

Step 7 : Join RP and RQ
APQR is the required triangle.
[APQR, APQR, APQR.....are also the required triangles]
In this type many triangles can be drawn
10.2.3. Construction of a triangle when the base, vertical angle and the
altitude through the vertex are given.
Given : Let base be AB, vertical angle Be altitude be PQ.

Required : To construct a triangle ABC with base AB and vertical afgle
such that the altitude from C to AB is of length PQ.

A Rough Diagram

(>
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Steps of Construction :

Step 1 : Draw a line segment AB.

Step 2 : Below AB, make an angleéBAT = 6.
Step 3 : Draw AS[ AT at the point A.

Step 4 : Draw the perpendicular bisector MN to the base AB, meeting the line AS
at O and AB at P.
Step 5: With O as centre and OA or OB as radius, draw a circle.
Step 6 : Take a point Q on MN [PQ is the length of the altitude]
Step 7 : Through Q, draw a line parallel to AB, intersecting the circle at C and C
Step 8 : Join CA, CB and @&, CB to obtain the triangles ABC and ABC
Here ABC and ABCare the required triangles.
Remark : Here the line parallel to AB through Q meets the circle atmost at two
points.
O there are two triangles with the given conditions.
Proof: AABC hasthe base AB antiACB =8 [since itis an angle in the segment
which lies on the same side of O]
Altitude from C to AB is the distance between the parallel lines AB and CC
(i.e.,) length of the altitude = PQ.
Thus ABC is the required triangle.
Following example will illustrate the above procedure.

Example 10.6 ConstructAABC in which BC =6 cmJA = 6 and altitude
through A is 5 cm. Measure the length of median through A. Write the steps of
construction. How many such triangles are possible ?

Solution : Given : BC = 6 cmJA = 60, altitude =5 cm.

Required : To construct a triangle ABC with base BC & vertical angle
OA = 60 such that the altitude from A to BC is of length 5 cm.

Rough figure

6cm




Steps of Construction :

Step 1 : Draw a line segment BC = 6 cm.

Step 2 : Below BC, make an angleCBT = 60 at B.
Step 3 : Draw BSO BT at the point B.

Step 4 : Draw the perpendicular bisector MN to the base BC, meeting the line BS
at O and BC at P.

Step 5: With O as centre and OB or OC as radius, draw a circle.
Step 6 : Take a point Q on MN such that PQ =5 cm.
Step 7 : Through Q, draw a line parallel to BC, intersecting the circle at A and A
Step 8 : Join AB, AC and /B, A'C to obtain the triangles ABC andBtC
Here ABC and MBC are the required triangles.

Since P is the mid point of base BC, by measuring AP, we get the length of
the median AP =5.1 cm.

In this type two triangles are possible.

10.2.4 Construction of a triangle whose base, vertical angle and the
distance of altitude from one end of the base are given.

Given : Let AB be the given basebe the given vertical angle andAD be the
distance of altitude from the end A of base AB.

Required : To construct a triangle ABC with base AB and vertical afigle
such that the distance of altitude from A is AD.

C Rough Diagram

0 C
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Steps of Construction :

Step 1 : Draw a line segment AB.

Step 2 : Below AB, make aitIBAT =0 at A

Step 3 : Draw AS[ AT at the point A.

Step 4 : Draw perpendicular bisector to base AB meeting the line AS at O.
Step 5: With O as centre and OA = OB as radius, draw a circle.

Step 6 : Take a point D on AB. [Here AD is the distance between the altitude and
the vertex A]

Step 7 : From D, draw a line perpendicular to AB meeting the circle at C.
Step 8 : Join CA and CB
0 ABC is the required triangle.
Note : In this type, only one triangle can be drawn.
Proof :
AABC has the base AB adACB =6
[Since it is an angle in the segment which lies on the same side of O].
The distance between the vertex A and the altitude is AD.
Thus ABC is the required triangle.

Example 10.7 Construct &A\ABC in which BC = 6 cniJA = 7 and the
foot of the perpendicular D on BC from A is 4 cm away from B.

Given : Base BC = 6 cm, Vertical angléBAC = 7¢°, BD =4 cm.
Required : To construct a triangle ABC.

Rough Diagram

>

6cm
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Steps of Construction :
Step 1 : Draw a line segment BC = 6 cm.
Step 2 : Below BC, makdICBT = 70 at B.
Step 3 : Draw BSO BT at the point B.
Step 4 : Draw perpendicular bisector to base BC, meeting the line BS at O.
Step 5: With O as centre and OB or OC as radius, draw a circle.
Step 6 : Take a point D on BC such that BD = 4 cm.
Step 7 : From D, draw a line perpendicular to BC meeting the circle at A.
Step 8 : Join AB and AC .
ABC is the required triangle.
10.2.5 Construction of a triangle whose base, vertical angle and median
through the vertex are given.

Given : Let Base = PQ , vertical angléPRQ =6 and Length of the
median = RM.

Required : To construct a triangle PQR

A Rough Diagram

>

P

xé
N

\ 4

Steps of Construction :

@
E
o=
o
<
O

Step 1 : Draw a line segment PQ.
Step 2 : Below PQ , make anQPT =6 at P.
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Step 3: Draw a line PSI1PT at P.

Step 4 : Draw the perpendicular bisector to PQ, meeting the lines PS at O and PQ
at M.

Step 5: With O as centre and OP = OQ as radius, draw a circle.

Step 6 : With M (mid point of PQ) as centre and RM (length of the median) as
radius, draw arcs meeting the circle at R and R

Step 7 : Join RP, RQ and R RQ.
APQR and\PQR are the required triangles.
Note : In this type, two triangles can be drawn with the given conditions.

Proof : APQR has the base PQ vertical angRRQ =0 [Since it is an angle
in the segment which lies on the same side of O]

M is the mid point of PQ.
0 RM is the median.
Hence PQR is the required triangle.

Example 10.8 Construct a triangle ABC in which BC = 7.5 dmA = 55°
and the median through A is of length 5.5 cm. Also find the length of the altitude
drawn from the vertex A on BC.

Given : Base BC = 7.5 cm, Vertical anglgA = 52
Length of the median AM = 5.5 cm

Required : To construct a triangle ABC.

Rough Diagram
A

7.5cm
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Steps of Construction :

Step 1 : Draw a line segment BC = 7.5 cm.
Step 2 : Below BC, makdICBT = 5% at B.
Step 3: Draw a line BS1 BT at B.

Step 4 : Draw the perpendicular bisector to BC meeting the lines BS at O and BC
at M.

Step 5: With O as centre and OB = OC as radius draw a circle.

Step 6 : With M (mid point of BC)as centre and 5.5 cm as radius, draw two arcs
meeting the circle at Aand A

Step 7 : Join AB, AC and /B, AC.
A ABC andAA'BC are the required triangles.
To find the length of the altitude from A to BC, draw ANXB. By
measuring AN, we find that AN = 3.1 cm.

10.2.6. Construct a triangle, given the base, the vertical angle and the
point on the base, where the bisector of the vertical angle meets the
base.

Given : Let Base = PQ, Vertical angléPRQ =6 and N be the foot of the
angular bisector dilPRQ on PQ.

Required : To construcAPQR.

A Rough Diagram

R
IR A
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Steps of Construction :

Step 1 : Draw a line segment PQ.

Step 2 : Below PQ, make anlQPT =6 at P.

Step 3: Draw a line PSIPT at P.

Step 4 : Draw the perpendicular bisector to PQ meeting the line PS at O.

Step 5: With O as centre and OP = OQ as radius draw a circle. Minor arc PQ
meets the perpendicular bisector of PQ at M.

Step 6 : Mark a point N on PQ. (according to the given data).
Step 7 : Join MN and produce it to meet the circle at R.
Step 8 : Join RP and RQ.

ThusAPQR is the required triangle.

Proof: APQR has the base PQ, vertical angRRQ =6. [Since it is an angle in
the segment which lies on the same side of O]

M is the mid point of minor arc PQ.
0 arc PM = arc MQ
These equal arcs subtend equal angles at R (remaining part of the

circumferenceld OPRM =[MRQ = 2

(i.e.) RM is the bisector of the vertical angle meeting the base PQ at N.

Hence PQR is the required triangle.

Example 10.9 :Construct aAPQR in which base PQ = 6.5.cm, vertical
angleJQ = 6@ and the hisector of the vertical angle meets the base at N where
PN =2.5cm.

Solution : Given : Base PQ = 6.5 cm, Vertical angl&) = 6@ and N be the
foot of the angular bisector 6fQ on PQ where PN = 2.5cm.

Required : To construct &aPQR.

Rough Diagram
R




Steps of Construction :

Step 1 : Draw a line segment PQ = 6.5 cm.

Step 2 : Below PQ, make anlQPT = 60 at P.

Step 3: Draw a line PS1PT at P.

Step 4 : Draw the perpendicular bisector to PQ meeting the line PS at O.

Step 5: With Q as centre and OP = OQ as radius, draw a circle. Minor arc PQ

meets theé] bisector of PQ at M.

Step 6 : Mark a point N on PQ such that PN = 2.5 cm.
Step 7 : Join MN and produce it to meet the circle at R
Step 8 : Join RP and RQ

ThusA PQR is the required triangle.

EXERCISE 10.2

Write the steps of construction for the following constructions [Proof of the

construction is not required]

1.

Construct a triangle with BC = 4.5 cm and vertex A suchnthiZdBAC = 52. How
many such triangles are possible ?

Construct a triangle with PQ = 7 cm and vertex R suchnthlBRQ = 30. How
many such triangles are possible ?

Construct a triangle with base AB = 6.5 cm and vertex C suchlth@B = 453.

Construct aAABC in which BC = 6.2 cmJA = 60 and the altitude through A is
2.6 cm. Measure the length of median through A.

Construct @&A\PQR having base 5 cm, vertical angle 4Bd altitude through R is
4 cm. How many such triangles can be constructed ?

Construct @AABC such that AB = 6cmndC = 40 and altitude from C to AB is of
length 4 cm. Measure the length of median through C.

Construct a triangle PQR such that PQ = 8rmmR = 120 and altitude from R to
PQ is 2 cm. Measure the length of the median from R.

Construct @&APQR in which base PQ = 6.5 cm, vertical arigke = 6% and the foot
of the perpendicular M on PQ from R is 3.5 cm away from Q. Measure the length of
the altitude.

Construct aAXYZ in which base XY = 7cmmZ = 50 and the altitude is at a
distance of 5 cm from X.
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10.

11.

12.

13.

14.

15.

Construct @AABC such that AB = 5.6 cmmndC = 60 and median through the
vertex C is 4 cm.

Construct @\PQR in which PQ = 6cm, @R = 50 and the median through R is
5.5 cm. Find the length of the altitude from A.

Construct @&APQR such that PQ = 6cmlR = 43 and the median through R is
4.5 cm. Find the length of the altitude drawn from R to PQ.

Construct A4ABC such that AB = 7.8 crmiJC =40 and AD = 3 cm where D is the
point of intersection of the bisector GIC on AB. Measure the length of the altitude
from C.

