Gt -MAIN) EXAM, 2009
Sl. No. 402 C-DTN-J-NUA

MATHEMATICS

Paper—I

Time Allowed : Three Hours Maximum Marks : 300

INSTRUCTIONS

Each question is printed both in Hindi and
in English.

Answers must be written in the medium
specified in the Admission Certificate issued
to you, which must be stated clearly on the
cover of the answer-book in the space
provided for the purpose. No marks will be
given for the answers written in a medium
other than that specified in the Admission
Certificate.

Candidates should attempt Question Nos. 1
and § which are compulsory, and any three
of the remaining questions selecting at least
one guestion from each Section.

The number of marks carried by each
| question is indicated at the end of the
| question.

| Assume suitable data if considered necessary
and indicate the same clearly.

Symbols/notations carry their usual
mearnungs, unless otherwise indicated.
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Section—A

1. Attempt any five of the following :

(a) Find a Hermitian and a skew-Hermitian
matrix each whose sum is the matrix

[ 2i 3 sl
[ 1 343i D

(b) Prove that the set V of the vectors
(xy, X5, X3, X5) in R* which satisfy the
equations x; +x, +2x53 +x, =0 and
2x; +3xX, —Xx3 +x4 =0, is a subspace
of R*. What is the dimension of this
subspace? Find one of its bases. 12

(c) Suppose that f” is continuous on [1, 2]
and that f has three zeroes in the
interval (1, 2). Show that f” has at least
one zero in the interval (1, 2). 12

(d) 1If f is the derivative of some function
defined on [aq, b], prove that there exists
a number n e [aq b], such that

[rwat=rme-a 12

(e) A line is drawn through a variable point
2 2

on the ellipse * Y _ 1, =0 to meet
2 2
a b
two fixed lines y = mx, z=c and y = —-mx,
z = —c. Find the locus of the line. 12
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LGUus—-=<h

frafafaa 4 9 1 gt & 39 Sifsie .

(%) = A 3t = fam-efifH sr=E wem
ﬁfﬁn,ﬁmaﬁwﬁwﬁ%{%ﬁwé

21 3 -1
1 2+31 2
—1+1 4 51

(@) fag fifse 5 R? & gizwd (%, Xp, X3, X4q) T
@Tﬁzv,\?ﬁﬂtﬁ?@ﬁxl+x2+2x3+x4=0
IR 2x; +3x, — x5 + X, =0 FH GGE L@l 7,
R* < u= Iuanfz 21 39 Iqmaf® =1 w0
27 SHEHT UF IMUN Fa Hifs|

() =M ©ifse fF [1, 2) W £ gad @ 3R FAaua
(1, 2) 3 f & o 3= 2| swise fF oo
(1, 2) & f” &1 FA-B-F9 UH IF 2|

(7) =fe [q@ b] W aftwifba fFdt wem =1 awas [
3, @ wifaa i fF = vl 5= ne [q b)
HIS[g 8, difh

[[reat=rmm-aq

2 2
(%) a‘ﬁqa;—z+b—2=1, z=0 W uF ufEd fag
4 "9 s @ @ fGEa e y=mx, z=c
AN y=-mx, z=—-c H Had & fau &i=h

STt 21 2" W & fasgay w sma fifsg

12

12

12

12

12
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Find the equation of the sphere having
its centre on the plane 4x-5y-z=3,
and passing through the circle

x? +y? +2%2 -12x-3y+4z+8=0

3x+4y—-5z+3 =0

Let %2 ={110),(0,1),(O,1,1)} and
A ={2,11),(12,1), (-1, 1, 1)} be the two
ordered bases of R®?. Then find a matrix
representing the linear transformation
T:R?® » R*® which transforms .# into
‘. Use this matrix representation to
find T(x), where x = (2, 3, 1).

If x=3+0-01 and y=4+0-01, with
approximately what accuracy can you
calculate the polar coordinates r and 6
of the point P(x, y)? Express your
estimates as percentage changes of
the values that r and 6 have at the
point (3, 4).

Find a 2 x2 real matrix A which is both
orthogonal and skew-symmetric. Can
there exist a 3 x3 real matrix which is
both orthogonal and skew-symmetric?
Justify your answer.

Let L:R* 5 R3® be a linear transfor-
mation defined by
L((xy, x5, x3, x4))

=(x3 +x4 —x) — X3, X3 —Xp, X4 —X;)
Then find the rank and nullity of L.