Construct &PQR in which PQ = 6.5 cm, vertical angl® = 130 and the bisector
of the vertical angle meets the base at S where PS = 2.5 cm. Measure the length of the
median from R.

Construct dABC such that AB = 7 crmOC = 60 and the bisector dfiC meets
AB at a point D where AD = 2 cm. Measure the length of the median from C.
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11. STATISTICS

INTRODUCTION

For a long time, “Statistics” referred to information about the government.
The word itself comes from the Latin Statisticus, meaning “of the state”. The term
was easily transferred during the"i@ntury to numerical information of other
kinds and later to methods for analyzing that information.

But today, there are methods by which statistics obtained from a small sample
can be used to represent a voluminous data. In fact, a sample as small as 1600 may
be used to predict the outcome of a national election. Information gathering is
conducted by a variety of people, including medical researchers, scientists, advertisers
and political pollsters.

In our country a census is taken every 10 years, which is used for many
purposes.

Statistics is the art and science of gathering, analyzing and making inferences
(predictions) from numerical information obtained in an experiment. This numerical
information is referred to adata. The use of statistics which was originally
associated with numbers gathered for governments, has grown significantly and is
now applied in all walks of life.

Measures of Central Tendency

Most people have an intuitive idea of what is meant by an “average”.

An average is a number that is a representative of a group of data. There are
atleast four different averages the mean, the median, the mode and the midrange.
Each is calculated differently and may yield different results for the same set of

data. Each will result in a number near the centre of the data ; for this reason,
averages are commonly referred td/Bsasures of Central Tendency.

The arithmetic mean of a series of observed values is defined as the sum of
the observed values divided by the number of values observed.

Arithmetic mean for ungrouped data

, , 2%
Arithmetic mean §) = Y wherezx =X, +X, + X, + ... +X.
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Arithmetic mean for grouped data.

zix
>f

11.1 MEASURES OF DISPERSION

We have already discussed about the various measures of central tendency.
Though averages are highly useful in statistical analysis, they fail to give us an idea
about the extent to which the items of distribution deviate from the central value.

Arithmetic mean g) =

Consider the following data :
A : 55,51, 46, 48

Total = 200, x =50
B: 32, 68, 60, 40
Total = 200 x =50

The two distributions may have the same mean and the same total frequency
and yet they may differ in the extent to which the individual items differ from the
central value. In the series A, the items are not very much scattered, as the minimum
value of the series is 46 and the maximum value is 55. In the series B, the items are
widely scattered, as the minimum value is 32 and the maximum value is 68. Hence
we see the need for a study of dispersion of data.

The relative concentration or scatterness of the values of the variable around
a measure of central tendency is called dispersion. This dispersion measures how
the values of variable are spread about an average. There are various measures of
dispersion and we consider only the following.

(1) The range (2) The standard deviation

Range

Range is the simplest method of measuring dispersion. It is the difference
between the greatest and the least of the observations. But there are other and better
measures of dispersion than the range. One such measustaattaed deviation.

Standard Deviation

This is the most important and the most powerful measure of dispersion. Its
value is based upon each and every item of the data. It is denoted by the Greek
lettero (sigma).
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Standard deviation is the square root of the mean of the squares of the
differences of individual scores from the mean.

Standard deviation for an ungrouped data.

e /Zd2 )
1. Standard deviatiom = . : whered =x— x andx is the mean.

zd® dd

dn B

whered = x — A where A is the assumed mean.

2. Standard deviatioo =

Standard deviation for Discrete series
3. In discrete series when deviations are taken from Arithmetic mean.
2
>f

4, When deviations are taken from assumed mean.

Standard deviatioao = :whered =x— x andx is the mean.

5 fd> [ fd ]
sf BsfQ

Standard deviatioa = \/

whered =x— A, A being assumed mean.

Variance

The mean of the squares of the deviations of the values of the variable is
called variance.

T (x—X)?

Variance :T and it is denoted by?.

Variance is the square of standard deviation. The positive square root of the
variance is defined as standard deviation.

Note :

1. The data for which standard deviation is less is said to be consistent than the
one for which standard deviation is more.

393



2

12

2. Standard deviation of the first ‘natural numbers i

Example 11.1 Find the range of the heights of 12 girls in a class given in cm.
120, 110, 150, 100, 130, 145, 150, 100, 140, 150, 135, 125.
Range =Highest value — Lowest value

=150 - 100 =50

Example 11.2 The number of lollipopes eaten by children in 5 families are
4, 6, 8, 12 and 15. Find their S.D.

Solution : Heren=5

Solution :

AM. = =X
n
_ 4+6+8+12+ 15 45
- - =7 =
X d =x-x o?
=x-9
5 25
-3 -9 9
-1 1
12 3} 9
15 6 9 36
5d=0 S = 80

5d? 80

Example 11.3 The scores of a cricketer in 7 matches are 70, 80, 60, 50, 40,
90, 95. Find the standard deviation.

Solution : Let the assumed mean be 70. Here7
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X d=x-A d?
=x—-70
40 -30 900
50 -20 } —60 400
60 -10 100
70 0 0
80 10 100
90 20 } 55 400
95 25 625
2d=-5 >d? = 2525
cp.o - X _Dxd 0
\'n HnE

'S

n
2525 (5
7 H7
[2525_ 25
7 49
17675 25
= | 1
49 > [log 17650 — log 49]
17650 =1.2782
B \/ 49 Antilog (1.2782)
= 18.98 = 18.98

Standard deviation = 18.98

Example 11. 4 Find the standard deviation and variance for the following
data.

X 10 15 18 20 25
f 3 2

(3]
(o]
N
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Solution : Let the assumed mean be 18.

X f |d=x-A d? fd fcP
=x-18
10 3 -8 64 -24 192
15 2 -3 -6 18
18 5 0 0
20 8 16 } 32
25 2 49 14 98
>f=20 >fd=0 >fd? = 340
<p - sfd’ xfdd _ [340_ Doﬁ 340
P =\sf HstH T\ 20 20
=/17 = 4.123
O Variance =¢)?=(/17)?= 17
Example 11.5 Find the variance of the following data :
Variable 10 6 18 14 22 2
Frequency 10 7 7 15 6 5
Solution : Let the assumed mean be 14.
X f| d=x-A d? fd fcP
d=x-14
5 -12 144 -60 720
6 7 -8 64 -56  -156 448
10 10 -4 16 -40 160
14 15 0 0 0
18 16 28 112
22 64 48 76 384
>f=50 >fd =-80 >fd? = 1824
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Tfd® 0 1824 [-80(]
>f “Hzfg- s0 HsoH

Variance =

1824 64

50 " 25 - 36.48 — 2.56 = 33.92

Example 11.6 Calculate the standard deviation for the following distribution.
C. 0-10 10-20 20-30 30-40 40-50
f 3 13 21 15 5

Solution : Let the assumed mean be 25.

C.I | Midvalue X - A
X f| a=— ? fd fp
~ X—=25
~ 10
0-10 5 3 2 4 —6} 12
10-20] 15 13 _1 1 —13  -1o 13
20-30| 25 21 0 0 0 0
30-40| 35 15 1 1 15} 25 15
40-50| 45 5 2 4 10 20
5f =57 Sfd=6 | Sfd? =60
<D, —Cx >fd? (5 fd0
T >f DDZf E
60 060
=10457 " Hs7H
= 10,/29-36
57 3249
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“36 | 1
=10 ,22202 35 | = [10g 3384 - log 3249]
3249 |2

= 0.0088
_ 3384 Antilog (0.0088)
10
3249 oo

=10 x 1.021 =10.21
S.D. =10.21
Example 11.7 Calculate the standard deviation for the following distribution.
C. 0-10 10-20 20-30 30-40
f 4 7 8 3

Solution : Let the assumed mean be 15.

C. x | | d= X;A G fd P
q= Xx=15
10
0-10 5 | a4 1 1 4
10-20| 15 | 7 0 0 0
20-30 | 25 | 8 1 1 8 1
30-40 | 35 | 3 2 4 6} 12
>t =22 Sfd=10 | >fcP = 24
>t gzt g
24 (110
= Z—Z_Ez—zﬁ x 10

_ @_@ 10 = [528- 100 10
“\22 484 - 484
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428 |0g 428 = 2.6314
=282 > 10 log 484 =2.6848

~ Vs _
1.9466
=0.9404 x 10 — s
- 9.404 2 +1.9466
2
S.D. =9.404 1 9733

Example 11.8 The largest value of a data is 98. If the range of the data is
78. Find the smallest value of the data.

Solution : Range = highest value — lowest value
78 =98 — lowest value
Lowestvalue =98 — 78 = 20

Example 11.9 Find the standard deviation of the following data 30, 80, 20,
40, 50, 70, 60. Add 5 to each term and find the new S.D.

Solution : Let the assumed mean be 50. Here7

X d=x-A o?
=x—-50

20 -30 | 900
30 20 » —60 400
40 -10 | 100
50 0 0
60 10 ) 100
70 20 - 60 400
80 30 | 900
sd=0 ¥ d2= 2800

[5d* rd(d
S.D. = N BFH
2800 [orf 2800
=\ “HH {77 =+a00=20
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Then we add 5 to each value we get 25, 35, 45, 55, 65, 75, 85.

X d=x—A ad?
=Xx—-55

25 =30 900

35 =20 —60 400

45 -10 100

55 0 0

65 10 100

75 20 } 60 400

85 30 900
2d=0 >d = 2800

zd? d
S.D. = N - EE%E

2800 000 2800

= T - B?H = —7 = \/ﬂ) = 20.
From the above example we conclude “The standard deviation of a series

remains unchanged when each value is added or subtracted by the same quantity.

Example 11.10 The standard deviation of 5 values is 12. If each value is
increased by 6, find the standard deviation and variance of the new set of values.

Solution : S.D. of 5 values = 12
Each value is increased by 6,

O New standard deviation = 12 (since S.D. is not changed by the
increments in the values.)

Variance = (S.D)= (12f = 144
Variance = 144
Note : The standard deviation of a series gets multiplied or divided by the
quantity K if each value is multiplied (or) divided by K.
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Example 11.11 The variance of 5 values is 36. If each value is doubled
then find the standard deviation of new values.

Solution : Variance = 36
Standard variation </36 = 6

S.D. of 5 values =6
When each value is doubled, S.D is also doubled

S.D. of new values =6 x 2 =12

EXERCISE 11.1

Find the S.D. of the first five natural numbers.

=

2. The sum of the squares of the deviations from the mean of 6 variables is 54. What is
the variance ?

3. The number of ice cream cones bought by men, women, boys, girls and children on
a day at the trade fair was 40, 42, 46, 48 and 44 respectively. Find the standard
deviation.

4. The variance of 65 scores is 64. If each of them is divided by 2, find the standard
deviation and variance of the new scores.

5. The standard deviation of 7 values is 15. If each value is decreased by 8, find the
standard deviation and variance of the new set of values.

6. Find the S.D. of the following :

x| 70 74 78 82 86 90
f 1 3 5 7 8 12
7. Find the S.D. of the following :
X 6 9 12 15 18
f 7 12 13 10 8
8. Find the S.D. of the following :
C.l 0-10 10-20 20-30 30-40
f 3 4 2 5
9. Find the variance of the following :
C. 20-30 30-40 40-50 50-60
f 8 6 5 4
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10. Find the standard deviation of the following :
C. 10-19 | 20-29| 30-39 40-49 50-%9 60-69 70-9
f 5 65 222 112 53 40 3

11.2 PROBABILITY

The word ‘Probability and chance are quite familiar to everyone. Many a
time we come across statements like “our cricket team is likely to win the World
Cup”. I have a good chance of getting selected in the school team”. Probably | may
meet the collector today.

In the above sentences, the word likely, chance, probably, etc., convey some
sense of uncertainity about the occurence of some events. Ordinarily, it may appear
that there cannot be any exact measurement for these uncertainities. But in
Mathematics, we do have methods for calculating the degree of certainity of events
in numerical values, provided certain conditions are satisfied. In order to think
about and measure uncertainity, we turn to a branch of Mathematics called
PROBABILITY.

Before we study the theory of probability, let us learn the definition of terms
which will be frequently used.

Random Experiments and Sample Space.

When we toss (or flip) a coin once, the coin may turn up in either of the two
ways - ‘Head’ or ‘Tail’. We call Head or Tail as an outcome of this activity. The set
S of all possible outcomes is given by S = {H, T} where H stands for Head and T
stands for Tail. The set S is called dample spacdof the activity of tossing a
coin). This activity (of tossing a coin) is calledsamdom experiment.

Thus we define the following :

Random Experiment : Any experiment whose outcomes cannot be predicted
in advance or determine in advance is a random experiment.

Trial : Each performance of the random experiment is called a trial.

Sample space The set of all possible outcomes of a random experiment is
called a sample space and is denoted by S.

Sample Point :Each element of the sample space is called a sample point.

Event : An event is a subset of a sample space.

A boy throws a die. Suppose he reports that the number appeared on the die
is a square number. Can we guess what number he could get. Certainly the answer
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is 1 or 4 as these are the only square numbers in the sample space S ={1, 2, 3, 4,
5, 6}. Thus the set E = {1, 4} is an event of this experiment.

When a coin is tossed, getting a head is an event, getting a tail is another
event. Here S = {H, T} is the sample space.

E = {H} and F = {T} are the events. Note that E and F are subsets of the
sample space S.

Equally likely events : Two or more events are said to be equally likely if
each one of them has an equal chance of occurring.

In tossing a coin, getting a head and getting a tail are equally likely events.

Mutually Exclusive Events : Two events A and B are said to be mutually
exclusive events if the occurrence of any one of them excludes the occurrence of the
other event. i.e., they cannot occur simultaneously.

In terms of sets, this means A and B are disjoint. For example, in drawing a
single card from a well-shuffled standard deck of playing cards, the events, A :
Cardis aheart, B : Card is a diamond are mutually exclusive because a card cannot
be both a heart and a diamond at the same time.

But if the events are A : Card is a heart; B : Card is a king, then A and B are
not mutually exclusive because we have a king of hearts.

Similarly, if we roll a die, we will get either an ‘odd number’ or an ‘even
number’. The event A “getting an odd number” excludes the event B “getting an
even number” and vice-versa. Here A and B are mutually exclusive A={1, 3, 5},
B={2,4,6land An B=¢

Favourable events or caseslhe number of outcomes or cases which entail

the occurrence of the event in an experiment are called favourable events or
favourable cases.

Example : When two dice are thrown the number of cases favourable to the
event of getting a sum 5is (1, 4), (2, 3), (3, 2), (4, 1).

There are 4 cases favourable to an event of sum = 5.
Probability :

Let A be any event and the number of outcomes of an experiment favourable
to the occurence of A ben' and let h' be the total number of outcomes which are
all equally likely. Then the probability of occurence denoted by P (A) is defined as
Number of favourable outcomesforA m
Totalnumber of outcomes “n

P(A) =

(or) in terms of set language,
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If A is a favourable event, which is a subset of the sample space S of the
experiment, then the probability of A denoted by P (A) is defined by

n(A)

P(A) = @

wheren (A), n(S) are the cardinal number of sets A and S provided the members of
the set S are equally likely.
Observations :

1. 0sP (A)<1

2. Number of outcomes which are not favourable to the eventnA-.
Probability of non-occurence of A denoted by A' is given by

n-m m

PA) =" =1-,
=1-P(A)
OP(A) =1-P (A)
OP(A) +P(A)=1

3. IfP(A) =0, then Ais an impossible event i.e., Probability of an impossible
eventis 0. That is B = 0.

4. Probability of the sure eventis 1. That is P(S) = 1. S is called sure event.
Example 11.12 A coin is tossed three times. Write its sample space.
Solution : We denote the head by H and tail by T.

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
Example 11.13 A die is thrown twice. Find out the sample space.
Solution :

Sample space ={(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
(2,1),(2,2),(2,3),(2,4), (2,5), (2, 6),
(3,1),(3,2),(3,3),(3,4), (3 5), (3, 6),

(4,1), (4,2), (4,3),(4,4),(45), (4,6),
(5,1), (5, 2), (5, 3), (5, 4), (5 5), (5, 6),
(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, )
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Example 11.14 From a leap year selected at random, what would be the
sample space for the two odd days ?

Solution : Since the leap year has 366 days which means 52 weeks and two
extra days, which are known as odd days.

Sample space = {(Sunday, Monday), (Monday, Tuesday), (Tuesday,
Wednesday), (Wednesday, Thursday), (Thursday, Friday), (Friday, Saturday),
(Saturday, Sunday)}

Example 11.15 :Three coins are tossed simultaneously. What is the
probability of getting atleast one head ?

Solution : Sample space (S) = {HHH, HHT, HTH, THH, HTT,
THT, TTH, TTT}

n(S)=8.
Let A denote the event of getting atleast one head.
A = {HHH, HHT, HTH, THH, HTT, THT, TTH}
Here n(A) =7

_hA) 7
"™ =ne) T

Example 11.16 A perfect die is tossed twice. Find the probability of getting
a total of 9.
Solution :
n(S) =36 Refer Example 11.}3
Let A denote the event of getting a total of 9.
A ={(38,6),(4,5), (5 4), (6, 3)}

n(A) =4
A a4 1
"W = nE) T3 7o

Example 11.17 ‘A number is selected at random from 1 to 100 find the
probability that it is not a square number.

Solution:  Sample space ={1, 2, 3, 4, ... 100}
n(S) =100
Let A denote the event of getting a square numbers.
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A ={1, 4,9, 16, 25, 36, 49, 64, 81, 100}
n(A) =10

_n® _10 1
PA) = n(S) ~ 100 10

P (A) =1-P (A) [Here A' donotes the event of
non-square numbers]

IO )
“T710 7 10

9
O Probability of the number being a non-square numbeis

Example 11.18 ‘A card is drawn from a well shuffled pack of 52 cards.
Find the probability of (i) a red card (ii) a king, (iii) a card of club, (iv) a black ace
(v) a king of heart.

Solution : Total number of cards = 52

n(sS) =52
(i) Let A denote the event of drawing a red card
n(A) =26
Py - _26_1
B =) "5 72
(i) Let B denote the event of drawing a king
nB) =4
Py -tE_4 1
® =ns) 52" 13

(iii) Let C denote the event of drawing a card of club.

n(C) =13
nC) 13 1
PO =ne) "5 72

(iv) Let D denote the event of drawing a black ace.
nD) =2
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nbD) 2 1

PO =he) "5~ 26
(v) Let E denote the event of drawing a king of heart.
n(E) =1
P(E -@ -1
® =nes) = 52
P(E) ==
( ) _52

Example 11.19 :Find the probability of drawing a red ball from a bag
containing 4 white and 6 black balls.

Solution : ns) =4+6
n(s) =10
Let A denote the event of drawing a red ball
n(A) =0
Because the event of drawing a red ball is an impossible event.
P(A) = e = 0 =0
n@S) 10

Example 11.20 What is the probability that a number selected from the
first 25 natural numbers is a prime number.

Solution : S ={1,2,3,4,5,..25}
n(s) =25
Let A denote the event of getting a prime number.
A ={2,3,5,7, 11, 13, 17, 19, 23}

n(A) =9
0 9
PA) =) = 25

Example 11.21 A coin is tossed twice. Find the probability of getting exactly
one head.

Solution:  Sample space = {HH, TT, TH, HT}
n(s) =4
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Let A denote the event of getting exactly one head.

A ={TH, HT}
nA) =2
A 2 1
PA =ne) =272

Example 11.22 Find the probability of getting an even number when a die
is thrown.

Solution : Sample space (S) ={1, 2, 3, 4, 5, 6}

n(s) =6
Let A denote the event of getting an even number.
A ={2, 4,6}
nA) =3
P(A) = & = 3 = 1
ns) 6 2

Example 11.23 What is the probability that a leap year selected at random
will have 53 sundays ?

Solution : A leap year contains 366 days. (i.e.,) 52 weeks and 2 additional
days. The possibility for these two additional days are

Sample space = {(Sunday, Monday), (Monday, Tuesday), (Tuesday,

Wednesday), (Wednesday, Thursday), (Thursday, (Friday), (Friday, Saturday),
(Saturday, Sunday)}

n(s) =7

Thus there are seven possibilities out of which 2 are favourable for getting
the 53rd Sunday.

A ={(Sunday, Monday), (Saturday, Sunday)}

n(A) =2
_n@ 2
PA =ne) 77

Example 11.24 A two digit number is formed with the digits 3, 5, and 7.

Find the probability that the number so formed is greater than 57. (Repetition of the
digits not allowed)

Solution : Sample space (S) = {35, 37, 53, 57, 73, 75}
n(s) =6
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Let A denote the event of getting the number so formed is greater than 57.

A ={73, 75}
n(A) =2
nfA) 2 1

Example 11.25 Two dice are thrown together. Find the probability that the
two digit number formed with the two numbers turning up is divisible by 3.

Solution : [For sample space refer example 11.13]
We have, n(S) = 36
Let A denote the event of getting the two digits numbers formed with the two
numbers turning up which are divisible by 3.
A ={1,2),(1,5),(21),(24),33), (3 6), (4 2),
(4,5), (5, 1), (5 4), (6, 3), (6, 6)}

n(A) =12
~hA) 12 1
PA) =ns) “36 " 3

EXERCISE 11.2
1. Find the sample space when two coins are tossed.
2. Find the sample space for an observation of a birthday of a child.

3. What is the probability that a number selected from the first 30 natural numbers in a
prime number ?

4. There are 8 dozen mangoes in a box. Six mangoes are rotton. Find the probability of
choosing a good mango.

5. If two dice are thrown together, find the probability that the sum of the numbers is
less than 6.

6. Three coins are tossed together ; find the probability that exactly two heads turn up.

7. Two dice are thrown together. What is the probability of one number being double
the other ?

8. A bag contains 5 red and 6 black balls. Find the probability that a ball drawn at
random is red in colour.
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9. A number is selected at random from 1 to 100. Find the probability that it is a perfect
cube.