Also, determine null space and range
space of L.
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(&) UF UH e F GHIE T hie, SEE F
gadd 4x —5y—z=3 9 & AR S FA
x? +y? +2%2 -12x-3y+42z+8=0
3x+4y-5z+3 =0
d | T @ OE 12
2. (%) &ifslt #={110),(101),(0 11} =i
B =4{2,1,1,(0121,(-L1L1 = HEa
e 2 R3 3| 99 ©F =g+ "wem Hifw,
Stous W@ Maw waiawm T:R®2 5 R3 &
FEgo F=3a1 8 S .98 W B H FIaid 1 2|
39 ATYE fAwuw @1 T(X) ® §d wH % forg
TEATA whifsy, SEl X = (2, 3, 1) &1 20
(@) AR x=3+0-013MM y=4+0-01 &, a 379
fomg P(x, y) & gdftm fasmat r 3t 6 &1 &mm
feraft aftgrear & @iy 9ftee & 9ahd &7 A
YA UTERSAT 1 394 HHE & uldwradr gfiad=) &
w9 H ou=n Hifsre, s g (3, 49) Mr 3o
&l | 20
() Tk U 2 x2 IAfEE e A B AW Hif,
s ot i fuw-awfia @41 8 o= @R
3 x 3 ArEatas AgE |l & &1 g, S e
A fum-wwfia @41 817 3793 39T &% ued d
oftel 99T whifsr 20

3. (&) s L:R* - R® ws twr fgs suiaor g,
=

L((xy, x5, X3, x4))
= (X3 + x4 —X; — X3, X3~ X3, X4 —X)
o gftarfia 211 aa L =1 w2 3R s=ran =6t JreA
s Wy & L 1 3= gafe 3w gfmr gafe
1 «ft Fgfor Hifsg 20
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(b) Let f:R? - R be defined as

XY if (xy) #(0 0
f[‘tr y)= ‘\sz + _1;;{2
0 , if (¢ y)=(0, 0)

Is f continuous at (0, 0)? Compute
partial derivatives of f at any point (x, y),
if exist. 20

(c)] A space probe in the shape of the
ellipsoid 4x? +y2 +4z% =16 enters the
earth’s atmosphere and its surface
begins to heat. After one hour, the
temperature at the point (x, y, 2) on the
probe surface is given by

T(x, y, 2) = 8x2 +4yz—16z+600

Find the hottest point on the probe
surface. 20

4. (a) Prove that the set V of all 3x3 real
symmetric matrices forms a linear
subspace of the space of all 3 x3 real
matrices. What is the dimension of this

subspace? Find at least one of the bases
for V. 20

(b) Evaluate
I= _”xdydz + dzdx + xzzdxdy
s

where S is the outer side of the part of
the sphere x> Jrg,r2 +2z2 =1 in the first
octant. 20
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e F:R?2 5 R f=fafaa & =9 #
qfefea 2

XY, af (x y) =0 0)
flo y)=1{{x? +y*
o , 3R (xy=(00)

F1 (0, 0) W f Taa a7 el g (x, y) W f
¥ ¥ EF el F1 9iead Sifsg, afe 3T
sfeaa &

defgast 4x2 +y? +4z%2 =16 H AHQ H
UF IafE FADNU-FE gt F FigHed H ¥aAw
Far & 3 Igw gy d B oar 81 U He &
R, AAT-TH F I8 W g (x, y, 2 W a™

T(x, y, 2) = 8x2% +4yz—162z+600

T E9 2| F_WUI-FEH % Y8 W gEd SFEr
fog 3@ s

fag iR & gt 3 x 3 arafas anfya =gl
F Tz V, gl 3 x3 aafas IA=gE & FHiE &
YRas Iggaf® w99 21 39 Iyguf® &1 WY =0
2? V * U n-U-=0 UE JUR F1d Hie |

I=([xdydz+dzdx+xz®dxdy F1 AT
S

Fifsy, s S YER ITEwmE A S
x2 +y? +22% =1 F 9071 w1 G gEd @)

20

20

20

20
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(c) Prove that the normals from the point

2 2
(e, B, ¥) to the paraboloid x—j+g— =2z
2 2
a b
lie on the cone
- 2 ;2
o N [3 a b ~0 20

+
x—a y-pB zZ—Y

Section—B

5. Attempt any five of the following :

(a) A body 1is describing an ellipse of
eccentricity e under the action of a
central force directed towards a focus
and when at the nearer apse, the centre
of force is transferred to the other focus.
Find the eccentricity of the new orbit in
terms of the eccentricity of the original
orbit. 12