10. A coin is thrown 3 times. Find the probability that 2 heads and 1 tail turn up.
11. A card is drawn from a pack of 52 cards. Find the probability that it is a black card.
12. What s the probability that a non-leap year selected at random will contain 53 fridays ?
13. Find the probability of getting a red queen from a pack of 52 cards.
14. A natural number less than or equal to 25 is chosen. Find the probability that it is a
multiple of 5.

11.3 ADDITION THEOREM ON PROBABILITY

If A and B are any two events then P[(;AB) = P (A) + P (B) — P (A B).

If A and B are mutually exclusive events, then R{B) =P (A) + P (B)

Example 11.26 Three coins are tossed together. Find the probability that
either only 2 heads or only 2 tails turns up.

Solution : Sample space (S) ={HHH, TTT, THH, HTT, HTH, THT, HHT,
TTH}

Let A denote the event of getting only 2 heads
A = {THH, HTH, HHT}

n(A) =3
nA) 3
PA) =) T8

Let B denote the event of getting only 2 tails.
B = {HTT, THT, TTH}

nB) =3
ne _s
"® =ne) "8

Both the events are mutually exclusive.
P(AOB) =P (A)+P (B)

3 3 6 3

= + = =
8 8 8 4
3
O Probability of getting only two heads or only two tailszlis
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Example 11.27 Two dice are thrown together. What is the probability of
getting a total 8 or a product 12.

Solution : [For sample space refer example 11.13]
We have, n(S) =36
Let A denote the event of getting a total of 8.
A ={(2,6),(3,5), (4 4), (5 3), (6, 2)}
n(A) =5
e s
nS) ~ 36
Let B denote the event of getting a product of 12.
B ={(2,6), (3, 4), (4,3), (6, 2)}

P(A) =

nB) =4
_n®) _ 4
P®) =hs) =36
Now An B ={(2, 6), (6, 2)}
n(AnB) =2
n(A nB) 2
P (An B) :W :3_6

PAOB) =PA)+P (B)-P (A B)

5 4 2 7

+ _— = —
36 36 36 36

7
O Probability of getting a total 8 or a product 12 when twggs

Example 11.28 ‘A number is selected at random from 40 to 80. Find the
probability that it is divisible by 6 or 9.

Solution : Sample space (S) = {40, 41, ....80}
n(s) =41
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Let A denote the event of getting a number divisible by 6.
A ={42, 48, 54, 60, 66, 72, 78}

nA) =7
A 7
PA) =) " u

Let B denote the event of getting a number divisible by 9.
B = {45, 54, 63, 72}

nB) =4
_n@®) _ 4
PE =ne) a1
We have, An B ={54, 72}
n(AnB) =2
n(An B) 2

P(ANB) =5 =1

P(AOB) =P(A)+P (B)-P (A0 B)

9
0 Required probability is4—1
Example 11.29 Find the probability that a card drawn out of a pack of
playing cards bears the number 3 or 7.
Solution : Total number of cards = 52

Let A denote the event of drawing the number 3.

nA) =4
_4
P(A)‘sz

Let B denote the event of drawing the number 7.
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nB) =4

4
P (B) 25—2

Both the events are mutually exclusive.
P(AOB) =P (A) +P (B)

4 4 8 2

+ = =
52 52 52 13
P(AOB) = 13
Example 11.30 The probability that a student passes English teft ihe
probability that he passes both English and Tamil te% i$he probability that he

passes atleast one tesfélsWhat is the probability that he passes the Tamil test?

: . 2 11 1
Solution :Given P (E) =§, P(ENT)= and PEIT) =

Where E stands for English T stands for Tamil.

1
P(EDT)=§
PEDOT) =PE)+P(M-PET)
O 1 —Z+P(T) —E
3 3 15
2
0 P(T)=g

2
O Probability that the student passes the Tamil te§t is

EXERCISE 11.3

1. A two digit number is chosen from 1 to 100. Find the probability that it is either
greater than 30 or less than 16.
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10.

11.

12.

13.

. Anumber is selected at random out of first 100 natural numbers. What is the probability

that it is either a multiple of 11 or 13.

. A two digit number is formed of the digits 2, 5 and 9. Find the probability that it is

divisible by 2 or 5. (Repetition of the digits is not allowed).

. A card is drawn from a well shuffled pack of 52 cards. Find the probability that it is

a heart or diamond.

. A card is drawn from a well shuffled pack of 52 cards. Find the probability that it is

an ace or spade.

. A and B are two events such that P (A) = 2/5, P (B) = 1/2, ® B} = 1/5, find (i)

P (A'n BY) (i) P (A'0 BY).

. Two dice are thrown. What is the probability of getting a multiple of 3 on the first die

or a total of 6.

. Two dice are rolled together. Find the probability that the two digit number formed

with the numbers turning up on their faces is a multiple of 7 or 5.

. A coin is thrown 3 times. Find the probability that atleast 1 head or exactly 2 tails

turning in any order.

The probability that Aravindh will pass in statistics exammatlo% isnd the

probability that he will not pass in Mathematics examlnatlog ig'he probability
4

that he will pass in atleast one of the examlnatlor?. iBind the probability that he

will pass in both the examinations.

One card is selected at random from a pack of 52 cards. Find the probability that the
card selected is

() a4, (i) a4 or 5, (iii) not a 4, (iv) the queen of hearts, (v) a heart, (vi) a red card,
(vii) a red card or a black card, (viii) a red card and a black card, (ix) a card greater
than 6 and less than 10, (x) diamond king.

Each individual letter of the word “accommodation” is placed in a piece of paper,
and all 13 pieces of papers are placed in a jar. If one letter is selected at random from
the jar, find the probability that (i) the letter ‘a’ is selected (ii) the letter ‘c’ is selected,
(iii) a vowel is selected (iv) the letter ‘c’ or ‘m’ is selected, (v) the letter ‘'t is selected,
(vi) a consonant is selected.

Number that PALINDROMES read the same forward and backward For example,
40304 is a five-digit palindrome. If a single number is chosen randomly from each of
the following set, find the probability that it will be palindromic. (i) the set of all two
digit numbers (ii) the set of all three-digit numbers.
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12. GRAPHS

12.1 QUADRATIC GRAPHS
12.1.1 Introduction

In class 1X, we have learnt about the construction of graphs of straight lines
represented by linear equations in one or two variables. Applying the same procedure
guadratic graphs can be constructed.

However, since quadratics have curvy lines (called ‘Parabola’) rather than
straight lines generated by linear equations, there are some additional considerations
to graph it.

For graphing a straight line, two points are sufficient, though we generally
plot three or more points to be on safer side. But to graph a quadratic, three points
will not be sufficient. Depending upon the extension of the curve, the points may be
increased.

For each value of the equatiory = ax2+ bx + ¢ gives the corresponding
value ofy and we obtain the ordered paixsyj of real numbers. The set of all such
ordered pairs which defines the gragphax? + bx + c is called quadratic graph.

12.1.2 Quadratic Polynomials
In Algebra, we have already learnt about quadratic polynomials.

A polynomial with degree 2 is called quadratic polynomial. The general form
of a quadratic polynomial B¢+ bx + c, wherea, b, care real numbers such that
a# 0 andx is a variable.

We will denote a quadratic polynomit + bx + ¢ by f (X)
(ie.,) fX=axk+bx+c (i.e.) y=a +bx+c.
12.1.3 Value of a quadratic polynomial

Lety = ax? + bx + ¢ be a quadratic polynomial and tebe a real number.
Then,aa? +ba +cis known as the value of the quadratic polynomiaf (X) and
it is denoted by =f (a).

(i.,e.,)f (@)= an?+ba +c
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Example 12.1 Draw the graph of = x?; x, yO R.

Solution : Assign values fox from -5 to 5 and we get the corresponding
values. Then tabulate as follows.

X S5 1-4 |3 -2 -1 0 1 2 3 4 5
y=x?| 25| 16 9 4 1 0 1 4 9] 16| 25

Plot the points (-5, 25), (-4, 16), (-3, 9), (-2, 4), (-1, 1), (0, 0), (1, 1),
(2, 4), (3,9), (4, 16), (5, 25) on the graph sheet and join the points by a smooth
curve. This curve is called parabola.

Scale : xaxis 1 cm = 1 unit
y axis 1 cm = 2 units

- EaSaams o Eucaaas ¢ > Enaaas:

E%

Gt
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Example 12.2 Draw the graph of = -
Solution : Assign values fox from —4 to 4 and get the corresponding
values. Then tabulate as follows.

X -4 | -3 | -2 -1 0 1 2 3 4
-9 -16

y=—x | =16 | -9 | -4| -1 0| -1| -4

Plot the points (-4, -16), (-3, -9), (-2, -4), (-1, -1), (0, 0), (1, -1),
(2,-4),(3,-9), (4, —16) on the graph sheet and join the points by a smooth curve.
This curve is called parabola.

Scale : xaxis 1 cm = 1 unit
y axis 1 cm = 2 units

Y
4
X' mf G T > X
{3;,9)
Yy
. 2
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Example 12.3 Draw the graph of =x— 4

Solution : Assign values fox from —4 to 4 and get the corresponding
values. Then prepare the following table.

X -4 | 3| -2 -1 0 1 2 3 4

X2 16 9 4 1 0 1 4 9 16

—4 |—-4| —4| —4| -4 | —4| -4] -4 -4 -4

y=x2—-4] 12 5 0 -3 | -4| 3 0 5 12

Plot the points (- 4, 12), (-3, 5), (-2, 0), (-1, =3), (0, — 4),(1, -3), (2, 0),
(3, 5) and (4, 12) on the graph sheet and join the points by a smooth curve. We get
the required graph of the Parabgla x? — 4.

Scale : xaxis 1 cm = 1 unit
y axis 1 cm = 2 units
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Example 12.4 Draw the graph of = -+ 2x + 3

Solution : Assigning values fax from —3 to 5 we calculate the valuesyor
and prepare the following table.

X -3 -2 -1 0 1 3 4 5
—x? -9 | -4 | -1 0 -1 | - -9| -16] -25
+2X -6 | -4 | -2 0 8 10
+3 3 3 3 3 3 3
y =@+ x+3| =12 -5 3 -5 -12

Plot the points (-3, —12), (-2, -5), (-1, 0), (0, 3), (1, 4),(2, 3), (3, 0),
(4, -5) and (5, —12) on the graph sheet and join the points by a smooth curve. We
get the required graph of the parabpka—x +2x + 3.

Scale : xaxis 1 cm =1 unit
y axis 1 cm = 2 units

Y
L

ooy s

— P

e
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Example 12.5 Draw the graph of = 2¢ —x — 3.

Solution : Assign values fox from —2 to 3 and calculate the corresponding
values fory. Then prepare the following table.

X -2 -1 0 1 2 3

2x2 2 0 2 18

—X o| 1| -2| -3
-3 -3 -3 3| 3| 3 -3
y=2¢-x-3 7 0 -3 | 2 3| 12

Plot the points (-2, 7), (-1, 0), (0, =3), (1, -2),(2, 3) and (3, 12) on the graph
sheet and join the points by a smooth curve. We get the required graph of the

parabolay = 2¢ —x — 3.

Scale : xaxis 1 cm = 1 unit
y axis 1 cm = 2 units

— |

gzzzzzzﬁzzzzz%ﬁ::

EEEE%ﬁ;;;;;’E

T =

<L
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12.1.4 Quadratic Equation
If f (x) is a quadratic polynomial, thé(x) = O is called a quadratic equation.

The general form of a quadratic equationai€ + bx + ¢ = 0
wherea, b, cO R & az 0.

Roots of a quadratic equation
Letf (X) = 0 be a quadratic equatiots a is a root off (x) = 0 iff f (a) = 0.
A quadratic equation has two roots. The two roots are
() real & distinct
(or) (ii) real & equal
(on) (iii) not real.

12.1.5 Solving quadratic equation by Graphical Method.

In algebra we have solved the quadratic equatidh bx+c = 0 by algebraic
method. Now we are going to solve this quadratic equation by graphical method.

In this graphical method there are two types.

Type | :

First draw the graph of the equatigr= ax¢ + bx+ ¢

Herey = 0 is the equation ofaxis

[0 Get the points of intersection of the cugve ax? + bx + ¢ with x-axis
[(.e.,)y=0]

Thex - coordinates of the intersecting points will give the roots of the given
equation.

Type Il :

Split the quadratic equation into two equations representing a parabola and
a straight line.

Draw their graphs.

The x - coordinates of the points of intersection of the parabola and the
straight line will give the roots of the given quadratic equation.

Example 12.6 Solve graphically the equatioh—x—12 =0

Solution : First draw the graph for=x* —x— 12

[By algebraic method the roots xdf—x — 12 = 0 arex = 4 orx = -3]

O Assign the values for from —4 to 5 and get the corresponding values
of y.
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Then prepare the following table :y =x?2 —x— 12

X -4 | 3| 2| -1 d 1 2 3 4 5

X2 16 9 4 1 a 1 4 9 16| 25

—X 4 3 2 1 q -1| -2 -3 -4 -5
-12 -12 | -12| -124 -12 -12 -12 -1 -12 -12 -12

y = xx-12 8 0| 6| -10| -12 -12| -10 -6 @ ts

Plot the points (-4, 8), (-3, 0), (-2, -6), (-1, —10), (0, -12), (1, -12),
(2, -10), (3, —6), (4, 0), (5, 8) on the graph sheet and join the points by a smooth
curve. We get the required graph of the parapela® —x — 12.
From the equationg=x> —x— 12 and® —x—-12 =00 y=0.
Buty = 0 is the equation ofaxis.[ The points of intersection of the curve
and thex-axis are (-3, 0) and (4, 0). Hence the solution set is {-3, 4}.
Scale : xaxis 1 cm = 1 unit

axis.l.emF 2 units
A
e ] o
.
2
X ' 1 40 > X
6 =)
~10)
=
0, L 12)
) £
Y
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Example 12.7 :Draw the graph off = x> — 2x — 8 and hence solve the
equation® — 2x— 15 = 0.

Solution : Assign the values for from — 4 to 6 and get the corresponding
values ofy. Then prepare the following table :

y=x—2x-8.
X 4 | 3 | 2| 0 1 2 3 4 5 6
X2 16 9 4 1 0 1 4 9| 16 25 36
-2 8 6 4 2 0| 2| -4| -6 -8/ -10 -12
-8 8| -8 | 8| -8/ -8/ -8 -8 -8 -8 -8 -8
y=x-2x8| 16 7 0| 5| -8| -9| -8 -5 0 7 16
i jmaan;
il (6, 16)
. =
je £ i >
6
,,,,«E,,,,,,
X' ‘ > X
-2,0)
d. Tt ﬁgfﬁ
Y
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Plot the points (-4, 16), (-3, 7), (-2, 0), (-1, -5), (0, -8), (1, -9),
(2,-8), (3,-5), (4, 0), (5, 7) and (6, 16) on the graph sheet and join the points by a
smooth curve. We get the required graph of the pargbold — 2x — 8.

Now solve the equations= x> — 2x — 8 andx’> — 2x — 15 = 0 we get,

y=x2-%-8
0=x2-2%-15
y=7 which is the equation of a straight line paralled-axis.

Now draw the graph of = 7 in the same graph sheet.
The points of intersection of curve and the line are (-3, 7) and (5, 7).
Draw perpendiculars from these two points of intersectiorebas.

Find thex-coordinates at the foot of the perpendiculars to form the solution
set.

Hence the solution set is {-3, 5}
Note: We can verify the solution using algebraic method.

Example 12.8 :Draw the graph of = X2 + 2x — 3 and hence solve the
equation —x—6 = 0.

Solution : First form a table foy =x> + 2x -3

y=x2+2x-3
X -4 -3 -2 -1 0 1
X2 16 9 4 1 0 1 4
2X -8 -6 -4 -2 0 2 4 6
-3 -3 -3 -3 -3 -3 -3 -3 -3
y=x+2x-3| 5 0 -3 -4 -3 0 5 12

Plot the points (-4, 5), (-3, 0), (-2, =3), (-1, -4), (0, -3), (1, 0), (2, 5) and
(3, 12) on the graph sheet and join the points by a smooth curve. We get the
required graph of the parabgla x2 + 2x — 3.

By solvingy =x? + 2x— 3 and®* —x — 6 = 0 we get,
y=x2+2-3
0=x*-—x—6

y= X+3 which is the equation of a straight line.
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Scale : xaxis 1 cm = 1 unit
y axis 1 cm = 2 units

A
8
= X X

A 8
o
ftf

-3}
i
2, -3 g
i

RaRst 7%,,,,,, L
8
hd

Now form a table foy = 3x + 3 and draw the graph of it.

X -2 0 2
y=3*+3 -3 3 9
From the graph,
The points of intersection of the parabola and the straight line are (-2, —3)
and (3, 12).

Draw the perpendiculars from these two intersecting pointsatas. The

x-coordinates at the foot of the perpendiculars form the solution set.

Hence the solution set = {-2, 3}
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Example 12.9 Draw the graph of = X + 3x + 2 and use it to solve the
equation + 2x + 4 = 0.

Solution : First form a table for the parabola.
y=xX+3x+2

X -3 -2 -1 0 1 2
X2 9 4 1 0 1 4
3x -9 -6 -3 0 3 6
+2 2 2 2
y = X2+3x+2 2 6 12

Plot the points (-3, 2), (-2, 0), (-1, 0), (0, 2), (1, 6) and (2, 12) on the graph
sheet and join the points by a smooth curve. We get the required graph of the
parabolay =x? + 3x + 2.

Scale : xaxis 1 cm = 1 unit
y axis 1 cm = 2 units

m}}}}ﬂ}}}iﬁ}}
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By solvingy =x2 + 3 + 2. ands® + 2x + 4 = 0 we get,
y=x2+3X+2

0=x*+ 2x+4

y= Xx—2 which is the equation of a straight line.

Now form a table foy =x — 2 and draw the graph of it.
X -2 0 2
y=x-2 —4 —2 0

Since the straight line does not intersect the parabola we are unable to find

thex-coordinates of the point of intersection.

~N O 01 b~

[e0]

O The roots of the given equatigh+ 2x + 4 = 0 are not real.

EXERCISE 12.1

. Draw the graph of the following equations.
()y=x-5x+6 (iDy=2¢+7™-9 (i) y = 32
. -5x°
(IV)y=T V)y=K-2)(x+3)
. Solve graphically the following equations. 3
() x¥-4&+3=0 (i)3¢-%+2=0 (iii)x—;:Z

(iv) (x+3) k-3)=0 (V) (&-3) (x+5)=0

. Solve the equatiox? — 2x + 1 = 0 by using the graph of

Ny=x—-X%-3.(i) y=xt—X+ 2.

. Draw the graph of = 2@ — 5 + 2 and hence solve the equatiocA25 + 3 = 0.

. Draw the graph of = x> — ¥ and hence solve the equatidn- x — 4 = 0.

. Draw the graph of = x> + 6x + 8 and use it to solwé + 6x + 5 = 0.

. Draw the graph of = (x — 6) & — 3) and hence solve the equatiér- 7 + 12 =0.

Also Verify algebraically.

. Draw the graph of = x2 — 9 and hence solve the equatiér- 2x — 8 = 0.

9. Draw the graph of =x2 + 3x + 2 and hence solvé + x + 1 = 0.

10.

Draw the graph of = 2¢ + x — 1 and hence show that the equatigh+25x + 5 = 0
does not have real roots.
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OBJECTIVE TYPE QUESTIONS
Choose the correct answer
1. NUMBER WORK

1. Inan AP, if the sum of firstterms isS = n’p and sum of firstnterms

isS = m’p, wherem, n, pare positive integers amd# n, thenSp is
2

mp

a) n’s, b) — c) (mP+n?) p d) p®
n
2. If m, p, gare consecutive terms in an A.P, tipen
mq m-q m? + m+ q
— b) —— _— d
a) - ) )~ )5

3. Two A.Ps have the same common difference. If the difference between their
100" terms is 111222333 then the difference between their millionth terms is

a)123 b) 112233 c) 111222333 d) 112333
4, The number of termsinthe A.P 7,13,19,...,97is
a) 97 b) 17 c)16 d) 15
5. Ifthe firstterm of an A.P is 5 and its f0@rm is—292, then its 5termis
a)-142 b)-149 c) 155 d)-145

6. Aradioactive sample decays and the remaining sample at infinite time is

i |:[1+1-+ toooD i
glvenbyb—l—& 4 chenbls

0 b) 1 = d L
a) ) ol )5
7. Ifn, p, qare in G.P, then the expressionfion terms ofn andq is
1
n 2
a) q b) (na) c) gn d) nq

8. The rate of a chemical reaction is directly proportional to the concentration of its
reactants. For a hypothetical chemical reactidar@f the rate is 0.1 mole'is?
and the rate increases by a factor of 3 with each second. The rate of the reaction at
t=11 seconds is

510
a) 3x0.1 b)l_O c)0.1 d) 3 x (0.1
9. Thevalue of 12+ 12+ ...+ 2G is
a)3845 b) 2485 c) 2870 d) 3255
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10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

If 2+ 22+ ... +16=2385,then2+ £ +6*+ ... + 26 is
a) 770 b) 1150 c) 1540 d) 385 x 385
The sum of the squares of all the elements in the set

A= {x/XON,xisevenand 2 « < 10} is
a) 216 b) 220 c) 465 d) 11220

If sum of first 50 natural numbers is 1275 and the sum of first 50 odd numbers is
2500, then the sum of the first 50 even numbers is

a) 2550 b) 1275 c) 1725 @p00
13423 .+10°
The value of 1+ 2+ + 10 is
a) 45 b) 55 c) 385 d) 285
Water flows into a tank. The volume of water in the tank at each minute form an

A.P. If the initial volume was 5 litres and becomes 6 times after 6 minutes. The
speed of water increase is
a) 5 litres / min b) 6 litres / min c¢) 15 litres / min d) 2litres/min