(b) Find the Wronskian of the set of

functions
{3x3,13x% |y
on the interval [-1,1] and determine
whether the set is linearly dependent on
[-1, 1]. 12

(c) A uniform rod AB is movable about a
hinge at A and rests with one end in
contact with a smooth vertical wall. If
the rod is inclined at an angle of 30°
with the horizontal, find the reaction at
the hinge in magnitude and direction. 12
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(M fag #fve & fag (0, By ¥ TaEas

x* i .
Z_+2_=2z W AfvemE, F
2 2
a b
2 ;2

o« 6] L a b -0

x-—a y-f z-Y
w fora 2 21 20

"uos—d

5. fr=fafaa 3 9 6l ara & 39 difsu .

(&) 13 A et =1ty A1 o Rt = =i =«
1 foran & 1A Ich-=d1 e 1 U@ drEga a41 @I
2 3 5@ 98 U o wfsts W gar 8, a9 a9a
F1 FZ 3T AN 9L TUHTARG & ST B 7S B
1 Iehzdl 1 g Fa Hl Ich=al & 9 H F9
Hiferu | 12

(@) sfaus [-1, 1] © SaEl & @2 {3x3, |3x3|)

w1 = 39 e 3 Fufo FHifse & =
Uz, [-1, 1] | gwa: el 3 1@ ad R 12

() U UHEAAHA T3 AB, g A W &9 & 3:|AQ
nfasfia 2 3R g s g s e St
dar & s | T gan 2| =l s fafes &+
g 30° & vl 9T 0 Ea 281, o faw 9 ufafmn
&1 gftgmor 3t feen & sma Hifsg 12
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(d) A shot fired with a velocity V at an
elevation o strikes a point P in a
horizontal plane through the point of
projection. If the point P is receding
from the gun with velocity v, show that
the elevation must be changed to 8,
where

sin20 = sin 2o + %{sin S

12
(e) Show that
div(grad r™) = n(n + 1)r* 2
where rzajxg +Y° 2. 12
(f) Find the directional derivative of—
(i) 4xz° —3x2y222 at (2, -1, 2) along
Z-axis;
(i) x%yz+4xz®> at (L, -2,1 in the
direction of 2i — j - 2k. 6+6
6. (a) Find the differential equation of the
family of circles in the xy-plane passing
through (-1, 1) and (1, 1). 20
(b) Find the inverse Laplace transform of
F[s]=1n(s+1J
S+5 20
(c) Solve : 20

d .
Y _ qy(gy} _, y0)=1
dx 3xy“ - x“y—4y"
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IV F Gy IR IFA o 9 EEft 78 e,
ydqu farg & o= @ TeRdl 33 afes w@waa
fog P an wtdt 21 AR fag P @ A v
* @iy W AT 51 @ A, ar qwige e IFarm =
6 i gfafda wn mavgs gm, @l

sin 20 =sin2a + %lisin 6

12
guiise T
div(grad r*) = n(n+1)r" 2

Gfﬁr-—-\/xzv%y:’-i-zz- 12
frafafas & Re-sasas 3@ s - 6+6
(i) z-Aq & FL-EA (2, -1, 2) W

4xz> —13.,1~«:25,f2z2 £
(i) 20 - j—2k & e & (1, -2, 1) =™

x2y2+4x22 Eal
(1, 1) 3T (1, 1) & & Ted U xy-GHaa |
TA-FA *F AThel GHIEH I FJTd HITT| 20
F[s}=1n(s+é) T Sfaey oTeTe et Jd

S+

hifsra | 20
g iy, : 20

d % (o=
yz Qy (2 y} = y(0)=1
dx 3xy® -x"y-4y
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One end of a light elastic string of
natural length [ and modulus of
elasticity 2mg is attached to a fixed point
O and the other end to a particle of
mass m. The particle initially held at
rest at O is let fall. Find the greatest
extension of the string during the
motion and show that the particle will
reach O again after a time

2!
g

(m+2—tan~!2)

A particle is projected with velocity V
from the cusp of a smooth inverted
cycloid down the arc. Show that the
time of reaching the vertex is

e [
ad -1 |74
2 |—cot -
Jg L2Ja9)
where a is the radius of the generating
circle.