In anAshoka chakrathe central angle made by the smallest sector, two small
sectors, three small sectors and so on are

a)inA.P b) equal
c) inG.P d) such that their summation is 360°
In the sequence whose= — ; n O N the first term of the sequence is
1 3 1
a) Z b)z c) E d1
The number of termsin 6, 18, 54, ..., 1458 is

a)5 b) 7 )8 d) 6

The generaltermofa G.Pis

a(l— r”)
a7/ b) ar"? c) a+(n-1)d darn

1-r
Gravel is being dumped in the form of a conical heap. The volume of the heap
doubles with each dumping. If the initial volume of the heap is V, then the volume
at 21st dumping is

a)(2?H) x v b) (29 x V c)2v d) !
Iftl=n, t,=n+1t,=n+2 and so on, thetp:
a)n b)2n-1 c) (h+1) d)n
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21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

2. MENSURATION

A solid toy is in the form of a hemisphere surmounted by a right circular cone.
Height of the cone is 1 cm. and the diameter of the base is 2 cm. If a right
circular cylinder circumscribes the solid the volume of the unused space inside
the cylinder is

a) 2Tce b) g cc c)rmcee d)réce

If two cylinders have their radii in the ratio 4 : 5 and heights in the ratio 5 : 6,
then the ratio of their volumes is

a)8:15 b)15:8 €)6:5 d)4:5

The relation between the volume'V'of a sphere of radiuad its surface

areaSis

2 r 4
a)V—érS b)V—éS C)V—§Sr d)v=4S

A child reshapes a cone made up of China clay of height 24 cm and radius 6 cm
into a sphere. The radius of the sphere is

a)24cm b)12cm c)6cm d)48cm

A solid lead sphere of radius 8 cm is made into a number of small spherical
pellets each of radius 1 cm. How many such balls can be made?

a)8 b) 64 c) 216 d)512

The ratio of the volume of a cube to that of a sphere which exactly fits into the
cube is

a)m:1 b)4:3 C)6 7T dym:6

From a solid cylinder of height 10 cm and radius of the base 6 cm, a cone of
same height and same base is removed. The volume of the remaining solid is

a) 2407Tem? b) 5280 cri c) 62071 cn?® d) 360 7TCcm?

The area of cross section of a cylinder is 22 tfits height is 14 cm, then its
volume in cniis

a) 154 b) 308 ) 616 d) 462

The ratio of radii and the ratio of heights of two cylinders are 1 : 4. The ratio of
their volumes is

a)l:16 b)1:4 c)64:1 dyl:64

If a rectangle of length 8 cm and breadth 4 cm is folded by bringing their
breadths together to form a cylinder, then the height of the cylinder thus formed is
a)6cm b)2cm c)8cm d)4cm

A sector of a circle of radius 21cm and central angle 120° is made into a cone by
bringing its radii together. Radius of the cone thus obtained is

a)2lcm b) 7 cm c)1l4cm d)10.5cm

The diameter of the base of two cones are equal. If their slant heights are in the
ratio 5 : 4, the ratio of their curved surface areas is

a)5:4 b)5:6 c)4:5 d)3:1
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35.

36.

37.

38.

39.

40.

41.

42.

45,

If the radius of the base of a cone is doubled and the height is tripled, then the
volume is

a) made six times b) made twelve times

¢) made four times d) made two times

A cone and a cylinder are of same height. If the radii of their bases are in the
ratio 3:5, then the ratio of their volumes is

a)9:25 b)3:25 €)9:5 d)25:3

The volume of a cylinder is 60 énThe volume of a cone whose height and
radius are same as those of the cylinder is

a) 20 cm b) 20 cni c)180cm d) 60 cni

A solid sphere with total surface area 24 isbisected into 2 hemispheres. The
total surface area of any one of the hemisphere is

a) 18 cm b) 6 cnt c) 24 cnd d) 36 cnt

The ratio of the volumes of three solids namely cylinder, cone and hemisphere
having equal base area and height is

a)l:3:2 b)3:1:2 c)2:3:1 d1:2:3

The ratio of the total surface area of a solid hemisphere to the square of its
radius is

a2m:1 b)3mr:1 c)4mr:1 d)5m:1

3. SET LANGUAGE

If A, B, C are any three sets, ther BA 0 C) =

a)(A-B)n (A-C) b)(B-A)n (B-C) c¢)(B-A) n (A-C) d)(A-B)n (B-C)
B-A is defined as

a) {x/XJA, x(IB} b) {x/xOB, xCA}

) {x/XJA, x(IB} d) { x/x(B, xOA and B}

IfPOQ ={5,11, 14, 17, 19, 20},/°Q ={14}and P ={5, 11, 14, 17},then Q=
a){17, 19, 20} b) {14, 19, 17,20} c){5, 14, 17,19, 20} d){14, 19, 20}
Given A and B are sets and-8B = A, then

a) A and B are disjoint sets b) A and B are overlapping sets

c) Bis a subset of A d) A is the subset of B

If A and B are any two sets, themAB '=

a)A+B b) A-B c)ALB dA'nB

X-gene in a plant is responsible for red flowers and Y-gene for white flowers. If
both are present, then the flowers produced are pink. If 20 plants have X-gene, 20
plants have Y-gene and there are 30 plants in all, then the total number of plants
producing pink flowers are

a) 13 b) 10 c)20 d) 30
Set of all even prime numbers is

a) singleton set b) null set

c) a subset of all negative integers d) infinite set
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46.

47.

48.

49,

51.

52.

55.

56.

57.

If {(4, 5) (5,X) } represents a constant function, then the valuaof
a)3 b) 4 c)5 d) 6
If A={4,9, 16, 36}and B ={1,2,3,4,5,6}, afidA - B defined by
f={(4, 2),(9,3), (16, 4), (36, 6)} is

a) one - one onto function b) many - one onto function

C) one - one into function d) many - one into function

The pre-image of 5 under the function{(2, -5) (3, 5) (4;-5) (5, 5)} is
a)2and3 b)3and 4 c)3and5 d)2and4

If f: R- Rdefined byf (x)=3-6 andg :R- R defined byg (x)= 3+ k.
If fog=geo f,thenkis

a)-5 b) 5 c)6 dy-6

Iff (X)=x2-x, thenf(x—1)-f(x+1)is

a) & b) 4x+2 C) 2 4x d)4x-2
IfK (X)=23-9and (X) =7x—10,then Lo K is

a)2x+73 b)-21x+ 73 c)2X-73 d)2x%-73
Givenf (X) = (-1)*is a function from N to Z. The rangefois

a) {1} b) N c){1,-1} d)z

1 1
Iff (x)= “ and g (x)=-; , thenfo g =

) b) ; ) ; d)
a)- X - c)—— X
X X

Composition of functions is
a) Associative bfommutative
¢) Commutative and Associative d) not Associative

Identify the wrong statement(s)
1) set of whole numbers is a subset of set of real numbers
2)f :R - Rdefined byf(x) =—xis one - one and into

1
3)f:Z-Rdefined ag (x) = « is not a function

4) B- A =B if Aand B are disjoint sets

a)2and 3 b) 2 only c) 3only d)2and4

A comet is heading for Jupiter with acceleratien50 kms?. The velocity of the
comet at timet' is given byf (t)=at>—at+1. Then the velocity at time= 5 seconds
is

a) 900 kmgs! b) 1001 kmg ) 2001 kmgt d) 50 kms!

4. CONSUMER ARITHMETIC

Vignesh deposits Rs. 100 every month as R.D for 2Y2 years. The amount
deposited by Vignesh will be
a) Rs. 3600 b) Rs. 3000 ¢) Rs. 4800 d) Rs. 3500
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58.

59.

60.

61.

62.

63.

65.

66.

67.

68.

69.

A recurring deposit of Rs. 50 per month at 10% S.| per annum will fetch at the
end of 2 years an interest of
a) Rs. 250 b) Rs. 125 ¢) Rs. 375 d) Rs. 500

Ram deposits Rs.500 p.m. in R.D for 6 years in a bank which pays 10% S.I
per annum. The effective period for the R.D in years is
a)6 b) 21 c) 216 d) 219

A recurring deposit of Rs. 80 per month for 5 years at 8% simple interest per
year yields an interest of
60x61 8

69 8 8
a)80x5 b)80><m><100 C)SOXEXJ.OO d)80><5><12xﬁ)

A bank pays Rs. 1800 to Prathik as the maturity value at the end of 2 years at
some rate of interest. If Prathik pays a monthly deposit of Rs. 50 for 2 years,
then the interest paid by the bank is

a) Rs. 800 b) Rs. 100 ¢) Rs. 600 d) Rs. 300

What is the half yearly interest received for Rs. 25000 in a bank on a fixed
deposit for 2 years, if the rate of interest is 10%?

a) Rs. 2500 b) Rs. 1250 ¢) Rs. 3750 d) Rs. 5000
Find the quarterly interest due on Rs.1000 at 12% rate of interest.

a)Rs. 120 b) Rs. 40 ¢)Rs. 30 d) Rs. 60

The difference between C.l and S.1 on Rs. 6000 for 2 years at 4% per annum is
a)Rs.19.2 b)Rs.9.6 C)Rs. 4.8 d)Rs.12.4

If Raja deposits Rs. 1200 for 2 years and receives Rs. 60 as interest at the end of

6 months, then the rate of interest is

a) 5% b) 10% c) 4% d) 6%

If the difference between C.l and S.l on Rs. 2000 for 2 years is Rs. 20, then the
rate of interestis

a) 10% b) 20% c) 30% d) 15%
5. ALGEBRA

H.C.F. of $>+1) and K*+1) is

a) (*+1) b) &+1) c)1l d)o

The H.C.F. of®=y?, x3-y3, ..., x"-y"wheren O N is

a)X-y b) X +y c) X'—y" d)1

Which of the following is correct

(i) every polynomial has finite number of multiples.

(i) LCM of two polynomials of degree ‘2’ may be a constant

(iii) HCF of 2 polynomials may be a constant

(iv) degree of HCF of two polynomials is always less than degree of L.C.M.
a) (i) and (iii) b) (iii) and (iv) c) (iii) only d)(iv) only
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70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

8
Sum of two natural numbers is 8 and the sum of their recipro;fgl, ithen the
numbers are

a)3and5 b) 6 and 2 c) 7and 1 d) 4and 4
3 21
If 4x + 5y = 83 and2—y = 22" theny—x="7?
a)3 b) 4 )7 d)11
Degree of the polynomiat + 3x + x5 + 2¢*is
a)6 b) 3 c) 2 d 1
Wherf (X) is divided byax + b, the remainder is

f (a [ f -aQ f (b f b0
D HhE Hp P 9 HF 9 HaF
If p (x) is divided by an expression, the remaindg(®. Then the divisor is
a)x+3 b)x—-3 c)p(x—3) d)p (x+3)

If 3 +2 is a factor op( x), then
020 30 020 30
QAP0 b)pH, =0 OpH3 O dpH5 0
0-10
Ifp(X)=5¢+3Xx-1 anchE H= 0, then by factor theorem the

corresponding factor qf () is

a)x—% b) 2x+1 c)Xx-1 dx+1

Ifx — 1 is a factor of &2x —p, then the value qf is

a)0 b) -1 c)1l d)2

The polynomial with 2+ 1 as one of the factors is

a) 2¢+5¢+ 3 b) 4+ 6x+9 C) 3% +x-3 d) 42+ 4x+1
The quotient when®+ x? — 5 + 2 is divided by + 2 is

a) 2@+ 3x+1 b) 22— 4x+1 c)x—-X-1 d)2®-X+1
The H.C.F ok*> — 4 anck+ 2 is

axt—4 b)x + 2 C)x—2 dx +3

The G.C.D of 4x—1Y (x+ 2) and 6X—1) k—2) is

a) 24 1P (x*-1) b)x—1 c)2k-1) d) 24 x-1)
The L.C.Mof {¥-1) andx-1}is

ax®-1 b) k-1* c¢) &-1)k-1) d) X —1P(xP+x+1)

The L.C.Mx+1)? (x=3) and {2 —9) k+1) is
a) Xk+1P (*-9)  b)&k+1F(*-9) c)&k+1F(x-3) d)&9) (x+1)
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85.

86.

87.

88.

89.

90.

91.

92.

93.

94

The L.C.M of & 2¢1 2*Swhere k[N is
a)2 b) & c) 2+t d) 2¢°
If the product of two monomials isx?2nd their G.C.D is)6, then their L.C.M is
a) 6¢ b) 12¢ c) 12¢ d) 728
x> =3x° +3x-1_
(x-1y?

a)x+1 b)x® +x+ 1 C) 3¢+ X-1 d)x—1

a® b?

+ =

2-p2  p2-a2
a) a-b b)a+b c) a®—p? d)1

X+3 A

> = +

X =X-6 X+2

A B h_ B
A +3 ) x+3 9 x-3 ) X% —x-6

X
The partial fraction representation BI + 1)2 is
A

a) A b) B . Ax+ Iza Ax+ B+ Cx+ 2

x+1 () ()t (D) (e
If a andp are the roots of the equatiax’+ bx+ ¢ = 0, then @ + B)?is

-b? b c? 2 q bc
a) — — C) = —_

) a’ ) a’ ) a ) a
If one root of the equation is negative of the other in the equadebxac = 0,
then
a) c=0 b)a =0 c)b=0 dya=0andc=0
If one root of the equation is the reciprocal of the other ra€inbx+ c=0,
then
a)a=c b)a=b c)b=c dc=0
The square root ofx®+ 30xy + 25/ is
a) X+by b) -5y C)—3x+5y d) X+25¢
2 02
a

If a andB are the roots obx¢+ 3x+2=0;a<0.1f m 7+7 , then the
correct statement is
a) m<0 bym>1 c)m>0 dm>2
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95.

96.

97.

98.

99.

100.

101.

102.

103.

The roots of the equatief-bx+c =0 are two consecutive integers théndc =

a) 3 b)-2 c)-1 d)1
a B
If a andp are the roots of the equatio®+2x+8 = 0, then the value oﬁ + E is
1 3 3
a) E b) 6 c) —E d) E
1 1
If o andp are the roots of the equatiof- 7x+ 8 = 0, then the value CE + E is
8 7
a) 2 b)7 c)8 d)§
The roots of the equatio®- 8x +12 = 0 are
a) real and irrational b) real and rational c) real and equal d) unreal
The nature of the roots xf+ ax+ bx+ab=0is
a) real, distinct and rational b) real, distinct and irrational
c) notreal d) real and equal

6. MATRICES

IfAis (mx n) matrix andBis (nx p) matrix, wheram, n, pare distinct natural
numbers theBAis
a) (mxp)matrix  b) 6x n)matrix c) not possible d)pé m) matrix

(1 0 0 0
b 1 0

]
IfA= OD, then A is
%) 0 1 O

a) square matrix b) diagonal matrix c¢) unitmatrix  d) rectangular matrix

[(k+y x-yJ [0 2[]
IfH 7 6 B=H7 ZBthenx,y,zare

a)4,6,6 b)6,4,6 c)6,6,4 d)4,4,6
f[B 20k 1801 A .

I B5 1EB/B= SEL thenx andy are

a)(4,2) b) t4,2) c) (4:-2) d)(4,4)
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104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

IfA= @1 _01 8@The correct statement(s) about matrixs¥are

() A%isanullmatrix (i) & =1 (i) A2 +A=0 (iv) A2 = -1

a) (i) only b) (iv) only c¢) both (i) and (iii) dboth (ii) and (iv)
If A andB are two matrices which satisfiést B =B, thenAis

a) row matrix b) column matrix  c) null matrix diagonal matrix
If AandB are any matrices of same order, then the relation betweeB)(and
(B-A)is

a) AB)=(B-A) b)[B-A)=-AB) c) AB)+[B-A=A d) B-A)-(A+B)=0

The order of matriAis 5x3 . The order of matrBis 3x5. The order oBx A is

a)5x5 b)3x3 c)lx1 d)5x3

If(1 2 3 4)X = (6), thenthe order of is

a)lx4 b)4x1 c)4x4 dyix1

State which of the following is not true?

a) Scalar matrix is a square matrix b) A diagonal matrix is a square matrix

¢) A scalar matrix is a diagonal matrix  d) All diagonal matrices are scalar

H 7 8 9 2 5 3 o0 _
IfP:H‘5 4 3 ZBmdQ=B5 4 -3 2H,thentheorderd?—le

a)dx4 b) not defined c)2x4 d)yax2
[12 []
O, O
IfC1-2 4)[] [ (10), thenthe value ddis
03[
a)2 b)-4 c) 4 d)y-2
Determine the matriA given by ('ﬁi)ZX2 if a = i—j
-10] (o 10 (L o[ [F1 o]
o o8 ool 9B o 9f o
010
IfX=(-1 3)andY= H3H thenX + Y=
(0]
a) (0,0) b)B)E c) (-10) d) not defined
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114.

115.

116.

117.

118.

119.

120.

121.

122.

(4 8[] (L 20
IfB< 4H=4B4 15, then the value of=

a) 16 b) 8 c)4 d)1

[(+5 2 1

o - 0
A= DO 3 SEjs an example for

o0 0 1r
a) lower triangular matrix b) upper triangular matrix
c) diagonal matrix d) scalar matrix

7. THEORETICAL GEOMETRY

Twochords AB and CD of a circle intersect externally at P ; If AP =10 cm,

CP=6cm and PD=5cm, find PB.

a)10cm b)3cm c)5cm d)6cm
From the figure the appropriate condition is
EF
a)BCXAczﬁ bBD x AF =AE x DC F
c) BEx EF = ADxFA d)BD =DC g 5 c
INAABC, AD is a median and also bisecig\. If AB =16cm, BC =8cm, then AC=
2
a) (JZ) b) 8 c) & d) 2

Iftwo circles are such that their distance between the centres is greater than the
sum of their radii, then the number of common tangents that can be drawn to the
two circles is/are

a)2 b) 1 c)3 d)4

AB is dine segment of length 6 cm and M is its mid point. Semicircles are drawn
with AM, MB and AB as diameter, all on the same side of AB. A circle is
drawn to touch all the semicircles. The radius of the circle is

a) 6 b)3 c)2 d1

Twacircles with radii 4 cm and 9 cm touch each other externall\R betthe
radius of the circle which touches these two circles as well as a common tangent
to the circles. Th&is

36 b 6 9 q 13
25 )13 13 )4 ¢
From the figure, 2, ¢,16 are in G.P and their summation 2 c
is 32. In the figure, E
a) DE is parallel to BC b) DE is not parallel to Bé) 16
c) It does not obey BPT d) Data is insufficient
B C
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123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

Inthe figure@ is A
a) 60° b) 45° a
c) 30° d) 15° A 10 B

From the figurecis a 1 2
2)20 b)5 B bDb C /
c)4 d) 10 4

. . . . . C x D
Ifthe ratio of altitude of two similar trianglesis 4 : 5,

. . . A
then the ratio of their area is
a)l:2 b) 16 : 25 c)4:5 d)y5:4
8 X

If AD isthe bisector of 1A, then AC = ?
a)lé b)20 c)12 d) 18 8T BT —c
Intriangles ABC and DERJA =0E andOB =0F. Then AB : AC is

a)DE:DF b) DE : EF c)EF:ED d)DF: EF
Ifthe lengths of the corresponding sides BC and QR of two similar triangles
ABC and PQR are respectively 6 cm and 10 cm, then the ratio of the areas of
A ABC andA PQRis
a)3:5 b)9:25 c)25:9 d)5:3
The corresponding sides of two similar triangles are in theaatio The ratio
of their areas is
11

a)a:b b) 2a: 2b c)a?: b? d)g:g

Inthe diagram, if AD =6 cm, AF =12 cm, F Z

then the length of DE = <,
a)l2cm b) 24cm A
c)18cm d) 144 cm EUD 6cm
Twochords AB and CD cut internally at E.

If AE=6cm, EB=8cmand EC =4 cm, then ED is equal to
a)l4acm b) 12 cm c)10cm d)32cm

Twacircles of radii 8.2 cm and 3.6 cm touch each other externally, the distance
between their centres is
a)4.6cm b)11.8cm c)4.lcm d)1.8cm

The distance between the centres of two circles is 13 cm and the radii are 8cm
and 3 cm respectively. The length of their direct common tangent is
a)8cm b)5cm c)13cm d)12cm
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134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

The distance between the centres of two circles is 10 cm and the radii are 4cm
and 2 cm respectively. The length of their transverse common tangent is

a)6cm b)8cm c)12cm d)10cm
InaA ABC, [IB=90° BDLIAC, AB=3cm, AC=5cm, AD =
a)9cm b)3.2cm c)1.8cm d)8.2cm

8. CO-ORDINATE GEOMETRY

The area of a quadrilateral formed by the points 1), (1, 1), (1;-1) and
(-1-1)is

a) 0sqg.units b) 4 sqg.units ¢) 25 sq.units -d)sqg.units
The area of a triangle formed by the points (0, 4), (4, 0) and origin is
a) 8 sq.units b) 16 sq.units ) 2 sQ.units d) 4 sq.units

Aman walks near a wall, such that the distance between him and the wall
is 5 units. Considering the wall to be tkexis, what is the equation of the
path travelled by the man?
a)x=5 b)y=5 cx =0 dy=0
Ifx—y=3andk+ 2y = 6 are the diameters of the circle, then the centre of the
circleis

a) (0,0) b) (2,2) o) (k1) d)(4.1)
The straight line given by the equatipr 5 is

a) parallel toc-axis b) parallel ty-axis

¢) passing through the origin d) perpendicula¢#xis

Find the angle between the lines y and \/3x—-y =0
a)ly b) 30 c) 60 d)oC
Astraight road AB (A is in IV quadrant ) is such that it bends at B (1, 0) by an

angle of 30towards the right. Considering the line perpendicular to AB through
B to be X- axis, equations of the two parts of the road are

a)x=1,.3x-y—-/3 =0 b)y=1x-,3y+1=0
c)x=0,y=.3 oy=1x=1

If(5, 7), (34), (6, 6) are collinear, then the valuead$
a)3 b) 6 c)9 d) 12
The point of intersection of3-y=2 andk+y=6is

a)(4,4) b) (4,10) c) (10, 4) d)(2,4)