On a rigid bod;_\.f, _ the forces
10(i +27+2k) N, 5(-2i-j+2k)N and
6(2i +2j — k) N are acting at points with
position vectors i — } 21 +5k and 4i - k
respectlvely Reducc this system to a
single force R ' actxng at the pmnt (41 + 2_}]
together with a couple G whose axis

passes through this point. Does the
point (4:. +2;] lie on the central axis?
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7. (F) YFd oars | AR TIRYA YoM 2mg drell Th
Bodh! IRy S &1 U i faa fag o w S@
g3 2 3R EU 40 Z=2HE m & U 9 & 91
21 2 IE F O W formmaeen § @ gu w1 S+
a3 R st 2 nfa & Som 2t =1 2afaesan
faar s i i gwifse & =1, 9

(r+2-tan~! 2) /2_1
g

% =8, T ¥ O W uga S|

(@) u=s #gu gfdaiya F%a & Hed 9 TH H Hl 3
V & 919 919 & {9 i 30 gafua B s 22

geiisy o6 ¥fY % ug= &1 wH

2 cor (zr1

2, S@l a 9% g9 dhi F=a 2

(M w gg Tz wm 39 fagsim m ==
10 +2j+2k) N, 5(-2i-j+2k)N 3
621 +27—-K) N = s @ 2, T feufy
gfest w9 i —j, 21 +5k 3 4i-k 21 =4
% # 00 TFA 99 R W 99EE i, s
firg @i +2)) W Im G ¥F wrg w1 = W@ A,
Srae 311 3@ fog & 9 | A 8 w3 fag
(41 +2]) 21T 38 9T FFerd 27
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Find the length of an endless chain
which will hang over a circular pulley of
radius a so as to be in contact with
three-fourth of the circumference of the
pulley. 15

Find the work done in moving the

particle once round the ellipse
- 2

S - 1, z= 0 under the field of force

25 16

given by

ﬁ" =(2x—y+z]f
+(x+y~z2):f'+[3x—2y+4z}£
20

Using divergence theorem, evaluate

[[A-as

where A = x f+y3:f+ z%k and S is the

2 2 2

surface of the sphere x~ + y2 +2° =a”. 20

Find the value of
”g (TC)’ X E] - d§

taken over the upper portion of the
surface x? +y? -2ax+az=0 and the

bounding curve lies in the plane z =0,
when

E=[y2 + 22 = x2)i

+(22 +x? —yH) j+(x? +y? -zHk
20
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T UH Taudm wm i = we s, St
Bt a Y v ey et w3 e deh Bt
for ag Tt <6 qftfy & da-=aE & goad 4 28

F=Qx-y+2i

+(x+y-22)j+Bx-2y+42)k
2

mmaﬁ%aéﬁanﬁq?ﬂﬁgﬂ__+%g=1,

z=0 % I IR H1 &% TH A7 gHA ¥ fFg
T HE B ATEH FHifrg

meﬁamgﬁwmmgq” A-dS @

o= i, EIETA—JC L-i-y J+zskg’f3ﬁt
S mew x? +y? + 2% =a? 1 9z A

tpgx2+y2 —2ax +az =0 % Hui g w1 fou
T 3R o 9% F guad z =0 # o 8 W@
I (VxF)-dS = aH wid $ifm, s

2}‘[‘

+(22 +x?2 —‘z;,rz}_}'+(x2 +y2 —zQ)IE

19

20

20

20
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TioTa

T3 -93—I

9g o= "ue quiiss : 300

vl gy a1 37T 370t 21 4 39T 21

3779% Av-9F # a7 ar 2, 3 39 HIL¥H &F W
3gE IW-JEIFH & JE-78 W HlFHd [HRE #&H W
farar AT =@if?w) §Ew-uF 9 3igiaa mreEmm &
37fafes 37— {4t mregm o fod 7@ 397 9 Hi 319
T&T fa

gvq §&ar 1 3R 5 3fd=1d 81 ardl gv 4 @ IdE
Gue § FH-H-FH Ueh Y9 GAFL (F-8l a7 Gl &
3T Fifera |

TeF 93T F e H4aa 37% uva & 31=9 4 faw 7w &)

qfe 797+ &, af 39Tk 3Tkl FH1 =TI Hilg a=dl
37! a8 #Hiferg

yeier/Tebd Tlcid 79T § TGk 8, 37997 [H1a8 &/

Note : English version of the Instructions is
printed on the front cover of this
question paper.
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