1
Ifthe slope of the line joining-6, 13) and (33) is 3 then the value dis

a)5 by-10 c)-5 d) 10
The slope of the line which is perpendicular to the line joining the points (0, 0)
and €1,1)is

a)l b)-1 c) % d)-2
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147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

Inthe figure, the side BC of an equilateral triangle Y, A
ABC is parallel to th&-axis. The slope of AB is

-1
a) /3 b)-/3 C)ﬁ d) not defined
B C
| > X

1
If slope of the line AB i% , then the slope of perpendicular bisector of AB is

1
a)5 b) 3 c)-5 d)0
Slope of the line2+ 3y+6=0is

2 2 1
a)5 b) =3 €)-2 d) 3

If A'is apoint on the Y axis whose ordinate is 4 and B is a point on the X axis
whose abscissa is 3, then the equation of the line AB is
a)X+4y=12 b) &+3y=12 C)X—4y=0 d)X-y+12=0

The value op, given that the Iin% =X —p passes through the poiri( 4) is

a)4 b)-6 c)—2 d)3
Iflinesax— 5/ =5 and & + y =1 are perpendicular then the valua &f

a)2 b)g c)é d) :—2L
The Xintercept of the lined- Ay +28=0s

1 1
a7 b)-7 C) 7 d) 7
(2, 1) is the point of intersection of the two lines
ax—-y=3, X-y=7 b)x+y=3, X+y=7
C) X+y=3x+ty=7 d)x+3y=3,x-y=7

The equation of the line passing through the origin and parallel to the line
3X+2y—5=0 is

a)X-2+5=0 b)x+3y=0 C)X+2y=0 d) X-3y=0
The line X—5y/— 10 = 0 meets the Y-axis at
a)(0,2) b) (0-2) c)(2,0) d)£2,0)

The equation of a straight line which has the Y intereBnd slope 2 is
a)X+y+5=0 b)2-y+5=0 ¢)&-y-5=0 d)R+y-5=0

The linesy = - 3 andx = 8 meet at the point
a) (_ 8!_3) b) (31 8) CX_‘?’! 8) d) (81_3)
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159.

160.

161.

162.

163.

164.

165.

166.

167.

9. TRIGONOMETRY

sin>6 + cos’ 6 _
sinf +cod
al b)4sinB cosO ©) sinB + cosO d) tar®

sif1°+sirf2° + ... +sif90° =
a)90 b) 45 c) 46 d)45.5

Acircle is divided intan equal sectors. The tangent of each angle at the centre is

[B60°0 1
a) tan () b) tan B_H c) /3 d) Ne
V1- sin2 6 _
sin@
sin@ 1+sind
a) cotd b) — c) tan@ d)

sin?0
sech \1-sin%e =
a) cosd b)1 c)0 d) se®

Atrekker, before climbing a mountain finds the height of the mountain from a
point 20 km from it. He finds the angle of elevation to be 30°. The height of the
mountain is

20\/?3

a) — km b) 20,/3 km €) 20 km d) 30 km

The values of tafl from the equation 3(sé&@-1)+ 16 ta® + 5 =0 are

M O o g o1 10
15D 13[' e
3 B b) 5= 943 54 d)D_ SD
.2
The simplified value of 4 Sin”6 is
1+ co¥

a) cosb b) sin® c) tan@ d) coseb
If (1 -co¥®) = 4§1 , then sirb =

J3 1
a)7 b) > c)1l d)o
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168.

169.

170.

171.

172.

173.

174.

175.

176.

177.

178.

179.

If tan 40° =, then the value of 1 + co$86° is

a) 1+x2 b) 2+x2 c)x d) x?
If tan D =cot @ + 6°) where B and0 are actue angles, then the valu® ixf
a) 36° b) 26° c) 28° d) 6°
sin 60° 1+60%60°) =
sin3go (1+C0%0°) =
V3 11 5.1 1

VB DE 95 D175
2(sir? 60° + co%30°) — (si 45° + c0$45°) is
a)3 b) 2 01 d) 0
Jcoseé 18- 1

cosec18

_ -1-42
a) sin 15° b) cos15° c) 2\16 d) >
(tar?@ — sirf@ ) (cotd — cog) =
a)l b) sik® cogo c)0 d) tar® — coto
The value of tan” 6 - =

cos 6
a)1 b)-1 c)2 d)-2
The value of sifi18° + sif72°is
a)-1 b) 18 €) 72 d)1
SifA cog B — cogAsin’B is

a) sirfA b) sirtB c) SirtA —sirtB  d) sirfA — co$B

1
Ifcos A= > then the value of siA + cogA is

N

a) 2 b) 1 c)-1 d)
If tan® + cot® = 2 then the value of t8@ + cof@is

a)0 b) 1 )2 d)4

When the angle of elevation of the sun is 45°, the length of the shadow of a
tower of height 10mis

10 1
a)10m b) 10/3 ) ﬁ d) ﬁ

443



180. The value of s&80° + coset30° — c0$45° + 3cot60° is

5 5 30 42
a) g b) 56 c) E d) E
181. (tan 7°) (tan 23°jtan60°) (tan 67°) (tan 83°) is
a0 b) 7 )1l d){/3
182. 35°-30°1720'
a) 65°1720' b) 4°42 40’ c) 504340’ d)6°4240'

11. STATISTICS
183. The range of the first 5 prime natural numbers in order is
a)6 b)9 c)5 d) 82

184. The range of the following set of values is
x 45 55 65 75 85
f 4 2 5 2 1

a)3 b) 4 c)40 d) 65
185. The variance of the first 7 natural numbers is
a)5 b) 4 c) 16 d)8
186. The range of the first 20 odd natural numbers is
a) 38 b) 40 c)19 d) 39
187. Ifthe standard deviation for a set of data is 0.3, then the variance is
a)0.9 b) 0.09 c)9 d) 0.0009
188. The standard deviationisthe ............ of the variance.
a) cube b) square ) square root d) cube root

189. The standard deviation of 5 values i¢5. If each value is increased by 4,
then the new standard deviation is

5
a) 2074 b) 1042 ¢)5v2 d) 5\/5

190. The variance of 5 values is 16. If each value is doubled, then the standard
deviation of new value is

a)4 b) 8 c)32 d) 16
191. The probability of getting a sum of 13 in the rolling a die twice is
a)l b)?ls C) % d)o
192. The probability of getting neither an ace nor a king from a pack of 52 cards is
2 11 4 8
a) 13 b) 13 c) 13 d) 13
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193.

194.

195.

196.

197.

198.

199.

200.

If P(A) = 0.37, P(B) = 0.42 and P(#B) = 0.09, then P(AIB)
a)0.6 b) 0.7 c)0.8 d)0.9
The probability of selecting a queen of hearts when a card is drawn from a well
shuffled pack of 52 cards is
1 b 16 1 q 2
a) — - il
)52 ) 52 13 ) 52

Afair die is thrown once. The probability of getting a prime or composite
number is

1 b)0 > d !
a c)- -
) ) g ) &
The probability of an impossible event is
a)0 b) 1 c)5 d)2
The probability of getting 3 heads or 3 tails in tossing 3 coins is
1 1 3 1
a) s b)Z C) s d)E

Ascientist experimented with pea plants. After crossing two plants that are

tall and dwarf, the ratio of number of plants obtained in the first generation is

3: 1 (tall : dwarf). If the scientist experimented and got 576 plants in first generation,
what is the probability that the plant he chooses for the next generation is tall?

3 ! ! | 144
% )2 ©)3 ) 576

The probability of a sure event is
al b) 100 c)0 d)0.1

What is the probability of drawing the number ‘6’ from a well shuffled pack of 52
cards?

1 1
a) 13 b) > C)ES d) 2
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ANSWERS TO OBJECTIVE TYPE QUESTIONS

1| (d 2.0 (d) 3 (o 4. (c) 5 (d 6 (4

7.1 (b) 8. | (b) 9./ () 10| (c 11, @) 120 @&
13.| ()| 14, @ 15/ (a 6 @ 1. (@ 18 ()
9.1 ()] 20., (b)| 21, () 22 (a 23. () 24 (p)
25| ()| 26 (© 27 (=& 28 (b 29. (@ 30. (¢
3. (b| 32| @ 33 (® 4 (b 3B B 36 (B
37.] (| 38| () 39| () 40 (b 41. (d) 42, (®
43.1 (b)| 44.] (b)) 45 (a 6. (c 47. (¢) 48. (p)
49.| (d)y| 50. (9 b51. () 52 (c 53. @ 54 ()
55.| (b)| 56.] (b)) 57 (b) 58 (b 59. (d) 60. (b
6l.| (c)| 62| () 63] (c) 64 (b 65. (@ 66. (@
67. ()| 68. (@ 69, (c 70. @ 71 o 7 0)
73.\ ()| 74 (®)| 75 (c) 76 (b M. (@ 78 (W
79.0 ()| 80.] (b)) 81 (¢ 82 (d 83. (b 84 (JJI)
8. (¢)| 86| (d) 87 (d 88 (c 89. (M 90. (¢
91. (©| 92 @ 93 @ 94, @ 9. (d) 9. (9]
97.| (d)| 98.| (b 99 (@ 1000 (¢) 101. (d) 102 b)
103.| (c)| 104, (a)] 105 () 106. (b) 210r. (b) 108 b)
109.| (d)| 110 (o) 111 (d) 112 a) 118. (d) 114 a)
115.| (b)| 116., (b)| 117 (b) 118 (¢) 119. (d) 120. (d)
121.| (@) 122 (@) 123, (c) 124. (a) 125 b) 126. b)
127.| (c)| 128, (b)] 129 () 230. (@) 213L. (b)) 132. (b
133.| (d)| 134 (b) 135 (c) 2136. (b 13r. (&) 138 b)
139.| (d)| 240, (a) 141 @ 142. (@& 143 c) 144 d)
145.| (d)| 146., (a) 147 @ 148. (¢) 149. (b) 150 b)
151.| (b)| 152 (b)] 153 (b) 154. (b)) 155. (c) 146 (o)
157.| (c)| 158, (d)] 159 (b) 160. (d) 16L. (b) 162. a)
163.| (b)| 164.| (a)] 165 (d) 166. (a) 167. a) 168. b)
169.| (c)| 170, (a) 171 (b) 172. (b)) 173. (b) 174 b)
175.| (d)| 176. (c)| 177 (b) 178. (¢) 179. (a) 180. b)
181.| (d)| 182, (b)] 183 (b) 184. (¢) 185 (b) 186. a)
187.| (b)| 188, (c)] 189 (g 190. (b 191. (d) 192. (b)
193.| (b)| 194, (a)] 195 () 19. (@ 197. (b) 198. a)
199.| (a)| 200. (a)
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